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Ultimate Strength of Concrete Barrier by the Yield Line Theory
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Abstract: When the yield line theory is used to estimate the ultimate strength of a concrete barrier, it is of primary importance

that the correct assumption is made for the failure mode of the barrier. In this study, a static test was performed on two full-scale

concrete barrier specimens of Korean standard shape that simulate the actual behavior of a longitudinally continuous barrier. This

was conducted in order to verify the failure mode presented in the AASHTO LRFD specification. The resulting shape of the yield

lines differed from that presented in AASHTO when subjected to an equivalent crash load. Furthermore, the ultimate strengths of

the specimens were lower than the theoretical prediction. The main causes of these differences can be attributed to the char-

acteristics of the barrier shape and to a number of limitations associated with the classical yield line theory. Therefore, a revised

failure mode with corresponding prediction equations of the strength were proposed based on the yield lines observed in the test.

As a result, a strength that was more comparable to that of the test could be obtained. The proposed procedure can be used to estab-

lish more realistic test levels for barriers that have a similar shape.
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1. Introduction

A barrier should be able to perform a variety of functions, such

as preventing a vehicle from running off the road and minimizing

occupant injury and vehicle wreckage. Rigid concrete barriers

have been widely used on bridges constructions, on overpasses

and on general roads, since they show superior performance over

deformable metal barriers in several points. Due to the minimized

displacement of the barrier, a rigid concrete barrier is able to pre-

vent a vehicle from running off the road, leading it back to the nor-

mal road traffic. 

While there are a number of Korean provisions
1,2

 that are

referred to in the design and safety assessment of barriers, they do

not provide any procedure by which the ultimate strength of a con-

crete barrier can be predicted. Conversely, among foreign provi-

sions, the AASHTO LRFD (Load and Resistance Factor Design)

specification
3
 provides detailed formulas that can be used to calcu-

late the ultimate strength according to the yield line theory. These

formulas have also been adopted in Korea to determine the corre-

sponding test level for a specific barrier.
4
 According to one Korean

provision,
2
 the performance of the barrier is classified into seven

test levels based on impact severity. In addition, there are a num-

ber of standard concrete barrier shapes that are recommended by

the Korea Highway Corporation. Consequently, a reasonable eval-

uation of the ultimate strength or load-resisting capacity of the bar-

rier is a crucial factor for determining the actual test level

corresponding to that barrier. Although the most reliable and

authentic way to verify the ultimate capacity of the barrier may be

to carry out a vehicle crash test,
2,5

 such a test requires a specially-

designed, large-scale test field and facilities, and is an extremely

expensive procedure. Consequently, the vehicle crash test is often

regarded only as a tool for final verification. The theoretical

approach is one of a number of methodologies used to evaluate

the ultimate strength of a barrier, such as the static test, computer

simulation, the pendulum test and theoretical assessment. Due to

its versatility and convenience, the theoretical approach, obtained

through various formulas, is of considerable importance, espe-

cially at the design stage or for the preliminary safety assessment

of a new type of barrier.

The yield line theory and related formulas for the concrete bar-

rier were originally proposed by Hirsch
6
 and are presented in

AASHTO LRFD, as shown in Fig. 1 and in Eqs. (1) and (2). The

equations can be derived by considering an equality between the

external and internal works, and by manipulating the partial differ-

entiation that accompanies the upper bound theorem.
7

(1)

(2)

where, H : height of barrier, Lc : critical length of yield line, Lt :

longitudinal length of distribution of impact force (Ft), Rw: resis-

tance or ultimate strength of the barrier, Mb : flexural resistance of
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the beam at the top of the barrier, Mc :  flexural resistance per unit

length of the barrier about its longitudinal axis, and Mw : flexural

resistance of the barrier about its vertical axis. 

However, in recent experimental studies
8-10

 conducted in Korea

on the failure modes of domestic barriers, it has been shown that

the yield lines differ somewhat from the original shape presented

in AASHTO LRFD, and depicted in Fig. 1. Static tests were there-

fore performed in this study to provide further verification of the

failure mode and yield line theory presented in AASHTO. To this

aim, two full-scale concrete barrier specimens were manufactured,

which have the standard shape used throughout Korea. Based on

the test results, a number of alternative yield lines were compared

that more closely match the actual failure mode than the original

theory. Prediction equations for the ultimate strength correspond-

ing to each shape of the yield line were also proposed, and were

compared with the measured values, in order to select the best-fit

equation. Also, the effects of longitudinal discontinuity on the fail-

ure mode and ultimate strength of the barrier were discussed in

detail. 

2. Effect of longitudinal discontinuity

In Fig. 1, it is assumed that the barrier is monolithically con-

structed in a longitudinal direction. This results in the yield line

shown in Fig. 1 as a consequence of two-way flexural behavior.

However, there are some barriers that have longitudinal disconti-

nuity, such as at the expansion joint and at the joint of the precast

concrete barriers without any joint-connecting system between the

barrier segments. In these cases, it is possible for a vehicle to crash

near a point of discontinuity, which would result in a different fail-

ure mode from that of the usual shape shown in Fig. 1. In

AASHTO LRFD, this is treated as a special case, where a modi-

fied version of Eqs. (1) and (2) is provided. Another possibility

also arises in the case where failure of the barrier is caused not by

typical two-way flexural action, but by one-way cantilevered flex-

ure, depending on the longitudinal length (L) of the longitudinally

continuous part of the barrier. While it is specified in AASHTO

that the cantilevered failure mode should also be checked, a

detailed procedure is not presented. In this study, a more system-

atic approach will be made in terms of the discontinuity. 

While the vehicle crash load specified in AASHTO is approxi-

mated by an equivalent line load, it is tentatively regarded as a

point load in this discussion in order to maintain clarity. The dis-

cussion can be easily extended to a case of the line load. It is

assumed that the load is applied to the top of the barrier, since this

would present the most adverse case. The bottom of the barrier is

either supported by a deck on a bridge or by the foundation in a

road. In both cases, the bottom of the barrier can be approximated

by a fixed support. The failure modes can then be largely divided

into four cases, as demonstrated in Fig. 2. Flexural resistances Mc

and Mw are similarly introduced, as in Eq. (1).

It is further assumed that Mc is constant over the barrier section.

It is generally difficult to obtain an exact flexural resistance along

diagonal yield lines, since barrier reinforcements are arranged in

vertical and longitudinal directions. An indirect way to overcome

this problem is to separate the flexural resistance along the diago-

nal line into the contribution made by the vertical and longitudinal

directions. The ultimate strengths of the barrier for various cases

can then be derived using a minimization process by partial differ-

entiation, as follows.

Crash at a joint with diagonal failure (case A of  Fig. 2(a)):

(3)

Crash at a general part with diagonal and vertical failure (case A

of Fig. 2(b)):

 (4)

Crash at a joint or at a general part with horizontal failure (case

B of Fig. 2(a) or (b)):

(5)
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Fig. 1 Yield line theory for a concrete barrier.

Fig. 2 Failure mode of barrier with joints.
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It should be noted that the ultimate strength for the case of hori-

zontal failure depends on an aspect ratio of the continuous part of

the barrier. If a vehicle crash can be resisted even by the horizontal

or, alternatively, the cantilevered failure mode, it may also be

regarded as admissible. However, it should be mentioned that the

horizontal failure does not make efficient use of the resistance of

the section, since it does not attain the maximum strength achiev-

able with a given section detail. Comparing Eqs. (3) and (5) and

assuming , it can be seen that diagonal failure is

ensured when L > 2H, which implies the minimum longitudinal

length required to avoid undesirable horizontal failure for a crash

occurring at the joint. In a similar manner, it can be shown that the

condition of  ensures the diagonal failure for a crash

occurring at the general part of the barrier. For example, given that

H = 1.32 m, when L > 7.47 m, diagonal failure is generated

regardless of the crash point shown in Fig. 2. This information can

be useful at a preliminary design stage when a location is to be

determined of the expansion joint or longitudinal length of the pre-

cast barrier segment without a joint connection. It can also be used

to determine a suitable longitudinal length for a test specimen that

can simulate a longitudinally continuous barrier. It should also be

noted that the crash resistance of the joint is always less than that

of the general part of the barrier. It is therefore desirable to mini-

mize the number of joints of discontinuity.

3. Static test of concrete barrier

Two sets of full-scale test specimens were prepared based on the

standard barrier shape-2 (Fig. 3) used in Korea, in order to address

the theoretical failure mode and ultimate strength by comparing

these with the test results. The design compressive strength of the

concrete is 35 MPa and the yield strength of the steel is 400 MPa.

Sections of the specimen were designed in such a way that the

failure would occur at the barrier rather than at the deck, in order

to focus on the yield line of the barrier. The equivalent crash load

of the vehicle was simulated by a line load (Lt in Fig. 1) with a

length of either 1,070 mm or 2,440 mm, corresponding to TL

(Test Level)-4 or TL-5, respectively, as specified in AASHTO

LRFD.
3
 An equivalent crash load that can be referred to in a static

test of the barrier is not presented in Korean provisions. 

A longitudinal length of 6 m for the specimen was determined

by preliminary analyses, so that it could simulate the actual behav-

ior of the longitudinally continuous barrier. The transverse dis-

placements were restrained at both ends of the specimen, which

was longitudinally cut with this length. A computer-based

analysis
11

 (refer to Fig. 4) was then carried out and the results

showed that displacements and stress distribution of the specimen

are similar to those of the actual continuous barrier. It was also

verified that the length is sufficient to generate the yield line

shown in Fig. 1. In terms of the yield line, the length of the speci-

men should be longer than Lc and should be long enough to pre-

vent a cantilevered failure mode B, as shown in Fig. 2(b).

Alternatively, if suitable restraints are applied to the cutting edges

of the specimen, as they are in this test, then the cantilevered mode

can also be prevented, even when the specimen has a shorter

length than that expected in the unrestrained condition. An actua-

tor was used to load the specimen up to the point of failure of the

barrier (Fig. 5). References 12 and 13 provide further details on

the static test.

Fig. 6 shows the cracking pattern that occurs on the front face of

each specimen according to the load increment.

4. Yield line and ultimate strength of the barrier

By observing the cracking pattern of the two barriers shown in

Fig. 6, it can be seen that the yield lines somewhat differ from

those specified in AASHTO LRFD (Fig. 1). Firstly, the cracks

mainly occur from above the upper folded line (point A in Fig. 6),

rather than from the lower end of the barrier, as illustrated in

AASHTO. This may be attributed to a characteristic of the barrier

shape, where it becomes narrower from the lower end to the upper

end, creating two folded lines. Moreover, the number of main

reinforcements provided in the upper side of point A is about half

of that provided in the lower side. As a result, point A plays the

M
c

M
w 

/H≈

L 4 2H>

Fig. 3 Section of a test specimen.

Fig. 4 Finite element analysis for a test specimen.
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role of a continuous semi-fixed support. Secondly, the overall

shape of the yield lines did not form that of a triangle, as was

shown in Fig. 1, but was rather a trapezoidal form including a hor-

izontal yield line below the loaded area. 

Therefore, according to the test results of this study, some revi-

sion will need to be made on the conventional yield line theory

specified in AASHTO LRFD in order to be able to better predict

the ultimate strength of the Korean standard barrier. To this aim, a

proposal is made for a revised yield line shape that is more compa-

rable to that of the test results and the prediction equations of the

ultimate strength are derived based on this proposed yield line.

Fig. 7 shows several alternative yield lines (failure modes) con-

ceivable for the specimen barriers when subjected to a vehicle

crash. Because YL5 cannot be developed in a longitudinally con-

tinuous barrier, it is omitted in this discussion. YL1 is the original

shape, as presented in AASHTO, and Eqs. (1) and (2) are used to

calculate the ultimate strength. While YL2 and YL3 have a similar

triangular shape to that of YL1, it is assumed that the yield lines

develop above the folded lines of the barrier, taking into account

the characteristic of the shape. In these cases, the corresponding

ultimate strengths can be readily obtained by replacing H in Eqs.

(1) and (2) with H1 for YL2 and H1+ H2 for YL3. YL3 was previ-

ously proposed in reference 8, where a series of tests were carried

out for the standard barrier shape-1 that has a lower height than

that of shape-2 used in this study. The longitudinal length and

restraint conditions of the specimen also differed from those of the

specimen used in this study. When only the yield lines with a tri-

angular shape are considered, YL2 has more similarity with the

present test results than either YL1 or YL3. However, further

observation of the yield line shown in Fig. 6 reveals that the actual

yield line cannot be depicted in the triangular shape. Therefore,

YL4, a revised yield line, is proposed in this study, which has

more similarity with the test results than any of the other yield

lines. It should be noted that YL4 can also be regarded as a geo-

metrically possible failure mechanism. 

Fig. 8 shows a detailed geometrical description for a derivation

of the equations that are relevant to YL4, where x ≥ Lt. The two

variables of x and α should be considered during the derivation in

order to explicitly determine the trapezoidal shape, while one vari-

able is enough to determine the triangular yield line.

The external work W performed by a line load wt with a result-

Fig. 5 Static test of concrete barrier.

Fig. 6 Cracking pattern of barrier.

Fig. 7 Alternatives for the barrier yield lines.
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ant force Ft can be written as Eq. (6).

(6)

The internal work U performed by Mw1 and Mc1 can be derived as

in Eq. (7), where the notations of Mw1 and Mc1 are the same as

those for Eq. (2), but the additional subscript 1 is introduced in

order to indicate the moments within the height H1. 

(7)

When an equality is considered between the external and internal

works and they are rearranged with a relationship between  θ and

β, Eq. (8) is obtained.

(8)

Minimizing Eq. (8) with respect to both x and α, according

to the upper bound theorem of the yield line theory,

tanα =  and x = Lt are obtained. Placing these

variables into Eq. (8), the ultimate strength Rw (Eq. (9)) can

finally be obtained.

(9)

Taking into account x < Lt, the relevant equations and the minimi-

zation process become more complex. However, it should be

mentioned that the calculated ultimate strength, using this method,

is between that of YL2 and YL4, and that YL4 produces less ulti-

mate strength than that of YL2 in this study, as shown in Table 1.

Consequently, the case of x < Lt, which is a general case of YL2,

does not need to be considered as a candidate to produce a mini-

mum strength.

In Table 1, a comparison is made of the ultimate strengths eval-

uated from each yield line. Among these, the strength of YL4 is

more similar to that of the test result in both specimens. This is

expected, because the shape of YL4 is more similar to that of the

failure mode of the test and it provides the minimum value. Con-

sidering the upper bound theorem of the yield line theory, it is

plausible that the yield line that provides the minimum strength is

most likely to occur. When, for simplicity, the candidates are lim-

ited to the triangular yield line, the strength of YL2 shows more

similarity to the test results than that of other yield lines, as was

expected based on the similarity of the failure modes.

However, some difference of the values still remains between

the test result and the revised theories. This may be attributed to

the following causes. Firstly, the cracks were distributed in such a

way that it is difficult to determine a typical shape for the yield line

and for Lc (Fig. 1). There may be an alternative yield line that pro-

vides a smaller strength than those already considered. Secondly,

in the derivation, a general assumption was made that flexural

resistances should not vary significantly along the height of the

barrier. However, there are some differences between the resis-

tances along the height, mainly due to the tapered section, and

these differences are often averaged. Thirdly, separating the flex-

ural resistance along a diagonal yield line into the resistances

about two orthogonal directions is a convenient yet simplified way

to derive relevant equations. Finally, it seems that the yield lines

were not fully developed even in the ultimate state, since concrete

crushing was not observed on the opposite face of the crack. This

may result in a lower flexural resistance along the yield line than

expected, from the strength design method in flexure. As

expected, the theoretical flexural resistances along the yield line

are derived on the basis of the concrete crushing in compression

and the yielding of the main reinforcements as well as the concrete

cracking in tension.

5. Conclusions

A full-scale static test was performed with standard concrete

barriers by applying different loading patterns that simulate a vehi-

cle crash. The main purpose of the test was to verify the failure

mode and prediction equations of the ultimate strength in terms of

the yield line theory presented in the AASHTO LRFD specifica-

tion. The resulting shapes of the yield lines differed from those

presented in AASHTO and the ultimate strengths were lower than

the theoretical prediction provided by AASHTO. These differ-

ences can mainly be attributed to the specific characteristics of the

barrier shape that is being considered. Therefore, a revised failure

mode and corresponding prediction equations of the strength

based on the actual yield lines were proposed, where several yield

line candidates were compared. As a result, a more comparable

strength with that of the test could be obtained. Also, the effects of

the longitudinal discontinuity on the ultimate strength of the bar-
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Fig. 8 Detailed failure mode for YL4.

Table 1 Comparison of ultimate strengths.

Specimen 

number
Lt (mm)

Lc (mm) Rw (kN)

Analysis
Test

Analysis
Test

YL1 YL2 YL3 YL4 YL1 YL2 YL3 YL4

1 1,070 3,845 3,213 3,183 3,697 Not clear 614.0 442.6 513.6 434.3 330.0

2 2,440 4,707 4,114 4,086 5,067 Not clear 751.7 566.2 659.4 528.4 360.0
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rier were discussed in detail. It was found that a possibility of the

cantilevered failure mode should also be examined by accounting

for a continuous longitudinal barrier length. The proposed proce-

dure can be used to establish more realistic test levels for barriers

that have similar shapes.
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