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Abstract 19 

A new semi-empirical concrete shrinkage and creep model, called the CPRH Model, is 20 

proposed and calibrated. The new model proposes a coupling between autogenous and drying 21 

shrinkage using a volume-average pore relative humidity and treats drying creep as an additional 22 

stress-dependent shrinkage, linking together all these phenomena. The proposed expressions are 23 

designed to facilitate traditional integral-type analysis, but also uniquely support rate-type 24 

calculations that can be leveraged by analysis software. Model calibration uses the Northwestern 25 

University (NU) database of creep and shrinkage tests to determine new model parameters. The 26 

proposed model uses minimal inputs that are often known or may be assumed by the design 27 

engineer. Comparison of the proposed model to historical time-dependent models indicates that 28 

the new model provides a superior fit over a wider range of inputs. 29 

Keywords 30 

Creep, shrinkage, time-dependent behavior 31 

Introduction 32 

Concrete exhibits the time-dependent behaviors of shrinkage and creep, which primarily 33 

affect structural serviceability but also play an important role in long-term stress redistribution in 34 

any structure with permanent loads. Shrinkage is the strain caused by changes in moisture and 35 

chemical reactions that take place within the cement. There are two types of shrinkage 36 

commonly included in design predictions: autogenous shrinkage and drying shrinkage. Chemical 37 

hydration consumes water, a process called self-desiccation, which drives autogenous shrinkage 38 

[1]. Drying shrinkage occurs when moisture leaves the system through diffusion, causing a 39 

reduction in volume. Creep is the increase of strain with time under sustained stress. There are, 40 

similarly, two types of creep: basic creep and drying creep. Basic creep occurs under sealed 41 
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conditions, and drying creep is the additional creep caused by drying when a loaded specimen is 42 

exposed to the environment. Shrinkage and creep tests are conducted for either sealed or 43 

unsealed conditions. Sealed tests do not allow the exchange of moisture with the atmosphere, and 44 

therefore measure only autogenous shrinkage and basic creep. Unsealed tests allow for 45 

measurement of total shrinkage and total creep.  46 

Many design models have been proposed to predict shrinkage and creep of concrete, 47 

including the historical ACI 209 model [2], the B4 model [3], the GL2000 model [4], and the 48 

2010 fib Model Code provisions [5]. Several of these models, while functional, have not been 49 

calibrated with respect to modern concrete mixes and may have some theoretical flaws (for 50 

example, no separation of drying and autogenous shrinkage, and volume-to-surface ratio scaling 51 

ultimate creep and shrinkage values instead of creep and shrinkage rates). The goal of this paper 52 

is to present a new time-dependent design model for concrete that meets the twin objectives of 53 

simplicity in application and theoretical rigor. The new model has been calibrated with respect to 54 

the NU creep and shrinkage database [6]. 55 

The model proposed herein, called the Coupled Pore Relative Humidity (CPRH) Model, 56 

builds from a previous model form [7] that had not been calibrated for use as a design model. 57 

The CPRH Model contains some simplifications from the previous model to facilitate adoption 58 

into structural engineering practice, but also some new theoretical developments. The primary 59 

ways where these two models differ are as follows: 60 

1. The CPRH model couples the phenomena of self-desiccation and drying into a single 61 

relative pore humidity loss used to predict total shrinkage, whereas [7] neglects any 62 

discussion of self-desiccation and autogenous shrinkage, examining only drying 63 

shrinkage. In a related manner, the CPRH model uses the relative pore humidity loss 64 
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directly in predicting drying creep as a sort of stress-dependent shrinkage, meaning a 65 

form of “drying creep” may also occur during sealed creep tests. This possibility is 66 

neglected in [7], where only unsealed tests may have drying and associated drying 67 

creep.  68 

2. The CPRH model retains the solidification-type aging only for viscoelasticity, 69 

whereas [7] also includes solidification for viscous flow, drying creep, and drying 70 

shrinkage. This simplification ensures that all expressions for the CPRH are analytical 71 

and do not need to be numerically integrated. 72 

3. The CPRH model uses the hyperbolic tangent (tanh) expression for drying, whereas 73 

[7] used the error function (erf). Both satisfy diffusion theory, but the hyperbolic 74 

tangent is arguably more familiar to practicing civil engineers. 75 

4. The CPRH model adopts a traditional aging elastic modulus, whereas [7] used a 76 

nonaging instantaneous modulus. This change aligns the CPRH model with common 77 

structural design practice in defining a creep coefficient.  78 

5. All parameters for the CPRH model have been calibrated with respect to the NU 79 

database, whereas [7] included only fits to individual high-quality datasets. 80 

In adopting these changes, the CPRH Model uniquely facilitates both traditional time-81 

dependent analysis techniques, such as the use of a creep coefficient or the age-adjusted effective 82 

modulus method [8], and modern rate-type analysis [9].  83 

The final calibrated model is presented first for the convenience of those who wish to 84 

apply the method. Next, the theoretical justification of the model is given. Finally, the CPRH 85 

Model predictions are compared to the database entries and predictions from other time-86 
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dependent models. The model calibration and uncertainty quantification procedures, which 87 

leverage the concept of profile likelihood plots [10], will be presented in a follow-up manuscript.  88 

Research Significance 89 

Accurate prediction of concrete time-dependent behavior is essential for maintaining 90 

serviceable and safe structures. This is particularly important for creep-sensitive structures such 91 

as high-rise buildings [11,12], concrete box-girder bridges [13,14], and prestressed beams. Many 92 

time-dependent models are outdated with respect to the growing database of experimental 93 

evidence [6]. This includes the previous ACI-209 model [2], which has recently been 94 

discontinued by that committee. 95 

CPRH Model 96 

For those wishing to apply the CPRH Model for time-dependent analysis, the procedure 97 

and equations are summarized in this section. All equations are given in both SI units (MPa, mm, 98 

and °C) and English units (psi, in., and °F). Model development and calibration was performed 99 

in SI units followed by conversion to English units; there are minor differences between the two 100 

formulations due to unit conversions and rounding. Sample calculations for SI and English units 101 

are provided in Appendices A and B, respectively.  102 

Required Model Inputs 103 

The CPRH Model is intended for design office purposes, and therefore relies on inputs 104 

that are either known or may be assumed by the designer. The following inputs are necessary, 105 

with suggested values given if not known: 106 

• Mean 28-day concrete strength fcm (MPa or psi). If design strength fcʹ is given, 107 

then fcm = fcʹ + 8 MPa or fcm = fcʹ + 1160 psi.  108 
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• Aggregate volume ratio g (unitless). May calculate from mix design, but if 109 

unknown and assuming a typical normal-weight concrete mix, then estimate 110 

based on strength: g = 0.707 – fcm/(1250 MPa) or g = 0.707 – fcm/(181300 psi). 111 

• Cement type: normal hardening (Type I) or rapid hardening (Type III). If 112 

unknown, assume Type I. Cement type is only used to estimate strength gain with 113 

time; other cement types may be used given data or expressions for strength 114 

versus time. 115 

• Curing temperature Tc (°C or °F). If unknown, assume Tc = 20°C = 68°F. 116 

• Average ambient temperature T (°C or °F). If unknown, assume T = 20°C = 68°F. 117 

• Average ambient relative humidity h0 (unitless). Provided as a decimal between 0 118 

and 1. Refer to available meteorological data. 119 

• Volume-to-surface ratio V/S (mm or in.). 120 

• Duration of curing tc (days). 121 

• Time of loading t0 (days). 122 

• Analysis time t (days). 123 

Shrinkage Prediction Model 124 

The shrinkage strain expression εsh(t) predicts the autogenous shrinkage strain alone if the 125 

concrete is sealed, or the total shrinkage strain if the concrete is exposed to the atmosphere:  126 

 ( ) ( )sh sht p H t = −   (1) 127 

The negative sign in Equation (1) implies a reduction in volume, and psh is the shrinkage 128 

coefficient equal to: 129 

 
( ) ( )

( ) ( )

0.5 1.7

0.5 1.7

0.080 1 for  in MPa

0.963 1 for  in psi

cm cm

sh

cm cm

f g f
p

f g f

−

−

 −
= 

−

 (2) 130 
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The change in pore relative humidity ΔH is a coupled expression between self-131 

desiccation ΔHau and drying ΔHdry: 132 

 ( ) ( ) ( ) ( ) ( ), ,au dry c au dry cH t H t H t t H t H t t =  +  −    (3) 133 

The change in pore relative humidity due to self-desiccation is 134 

 ( ) ln 1v
au au

au

t t
H t p

 −
 = + 

 
  (4) 135 

where tv = 0.25 days is the duration prior to self-desiccation; for t < tv, pore relative humidity is 136 

assumed to be saturated, that is ΔHau = 0. Parameters pau (unitless) and βau (units of days) are 137 

functions of the mean 28-day concrete strength fcm: 138 

 

0.012 for  in MPa
5000

0.012 for  in psi
725000
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cm
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cm
cm

f
f
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f

f


+

= 
 +


 (5) 139 
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 (6) 140 

The change in pore relative humidity due to drying is 141 

 ( ) ( )2

0, 0.5 1 tanh c
dry c

dry

t t
H t t h

 −
 = −  

 
 

 (7) 142 

where h0 is the ambient relative humidity and tc is the age at which drying commences (i.e., the 143 

curing duration) in days. For t < tc or when predicting autogenous shrinkage alone, no drying has 144 

occurred, so ΔHdry = 0. The shrinkage half-time τdry (units of days) is 145 

 

2

2

0.08 for  in mm

51.6 for  in inches

s

dry

s

V V
k

S S

V V
k

S S

  
  
  

 = 
 
 
 

 (8) 146 
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The shape factor ks depends on the shape of the concrete member, and is equal to: 147 

 

1.00 infinite slab

1.18 infinite cylinder

1.22 infinite square prism

1.28 sphere

1.40 cube

sk





= 




  (9) 148 

Most solid rectangular beams can be adequately modeled using ks approximately equal to 1.2, 149 

though box girder walls may be more closely approximated as slabs with ks nearer to 1.0. 150 

Swelling Prediction Model 151 

The swelling strain εsw proposed herein is only applicable for concrete submerged in 152 

water. In this case, ΔH = 0 and the swelling strain is 153 

 ( ) ( )
0.2

sw sw swt p t t = −  (10) 154 

where tsw is the age at which swelling begins in days. The positive sign of Equation (10) implies 155 

an increase in volume. Insufficient data exist to evaluate how swelling varies based on V/S or 156 

even concrete strength. A good estimate of the database was achieved by setting the swelling 157 

coefficient as a constant: psw = 40 x 10-6. 158 

Creep Prediction Model 159 

The compliance function J(t,t0) at time t for a load applied at time t0 and having units of 160 

MPa-1 or psi-1 is given by 161 

 ( ) ( ) ( )0 0 0

0

1
, , ,LL T b d

ct

J t t R R J t t J t t
E

 
= + + 

 
  (11) 162 

The elastic modulus Ect0 at age of loading t0 is computed based on the concrete strength 163 

fct0 also at age of loading t0: 164 

 0
0

0

ct cm

t
f f

a bt

 
=  

+ 
 (12) 165 
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0 0 0

0

0 0 0
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ct ct ct

ct

ct ct ct

f f E
E

f f E


= 


 (13) 166 

where constants a and b are cement type dependent:  167 

• For Type I cement, a = 4.00 days, b = 0.85 (unitless) 168 

• For Type III cement, a = 2.30 days, b = 0.92 (unitless) 169 

Load adjustment factor RLL accounts for nonlinear effects due to high levels of stress: 170 

 
0

0 0

1  for 0.5

exp 0.5  for 0.5

ct

LL

ct ct

f
R

f f



 





= 

  −  
 

 (14) 171 

where σ is the applied stress. The temperature adjustment factor RT is presented in the next 172 

section documenting temperature correction procedures. 173 

The basic creep compliance Jb(t,t0) has units of MPa-1 or psi-1 and is defined as: 174 

 ( ) 0
0

0 0 0

1
, 1 ln 1 lnv

b v f

cr

t t p t
J t t p p

Kt Kt t

       −
= + + + −       

       
  (15) 175 

 
( )

( )

( )

( )

0.7 0.56 6

0.7 0.56 6

12.5 10 30.0 10 for  in MPa

2.81 10 2.50 10 for  in psi

cm cm cm

v f

cm cm cm

f f f
p p

f f f

− −− −

− −− −

   
= = 

   

 (16) 176 

where pv is the nonaging viscoelastic compliance constant (units of MPa-1 or psi-1), pf is a flow 177 

constant (units of MPa-1 or ksi-1), and the two time parameters K and βcr are 178 

 10.25 days  dayscrK −=  =   (17) 179 

 The drying creep compliance Jd(t,t0) has units of MPa-1 or psi-1 and is defined as: 180 

 ( ) ( ) ( )0 0,d dJ t t p H t H t=  −     (18) 181 

 
( ) ( )

( ) ( )

0.9 1.7

0.9 1.7

0.023 1 for  in MPa

0.014 1 for  in psi

cm cm

d

cm cm

f g f
p

f g f

−

−

 −
= 

−

 (19) 182 
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where pd is the drying creep compliance constant (units of MPa-1 or psi-1), and ΔH is evaluated at 183 

times t and t0 per Equation (3). Unique among creep models, the CPRH Model predicts “drying 184 

creep” even for tests performed on sealed concrete, because ΔH(t) contains both self-desiccation 185 

and drying to the atmosphere. For sealed conditions, ΔHdry = 0 but ΔHau > 0. 186 

If a traditional creep coefficient formulation is desired, the creep coefficient ϕ is defined 187 

by the ratio of the creep strain to the initial strain and is equal to 188 

 ( ) ( )0 0 0, , 1ctt t E J t t = −  (20) 189 

Calibration of the model was done for compliance J(t,t0), not the creep coefficient ϕ(t,t0). 190 

Therefore, if using the creep coefficient, the provided expression for fct0 and Ect0 in Equations 191 

(12) and (13) must be used. Using other expressions for modulus with the given creep coefficient 192 

will return incorrect creep predictions. 193 

Adjustments for Temperature 194 

If temperatures are typical room temperature conditions (i.e., Tc = T = 20°C = 68°F), or if 195 

temperature conditions are unknown and assumed to be standard conditions, then no adjustments 196 

need to be made to the described model. For constant temperatures other than these standard 197 

conditions, two unitless corrections factors Rc and RT shall be used to adjust time variables: 198 

 

1 1
exp for  in C

293 273

1 1
exp for  in 

528 460

c

c

c

c

c

U T
T

R

U T F
T

   
−    

+    
= 

  
−    +   

 (21) 199 

 

1 1
exp for  in C
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1 1
exp for  in 
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T

U T
T

R
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−    +  
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where U = 2500 K (Kelvin in SI) or U = 4500°R (degrees Rankine in English) is an activation 201 

energy constant, Tc is the curing temperature, and T is the ambient temperature after curing. Note 202 

that for standard conditions Tc = T = 20°C = 68°F, both Rc = RT = 1. 203 

In the previously described shrinkage, swelling, and creep equations, all three base time 204 

variables (tc, t0, and t) should be replaced with the temperature-adjusted time variables (tcT, t0T, 205 

and tT) as given in Table 1. Factor RT is also used to amplify the basic creep compliance in 206 

Equation (11). The expressions in Table 1 assume that both t and t0 are greater than tc, which is 207 

typically the case for design applications. If t0 < tc, then t0T = Rct0, and if t < tc, then tT = Rct.  208 

Total Response 209 

 The total response is the summation of the shrinkage strain with the load-induced strain, 210 

accounting for temperature effects by using the time-adjusted variables. For a constant stress σ 211 

applied at time t0, the total strain is 212 

 ( ) ( ) ( )0 0, ,total T T T T sh Tt t J t t t =  +   (23) 213 

Alternatively, if using the creep coefficient formulation from Equation (20): 214 

 ( ) ( ) ( )0 0

0

, 1 ,total T T T T sh T

ct

t t t t t
E


  = +  +    (24) 215 

where εel = σ/Ect0 is the elastic strain and εcr = σϕ(tT,t0T)/Ect0 is the creep strain.  216 

Assuming linear viscoelasticity for creep strains, the total strain under time-varying stress 217 

σ(t) is given by the Boltzmann superposition principle: 218 

 ( ) ( )
( )

( )0

0 0

00

,
Tt

T

total T T T T sh T

T

d
t J t d t

d

 
 =   + 

  (25) 219 

where τ0T is the dummy time variable representing t0T in the integration. Linear superposition is 220 

not applicable if RLL > 1, meaning Equation (25) is intended only for sustained stresses less than 221 

half the concrete strength. 222 
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In any case, if the concrete is underwater, the shrinkage strain εsh should be replaced by 223 

the swelling strain εsw given by Equation (10). 224 

Justification of Model Form 225 

Self-Desiccation 226 

The expression describing the change in pore relative humidity for sealed concrete, given 227 

in Equation (4), was fit to the four data curves collected by Jiang et al. [15] by adjusting 228 

parameters pau and βau; see Figure 1. Compressive strength values were not reported in the 229 

reference, so assumed values for strength were estimated from typical mix designs found in the 230 

NU shrinkage database. Table 2 presents the assumed compressive strength and the best fit 231 

values for pau and βau for each of the reported mixes. The duration of the water vapor saturation 232 

stage, given by tv, is the time required to consume excess water and begin self-desiccation [16]. 233 

The value of tv likely varies by the water-to-cement (w/c) ratio, as evidenced by the initial 234 

swelling period of low-strength concretes during autogenous shrinkage tests [17,18]. However, 235 

fits to the available data were not sensitive to the selection of tv, so a constant value tv = 0.25 236 

days was assumed for simplicity. Nearly equivalent fits may be achieved by setting tv = βau + 237 

0.25 days. 238 

For a design model, relationships for pau and βau based on mean compressive strength fcm 239 

were desired. The relationships from Equations (5) and (6) provide predictions of self-240 

desiccation within expected bounds for concretes with strength fcm ranging from 20 to 100 MPa 241 

(2,900 to 14,500 psi); see Figure 2. 242 

Drying 243 

Drying shrinkage depends on diffusion of water through the concrete and exchange of 244 

this water with the atmosphere. Two fundamental functions for ΔHdry(t,tc) may be used to satisfy 245 
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the requirements of diffusion theory [19] : the hyperbolic tangent function (tanh) and the error 246 

function (erf). The proposed model adopts the hyperbolic tangent function, as its use has already 247 

been established in the structural engineering community through previous models such as B4 248 

[3]. The change in pore relative humidity due to drying alone ΔHdry(t,tc) is 249 

 ( ), tanh c
dry c h

dry

t t
H t t k

 −
 = −  

 
 

 (26) 250 

where kh is the drying coefficient that depends on the ambient relative humidity h0 of the 251 

surrounding environment, and τdry is the characteristic drying time. 252 

 The diffusivity of concrete drops rapidly as pore relative humidity drops [20,21]. This 253 

nonlinearity has traditionally been captured by using a cubic [3,5] or quartic function [4] for the 254 

drying coefficient. However, these historical expressions for kh appear to assume that the self-255 

desiccation is negligible; see, for example, the justification of models B3 [22] and GL2000 [4].  256 

Few references within the NU shrinkage database contain tests of the same concrete at 257 

multiple values of ambient relative humidity, with most tests being conducted at h0 = 50% or 258 

60%; see Figure 3. Keeton [23] tested concrete with w/c = 0.46, and the total shrinkage scales 259 

almost exactly to (1–h0
3); however, these data may have considerable autogenous shrinkage. 260 

Total shrinkage tests from Troxel et al. [24] on concrete with w/c = 0.59, assumed to have 261 

negligible autogenous shrinkage, and drying shrinkage tests from Pentala and Rautanen [25] both 262 

scale by (1–h0
2). Therefore for the proposed model, the adopted drying coefficient is 263 

 ( )2

00.5 1hk h= −  (27) 264 

The inclusion of the 0.5 factor in Equation (27) assures that the adopted drying 265 

coefficient is always less than a linear function that would be applicable given linear diffusion; 266 
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see Figure 4. A function above this line would imply that the volume-averaged pore relative 267 

humidity could drop below the ambient humidity under drying only.  268 

The characteristic drying time τdry (units of days) must be proportional to (V/S)2 [19]: 269 

 
2

0dry s

V
k

S

 
 =   

 
  (28) 270 

where τ0 is a proportionality coefficient determined by calibration to the NU shrinkage database, 271 

and ks is a shape factor accounting for the geometry of the cross section. Bažant et al. [26] 272 

originally proposed shape factors according to nonlinear drying computations [27]. However, 273 

more recent nonlinear diffusion finite element simulations [28] return different shape factors that 274 

depend on the ambient relative humidity. The values chosen for the CPRH model, given in 275 

Equation (9), are from these latest simulations [28] at h0 = 60%, as this represents the most 276 

common testing condition in the database and a middling value for the ks parameter. 277 

Coupled Pore Relative Humidity 278 

Self-desiccation and drying are coupled [21]. Self-desiccation in a sealed sample is 279 

uniform throughout the volume. However, in a drying specimen, self-desiccation is greater near 280 

the center and less near the surface, while drying is greater near the surface and less in the center. 281 

Furthermore, the rate of hydration that drives self-desiccation decreases as water is consumed.  282 

This proposed model accomplishes the coupling with a “union” rule similar to computing 283 

the probability of the union of two events: 284 

 ( ) ( ) ( ) ( ) ( ), ,au dry c au dry cH t H t H t t H t H t t =  +  −    (29) 285 

From this form, it is clear ΔH ≤ 1 unless either ΔHdry > 1 or ΔHau > 1. The logarithmic functional 286 

form of ΔHau potentially violates this at very late ages for high-strength concrete. However, 287 

using the proposed expressions for self-desiccation, ΔHau for fcm = 167 MPa (which is the 288 
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greatest measured strength found within the database) will not exceed one until after about one 289 

million years, which is well beyond the prediction horizon for the model. 290 

Shrinkage Model 291 

Historically, shrinkage design models have modeled either only the total shrinkage 292 

[2,4,22] or a summation of autogenous shrinkage and drying shrinkage [3,5]. In the proposed 293 

model, self-desiccation and drying mechanisms are combined by assuming the shrinkage strain is 294 

proportional to the change in pore relative humidity ΔH.  295 

Shrinkage is roughly proportional to the elastic compliance [29]. Furthermore, because 296 

cement paste drives shrinkage and the aggregate does not change volume, the aggregate restrains 297 

and reduces the shrinkage. This aggregate effect can be considered using the Pickett relationship 298 

[30,31,32]. Considering strength and aggregate content together, the shrinkage coefficient is 299 

 ( ) ( )1sh gr r

sh sh cmp P f g
−

= −   (30) 300 

where Psh is a unitless fitting coefficient, and rsh and rg are exponents. Values for Psh and rsh were 301 

calibrated to the autogenous and total shrinkage tests, together, from the NU database [6]. The 302 

calibrated value rsh = 0.5 is consistent with the observations of Bažant and Li [29]. The value of 303 

rg was set equal to 1.7, as previous studies [1,31,32] have consistently shown that this provides a 304 

serviceable fit for shrinkage. 305 

If the aggregate content g is known from mix proportions, then its value may be used. In 306 

the common case that g is unknown, it may be approximated using  307 

 

0.707 for  in MPa
1250

0.707 for  in psi
181300

cm
cm

cm
cm

f
f

g
f

f


−

= 
 −


  (31) 308 



 16 

This expression for g was determined using all mixes in the NU database for which the measured 309 

value of 28-day concrete strength fcm was given, mix values w/c, a/c, and c were all given, and 310 

aggregate was not specified as some form of lightweight aggregate. For this subset of mixes, g 311 

was estimated assuming that the aggregate density was equal to 2643 kg/m3 (165 pcf) and the 312 

concrete density was 2323 kg/m3 (145 pcf). Using these computed values of g, linear regression 313 

was performed using fcm as the regressor, resulting in the above equations. Note that these 314 

expressions are only intended for typical normal-weight concrete mixes. 315 

Creep Model 316 

 Per solidification theory [33], an aging viscoelastic compliance J(t,t0) at time t for load 317 

applied at time t0 may be derived from a nonaging creep function C(t–t0) of precipitated material, 318 

a volume growth function v(t) that represents the rate of precipitation, and a time-dependent 319 

viscosity η(t) for viscous flow. The aging basic creep compliance rate is given by: 320 

 ( )
( )

( )
0

0

1
,

( )

C t t
J t t

v t t

−
= +


  (32) 321 

where the overdot represents the derivative with respect to time t. This compliance rate equation 322 

facilitates the use of rate-type analysis techniques.   323 

The chosen form of the nonaging creep function is 324 

 ( ) 0
0 ln 1v

cr

t t
C t t p

 −
− = + 

 
  (33) 325 

where pv is the nonaging viscoelastic compliance constant (units of MPa-1 or psi-1), and βcr is a 326 

time constant (units of days). The nonaging creep rate is therefore 327 

 ( )0

0

v

cr

p
C t t

t t
− =

− +
  (34) 328 
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Nanoindentation tests on calcium-silicate-hydrate (C-S-H) [34] indicate that βcr is on the 329 

order of 1.6 seconds. This implies significant creep occurs within seconds after loading, 330 

justifying the adoption of a nonaging instantaneous compliance [3,7]. However, the industry 331 

panel advising the development of this model indicated that a traditional aging modulus 332 

formulation was more familiar to most practitioners, who already use this so-called “elastic” 333 

modulus to compute short-term deflections. Concrete modulus testing uses slow loading rates 334 

applied over several minutes, and therefore some creep is factored into the traditional 335 

expressions for elastic modulus. To avoid double counting short-term creep, the value of βcr = 336 

0.01 days was selected. For data points measured less than 0.01 days after loading, this increase 337 

in βcr affects the fit. However, because of uncertainty in creep test loading rates and inconsistent 338 

reporting of initial deformations [35], these short-term data points have significant uncertainty.  339 

The volume growth function is inspired by a form similar to the time-dependent concrete 340 

strength gain as presented in ACI 209.R-92 [2,7]: 341 

 ( )
1

Kt
v t

Kt
=

+
  (35) 342 

where K is a rate constant (units of days-1) calibrated using the NU creep database.  343 

The viscosity is assumed to increase linearly with time: 344 

 ( )
f

t
t

p
 =   (36) 345 

where pf is a flow constant (units of MPa-1 or ksi-1). This expression for the aging viscosity is 346 

consistent with the B4 model, which is justified by microprestress theory [36]. 347 

Substituting Equations (34) through (36) into Equation (32) yields the aging creep 348 

compliance rate: 349 
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= + +  

− +  
  (37) 350 

The creep compliance function arises by taking the integral: 351 

( ) ( )
0

0 0 0
0 0

0 0 0

1 1
, , ln 1 ln 1 ln

t

v
v f

ct cr cr crt

p t t t t t t
J t t J t d p p

E K t t t

        − −
=   = + + + + +         −          
   (38) 352 

where Ect0 is the elastic modulus at age of loading t0. For t0 >> βcr, which is true so long as the 353 

concrete is at least several hours old prior to loading, then this expression may be simplified to 354 

the elastic compliance plus the basic creep terms expressed in Equation (17): 355 

 ( ) 0
0

0 0 0 0

1 1
, 1 ln 1 lnv

v f

ct

t t p t
J t t p p

E Kt Kt t

     − 
= + + + + −      

      
  (39) 356 

 The two basic creep parameters pv and pf were proposed as functions of mean concrete 357 

strength fcm: 358 

 ( ) vr

v v cmp P f
−

=   (40) 359 

 ( ) fr

f f cmp P f
−

=   (41) 360 

where Pv and Pf are fitting coefficients with units of MPa-1 or psi-1, and rv and rf are exponents. 361 

Values for Pv, Pf, rv, and rf were calibrated to the NU creep database. 362 

The “drying creep” in the CPRH Model is better described as load-induced shrinkage 363 

[37] because it shares the functional form of the shrinkage model and is driven by both self-364 

desiccation and drying. Furthermore, this drying creep formulation ensures that pre-dried 365 

specimens have reduced compliance during both basic creep tests and total creep tests [38,39]. In 366 

rate-type analysis, drying creep may be combined into the shrinkage rate 
sh : 367 

 ( )sh sh dp p H = − +    (42) 368 

where H  is the rate of change of pore relative humidity.  369 
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Because of the analogous nature of drying creep and shrinkage, the proposed drying 370 

creep parameter pd shares the same form as the shrinkage coefficient: 371 

 ( ) ( )1d gr r

d d cmp P f g
−

= −   (43) 372 

where Pd is a fitting coefficient with units of MPa-1 or psi-1, and rd and rg are exponents. Values 373 

for Pd and rd were calibrated to the NU creep database, and the value of rg was defined as equal 374 

to 1.7, as was done for shrinkage.  375 

 The terms for high stress levels RLL and temperature Rc and RT were adopted and 376 

modified from the fib Model Code 2010 [5] and the Arrhenius equation in model B4 [3], 377 

respectively. The Arrhenius equation models the increased likelihood that the activation energy 378 

for a reaction (curing time using Rc) or deformation (creep and shrinkage using RT) will be 379 

exceeded at elevated temperatures due to the increased kinetic energy of the molecules. For 380 

phenomena that are limited by the quantity of some material, namely water for drying and 381 

reactants for hydration, only the rate and not the ultimate value is affected by the Arrhenius 382 

equation. This is, admittedly, a simplification that deserves further investigation. For example, 383 

concrete is unlikely to ever be “fully dried” under ambient conditions, and the amount of water 384 

available for drying could theoretically increase with increased temperature. For basic creep, 385 

which is not strictly limited by some material quantity, both the rate and magnitude are adjusted 386 

using RT; see Equation (11). The rate increase reflects the increased likelihood that any one creep 387 

site may “slip” under higher temperature, and the magnitude increase reflects the greater number 388 

of available creep sites that may slip at this temperature. 389 

Comparison to Database and Historical Models 390 

The NU creep and shrinkage database [6] version obtained on December 9, 2019, was 391 

used to calibrate the CPRH Model parameters. This version of the NU database contained 392 



 20 

approximately 1884 shrinkage tests and 1439 creep tests. Some entries in the database were 393 

improperly or incompletely reported. Datasets that could not be corrected using original sources 394 

were discarded (that is, “blacklisted”) so they did not adversely affect the fit. Furthermore, 395 

datasets were blacklisted if the material or testing conditions were not of interest for the final 396 

model, such as tests on cement paste and creep tests with variable loading. After blacklisting, 397 

1342 shrinkage tests (787 with admixtures) and 923 creep tests (527 with admixtures) remained.  398 

Figures 5 and 6 show the properties of the tests in the shrinkage and creep databases, 399 

respectively, after blacklisting. N-values indicate the numbers of tests where the parameter is 400 

given in the database. The database contains w/c ratios primarily between 0.2 and 0.8. Measured 401 

concrete strengths fcm vary mainly between 20 MPa (3,000 psi) and 120 MPa (17,000 psi). Most 402 

specimens are 100-mm (4-in.) diameter cylinders or 100-mm (4-in.) sided prisms with V/S = 25 403 

mm (1.0 in.), or 150-mm (6-in.) cylinders with V/S = 37.5 mm (1.5 in.). Cement type was given 404 

in the database as R = regular, RS = rapid set, or SL = slow hardening. The database contains 405 

many international tests, and international standards and designations for cement types are not 406 

always consistent. However, R, RS, and SL roughly map to Type I, Type III, and Type II 407 

cements, respectively, per ASTM classification. 408 

 The calibrated CPRH Model was compared to the remaining 1342 shrinkage tests and 409 

923 creep tests by plotting the predicted versus measured shrinkage and swelling in Figure 7 and 410 

the predicted versus measured compliance in Figure 8. Shrinkage and creep exhibit significant 411 

scatter, so these plots primarily serve to highlight any systemic biases or skews in the model. 412 

Overall, the model appears to underestimate autogenous shrinkage. Autogenous shrinkage does 413 

not have an established, consistent test protocol throughout the database, and many tests in the 414 

autogenous shrinkage database have very rapid strain at early ages; it is unclear if some of these 415 
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tests contain plastic shrinkage. Drying shrinkage predictions equal the difference between a total 416 

shrinkage prediction (ΔHdry > 0) and an autogenous shrinkage prediction (ΔHdry = 0). The 417 

coupled nature of the model does not result in a monotonic drying shrinkage prediction, so 418 

comparisons to drying shrinkage data may be incompatible. Total shrinkage, basic creep, and 419 

total creep plots appear to minimize skew in the predictions. 420 

 A weighted coefficient of variation of prediction errors [29] was used to quantify the 421 

goodness of fit. First, weights were assigned to all measurements yi for i = 1 to N, where N is the 422 

total number of data points considered. Weighting ensured that the coefficient of variation 423 

represented the goodness of fit for all test durations, not just short duration tests that contained 424 

the majority of the data points in the database. Logarithmic time intervals (i.e., bins) were 425 

defined for t–tc for shrinkage and t–t0 for creep using powers of 4, such that Bin 1 was from 0 to 426 

4 days, Bin 2 was from 4 to 16 days, Bin 3 was from 16 to 64 days, and so on. Each bin was 427 

given equal weight, and furthermore all tests within each bin were given equal weight regardless 428 

of their different data sampling rates. To achieve this, let njk be the number of data points from 429 

test j located in bin k, and let mk be the number of tests that contain at least one point in bin k. 430 

The raw weight Wi of each data point i from test j and located in bin k is given by: 431 

 
1

i

jk k

W
n m

=   (44) 432 

The normalized weights wi were then calculated such that the summation of wi for all points i = 1 433 

to N is equal to 1: 434 

 

ˆ
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i
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i
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W
=

=


  (45) 435 

Using the normalized weights, the standard error s of the prediction model is defined as: 436 
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  (46) 437 

where Yi is the model prediction for point i. If all weights wi are equal, the multiplier 1/(1–Σwi
2) 438 

is equal to N/(N–1) used for typical unweighted sample statistics. The weighted coefficient of 439 

variation of prediction errors ω is given by: 440 

 
m

s

y
 =  (47) 441 

where ym is the weighted mean of the measurements 442 

 
1

N

m i i

i

y w y
=

=  (48) 443 

Weighted coefficients of variation of prediction errors were computed for different 444 

subsets of the database to ensure that the model was not biased toward specific material or 445 

testing conditions. Shrinkage model coefficients are summarized in Table 3, and compliance 446 

model coefficients are summarized in Table 4. The “All Datasets” filter contained the datasets 447 

used for model calibration with blacklisting as described above. The “B4 Limits” filter represents 448 

only the datasets that conform to the stated limits of applicability of the B4 model [3], which are 449 

typical of engineering practice. The CPRH Model overestimates total shrinkage and 450 

underestimates autogenous shrinkage for SL cement and for tests conducted at high 451 

temperatures. A simple reduction factor for shrinkage of SL cement, as is proposed by the 452 

GL2000 model [4], cannot address this; a rebalancing of the proportions of autogenous to drying 453 

shrinkage may be necessary for different cement types. By comparison, the creep model does not 454 

appear to have any strong biases, performing similarly for all subsets.  455 

 The CPRH Model was compared to other historical design office models: ACI 209 [2], 456 

GL2000 [4], fib Model Code 2010 [5], B4 and the strength-based B4s [3], and the same two B4 457 
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models with the recent autogenous shrinkage update [32], called B4a and B4sa in this 458 

manuscript. All computations using B4 or B4s were done without aggregate or admixture 459 

correction factors. Models were compared by computing the weighted coefficient of variation of 460 

prediction errors as described above using either the “All Datasets” filter used for the proposed 461 

model calibration or the narrower “B4 Limits” filter.  462 

Shrinkage model comparisons are presented in Table 5. Autogenous shrinkage and drying 463 

shrinkage are not separated in ACI 209 and GL2000 models, nor do these models have 464 

expressions for swelling, and therefore these entries are omitted in Table 5. Overall, the CPRH 465 

Model fares the best among the design office models, though there is admittedly bias in this 466 

conclusion because no other model was calibrated to all the datasets in either filtered set. Even 467 

though it was calibrated on a much smaller dataset, the GL2000 model performs admirably. 468 

Models B4s and fib 2010 perform well with total shrinkage, but are comparatively poor with 469 

autogenous shrinkage. Model B4 improves dramatically when applied only to the “B4 Limits” 470 

datasets, but still does not outperform the B4s model. The autogenous shrinkage update [32] 471 

improves the total shrinkage estimate of B4s and greatly improves the autogenous shrinkage 472 

estimate of B4, making B4a the best model for predicting autogenous shrinkage alone. 473 

Interestingly, this update degrades the total shrinkage estimate of B4, indicating the need for a 474 

recalibration of the drying shrinkage terms in B4. 475 

Creep model comparisons are presented in Table 6. ACI 209 only defines the total creep 476 

and does not explicitly separate basic and drying creep terms; in this case, the basic creep 477 

prediction was simply the total creep evaluated at h0 = 1. Again, the CPRH Model has the best 478 

performance, followed by the GL2000 model. Model B4s exhibited unexpected behavior, 479 

particularly for high temperature tests (T > 50°C) or low-strength concrete (fcm < 20 MPa). There 480 
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may also be inconsistencies in the published drying creep parameters for this model, as these 481 

deviate significantly from the analogous B4 drying creep parameters. The B4 model is sensitive 482 

to inputs outside its calibrated range as indicated by the difference between the coefficients of 483 

variation of prediction errors computed using “All Datasets” versus “B4 Limits”. 484 

The CPRH Model was compared to selected datasets from the database to illustrate the 485 

shape of the model time equations and to show how the model adapts to certain inputs. Chosen 486 

datasets are not necessarily those best fit by the model, but are quality datasets that vary a 487 

parameter of interest. The shrinkage and swelling models are compared to selected datasets 488 

[23,40,41,42] in Figure 9. The creep model is compared to selected datasets [40,43,24] in Figure 489 

10. The plots indicate that, while the shrinkage or creep coefficients may not exactly fit the data 490 

for all datasets, the model can capture the effects of changing ambient humidity, V/S ratio, curing 491 

time, and loading age. 492 

Conclusions 493 

 The proposed design-office shrinkage and creep model, called the CPRH Model, has 494 

several advantages over existing time-dependent models. The shrinkage model adopts an 495 

innovative premise, wherein shrinkage is proportional to changes in pore relative humidity. The 496 

model couples self-desiccation and drying, meaning autogenous shrinkage and drying shrinkage 497 

as traditionally defined are not strictly additive. Drying creep is similarly proportional to the 498 

applied load and the change in pore relative humidity and is therefore equivalent to stress-499 

dependent shrinkage. This means that tests on sealed specimens, which have traditionally been 500 

assumed to have only basic creep, will have drying creep associated with self-desiccation per the 501 

proposed model. Thus, the model can capture reductions in creep seen in sealed creep tests of 502 

pre-dried concrete. The basic creep expression is derived from solidification theory, and 503 
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therefore has a convenient rate form and does not suffer from divergence issues that many other 504 

historical models encounter. Altogether, the CPRH Model form facilitates both traditional (i.e., 505 

integral-type) time-dependent analysis using shrinkage and compliance functions or rate-type 506 

analysis using shrinkage and compliance rates. 507 

Inputs are confined to parameters that are either known or may be assumed by the 508 

designer, even during preliminary design stages. The model fit has been compared to subsets of 509 

the NU database, showing that the model is applicable over a wide range of inputs, including 510 

concrete with mean 28-day strength up to 120 MPa (17,000 psi). Overall, the proposed shrinkage 511 

and creep models consistently have lower coefficients of variations than all peer historical 512 

models when compared to the NU database. The superiority of the proposed model predictions 513 

even holds when computing the coefficient of variation of prediction errors for the more limited 514 

dataset that conforms to the published limits of applicability of the B4 model [3]. 515 
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Tables 634 

Table 1. Temperature-adjusted time variables 635 

Description Base Time Variable Adjusted Time Variable 

Time of curing tc tcT = Rctc 

Time of loading t0 t0T = tcT + RT(t0 – tc) 

Current time t tT = tcT + RT(t – tc) 

 636 

Table 2. Self-desiccation fitting parameters and assumed mean 28-day strength [15] 637 

w/c Assumed fcm (MPa) pau βau (days) 

0.5 43 0.0200 8.30 

0.4 57 0.0220 2.28 

0.3 75 0.0245 0.65 

0.2 99 0.0297 0.15 

 638 

Table 3. Weighted coefficients of variation of prediction errors of proposed shrinkage 639 

model 640 

Filter 

Weighted CoV of Prediction Errors 

Autogenous 

Shrinkage 

Drying 

Shrinkage 

Total 

Shrinkage 
Swelling 

Autogenous 

and Total 

Shrinkage 

Combined 

All Datasets 0.69 0.43 0.36 0.72 0.38 

Cement type = R 0.68 0.39 0.36 0.68 0.38 

Cement type = RS 0.71 0.29 0.44 0.69 0.47 

Cement type = SL 0.96 0.51 0.53 -- 0.55 

fcm < 40 MPa 1.03 0.38 0.40 0.68 0.40 

40 MPa ≤ fcm < 80 MPa 0.88 0.45 0.32 0.83 0.35 

fcm ≥ 80 MPa 0.63 0.69 0.36 0.59 0.45 

20°C ≤ T < 30°C 0.68 0.45 0.36 0.72 0.38 

T ≥ 30°C 0.90 0.39 0.65 -- 0.83 

h0 < 0.6 -- 0.49 0.40 -- -- 

h0 ≥ 0.6 -- 0.43 0.30 -- -- 

B4 Limits 0.85 0.39 0.37 0.67 0.38 

 641 

 642 

 643 
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 644 

Table 4. Weighted coefficients of variation of prediction errors of proposed creep model 645 

Filter 

Weighted CoV of Prediction Errors 

Basic Creep Total Creep 

Basic and 

Total Creep 

Combined 

All Datasets 0.34 0.29 0.31 

Cement type = R 0.38 0.33 0.35 

Cement type = RS 0.32 0.19 0.23 

Cement type = SL 0.28 0.26 0.27 

fcm < 40 MPa 0.35 0.26 0.30 

40 MPa ≤ fcm < 80 MPa 0.35 0.30 0.31 

fcm ≥ 80 MPa 0.31 0.30 0.31 

20°C ≤ T < 30°C 0.33 0.28 0.30 

T ≥ 30°C 0.41 0.39 0.40 

σ < 0.5fcm 0.36 0.28 0.31 

σ ≥ 0.5fcm 0.27 0.31 0.31 

B4 Limits 0.31 0.27 0.29 

 646 

Table 5. Weighted coefficients of variation of historical shrinkage models for “All 647 

Datasets” filter | “B4 Limits” filter in NU database 648 

Model 

Coefficients of Variation 

Autogenous 

Shrinkage 

Drying 

Shrinkage 

Total 

Shrinkage 
Swelling 

Autogenous 

and Total 

Shrinkage 

Combined 

CPRH 0.69 | 0.85 0.43 | 0.39 0.36 | 0.37 0.72 | 0.67 0.38 | 0.38 

ACI 209 -- -- 0.47 | 0.46 -- -- 

GL2000 -- -- 0.39 | 0.40 -- -- 

fib 2010 0.91 | 1.00 0.62 | 0.63 0.44 | 0.44 0.95 | 0.91 0.48 | 0.46 

B4s 0.85 | 0.93 0.56 | 0.57 0.45 | 0.46 0.93 | 0.88 0.48 | 0.47 

B4sa 0.90 | 0.77 0.56 | 0.57  0.42 | 0.40  0.93 | 0.88  0.45 | 0.40 

B4 2.30 | 0.95 0.51 | 0.52 0.60 | 0.49 1.13 | 0.94 0.76 | 0.50 

B4a 0.75 | 0.69 0.51 | 0.52 0.61 | 0.55 1.13 | 0.94 0.62 | 0.56 

 649 

 650 

 651 
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 652 

 653 

Table 6. Weighted coefficients of variation of historical creep models for “All Datasets” 654 

filter | “B4 Limits” filter in NU database 655 

Model 

Coefficients of Variation 

Basic Creep Total Creep 

Basic and 

Total Creep 

Combined 

CPRH 0.34 | 0.31 0.29 | 0.27 0.31 | 0.29 

ACI 209 0.48 | 0.33 0.41 | 0.38 0.44 | 0.37 

GL2000 0.44 | 0.31 0.35 | 0.31 0.39 | 0.32 

fib 2010 0.49 | 0.35 0.41 | 0.39 0.44 | 0.38 

B4s 12.03 | 1.28 1.33 | 0.81 7.26 | 0.97 

B4 1.10 | 0.41 1.22 | 0.55 1.18 | 0.52 

 656 

  657 
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Figures 658 

 659 

Figure 1. Pore relative humidity data under self-desiccation [15] 660 

 661 

 662 

Figure 2. Proposed model for pore relative humidity under self-desiccation 663 

  664 
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  665 

(a) Drying Shrinkage    (b) Total Shrinkage 666 

Figure 3. Distribution of ambient relative humidity h0 for all (a) drying shrinkage 667 

and (b) total shrinkage tests used for model calibration 668 

 669 

 670 

Figure 4. Comparison of drying coefficient kh forms 671 

  672 
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  673 

 (a) w/c ratio (N = 1342) (b) Measured fcm (N = 1068) 674 

  675 

 (c) V/S ratio (N = 1342) (d) Cement type (N = 1342) 676 

Figure 5. Contents of shrinkage database used for model calibration 677 

  678 



 37 

  679 

 (a) w/c ratio (N = 920) (b) Measured fcm (N = 830) 680 

  681 

 (c) V/S ratio (N = 923) (d) Cement type (N = 923) 682 

Figure 6. Contents of creep database used for model calibration 683 

  684 
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   685 

   686 

Figure 7. Predicted versus measured plots for proposed shrinkage and swelling models 687 

 688 

   689 

Figure 8. Predicted versus measured plots for proposed creep model 690 

 691 
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 692 

Figure 9. Proposed shrinkage model compared to selected datasets  693 

 694 
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 695 

Figure 10. Proposed creep model compared to selected datasets  696 

 697 

  698 
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Appendix A: Example Calculations for SI Units 721 

A 100-mm diameter cylinder is cured for tc = 7 days at Tcur = 30°C, after which time it is 722 

allowed to dry subjected to T = 25°C and h0 = 0.70 conditions. The cylinder is later loaded at 21 723 

days with a sustained compressive stress of 6 MPa. The design 28-day strength of the cylinder fcʹ 724 

= 40 MPa, and it is made from Type I cement. Other mix parameters are unknown.  725 

Compute the time-dependent strains at t = 7 days, 21 days (just before and just after 726 

loading), 365 days, and 10,000 days. 727 

Assumed Material Properties 728 

Mean 28-day concrete strength fcm and the aggregate volume fraction g are both 729 

unknown, and are therefore estimated from the design strength fcʹ = 40 MPa: 730 

 8 40 8 48 MPacm cf f = + = + =  (A-1) 731 

 
48

0.707 0.707 0.6686
1250 1250

cmf
g = − = − =  (A-2) 732 

Temperature Adjustments 733 

Temperature is different from standard conditions, so temperature correction terms must 734 

be computed using U = 2500 Kelvin: 735 

 
1 1 1 1

exp exp 2500 1.325
293 273 293 30 273

c

cur

R U
T

     
= − = − =     

+ +      

 (A-3) 736 

 
1 1 1 1

exp exp 2500 1.154
293 273 293 25 273

TR U
T

      
= − = − =      

+ +      
 (A-4) 737 

These factors are used to adjust the curing time, time of loading, and analysis times: 738 

 ( )1.325 7 9.277 dayscT c ct R t= = =  (A-5) 739 

 ( ) ( )0 0 9.277 1.154 21 7 25.43 daysT cT T ct t R t t= + − = + − =  (A-6) 740 
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 ( )
365 422.4

9.277 1.154 7  days
10000 11540

T cT T ct t R t t
    

= + − = + − =     
    

 (A-7) 741 

Shrinkage Calculations 742 

 The shrinkage coefficient psh is given by: 743 

 ( ) ( ) ( ) ( )
0.5 1.7 0.5 1.7

0.080 1 0.080 48 1 0.6686 0.00177sh cmp f g
− −

= − = − =  (A-8) 744 

For self-desiccation, parameters pau and βau are given by: 745 

 
48

0.012 0.012 0.0216
5000 5000

cm
au

f
p = + = + =  (A-9) 746 

 
( )( ) ( )( )0.5 0.5

33 4 33 48 4

10 10 5.80 days
cmf

au

− −
− −

 = = =  (A-10) 747 

The volume-to-surface ratio of a cylinder, assuming that the ends are not exposed to drying, is 748 

the area of a circle divided by the circumference of a circle, which equals half the radius. 749 

Therefore, a 100-mm diameter cylinder has V/S = 25 mm. Being a cylinder with sealed ends, 750 

shape factor ks = 1.18 per Equation (9). These are used to compute the shrinkage half-time τdry: 751 

 ( )
2

2
0.08 0.08 1.18 25 69.92 daysdry s

V
k

S

 
 = =  = 

 
 (A-11) 752 

The change in pore relative humidity ΔH and resulting shrinkage strains εsh are computed at 753 

times t = 7, 21, 365, and 10,000 days. Detailed calculations are shown for t = 365 days, and the 754 

rest of the times are summarized in Table A-1. 755 

 ( )
422.4 0.25

ln 1 0.0216ln 1 0.093
5.80

T v
au T au

au

t t
H t p

 − − 
 = + = + =   

   
  (A-12) 756 

 

( ) ( )

( )

2

0

2

, 0.5 1 tanh

422.4 9.277
0.5 1 0.7 tanh 0.251

69.92

T cT
dry T cT

dry

t t
H t t h

 −
 = −  

 
 

 −
= − =  

 

 (A-13) 757 
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( ) ( ) ( ) ( ) ( ), ,

0.093 0.251 0.093*0.251 0.321

T au T dry T cT au T dry T cTH t H t H t t H t H t t =  +  − 

= + − =
 (A-14) 758 

 ( ) ( ) 60.00176*0.321 566 10sh sht p H t − = −  = − = −   (A-15) 759 

Table A-1: Results of Shrinkage Calculations 760 

t (days) tT (days) ΔHau ΔHdry ΔH εsh 

7 9.277 0.020 0 0.020 –36 x 10-6 

21 25.43 0.036 0.114 0.146 –258 x 10-6 

365 422.4 0.096 0.251 0.321 –566 x 10-6 

10,000 11,540 0.164 0.255 0.377 –666 x 10-6 

 761 

Creep Calculations 762 

First, the strength and modulus must be calculated at the time of loading. For Type I 763 

cement, a = 4 and b = 0.85, so the strength at t0 = 21 days (t0T = 25.43 days) is 764 

 0
0

0

25.43
48 47.65 MPa

4 0.85* 25.43

T
ct cm

T

t
f f

a bt

   
= = =   

+ +  
 (A-16) 765 

 0 04734 4734 47.65 32680 MPact ctE f= = =  (A-17) 766 

 Ratio of applied stress to strength at time of loading σ/fct0 = 6/47.65 = 0.126. Because this 767 

is less than 0.5, then the nonlinear load factor RLL = 1. Time factors K = 0.25 days-1 and βcr = 768 

0.01 days. Other creep compliance parameters are as follows: 769 

 ( ) ( )
0.7 0.76 6 7 112.5 10 12.5 10 48 8.32 10  MPav cmp f
− −− − − −=  =  =   (A-18) 770 

 ( ) ( )
0.5 0.56 6 6 130.0 10 30.0 10 48 4.33 10  MPaf cmp f
− −− − − −=  =  =   (A-19) 771 

 ( ) ( ) ( ) ( )
0.9 1.7 0.9 1.7 4 10.023 1 0.023 48 1 0.6686 1.08 10  MPad cmp f g
− − − −= − = − =   (A-20) 772 

These parameters are used to compute the compliance function J(tT,t0T), creep coefficient ϕ, and 773 

the load-induced strain. Detailed calculations are shown for t = 365 days, and the rest of the 774 

times are summarized in Table A-2. 775 
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Basic creep compliance: 776 

 
7 7 1

0

1 1
1 8.32 10 1 9.63 10  MPa

0.25*25.43
v

T

p
Kt

− − −   
+ =  + =    

  
 (A-21) 777 

 
7

6 6 1

0

8.32 10
4.33 10 4.20 10  MPa

0.25*25.43

v
f

p
p

Kt

−
− − −

− =  − =   (A-22) 778 

 

( ) 0
0

0 0 0

7 6 6 1

1
, 1 ln 1 ln

422.4 25.43 422.4
9.63 10 ln 1 4.20 10 ln 22.0 10  MPa

0.01 25.43

v
b v f

cr

t t p t
J t t p p

Kt Kt t

− − − −

       −
= + + + −       

       

−   
=  + +  =    

   

  (A-23) 779 

Drying creep compliance: 780 

 ( ) ( ) ( )  4 6 1

0 0, 1.08 10 0.321 0.146 18.8 10  MPad dJ t t p H t H t − − −=  −  =  − =     (A-24) 781 

Total compliance: 782 

 

( ) ( ) ( )

( ) ( )( ) ( )

0 0 0

0

6 6 6 1

1
, , ,

1
1 1.154 22.0 10 18.8 10 74.8 10  MPa

32680

LL T b d

ct

J t t R R J t t J t t
E

− − − −

 
= + + 

 

 
= +  +  =  

 

  (A-25) 783 

 ( ) ( ) 6
0 0 0, , 1 32680*74.8 10 1 1.445T T ct T Tt t E J t t − = − =  − =  (A-26) 784 

 ( ) 6 6
0, 6*74.8 10 449 10T TJ t t − −= −  = −   (A-27) 785 

Table A-2: Results of Creep Calculations 786 

t (days) tT (days) J (MPa-1) ϕ σJ εsh εtotal 

7 9.277 0 0 0 –36 x 10-6 –36 x 10-6 

21 25.43 0 0 0 –258 x 10-6 –258 x 10-6 

21.01 25.44 31.5 x 10-6 0.028 –189 x 10-6 –258 x 10-6 –447 x 10-6 

365 422.4 74.8 x 10-6 1.445 –449 x 10-6 –566 x 10-6 –1015 x 10-6 

10,000 11,540 101 x 10-6 2.290 –604 x 10-6 –666 x 10-6 –1270 x 10-6 

 787 

  788 
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Appendix B: Example Calculations for English Units 789 

A 4.0-in. diameter cylinder is cured for tc = 7 days at Tcur = 86°F, after which time it is 790 

allowed to dry subjected to T = 77°F and h0 = 0.70 conditions. The cylinder is later loaded at 21 791 

days with a sustained compressive stress of 870 psi. The design 28-day strength of the cylinder 792 

fcʹ = 6,000 psi, and it is made from Type I cement. Other mix parameters are unknown.  793 

Compute the time-dependent strains at t = 7 days, 21 days (just before and just after 794 

loading), 365 days, and 10,000 days. 795 

Assumed Material Properties 796 

Mean 28-day concrete strength fcm and the aggregate volume fraction g are both 797 

unknown, and are therefore estimated from the design strength fcʹ = 6,000 psi: 798 

 1160 6000 1160 7160 psicm cf f = + = + =  (B-1) 799 

 
7160

0.707 0.707 0.6675
181300 181300

cmf
g = − = − =  (B-2) 800 

Temperature Adjustments 801 

Temperature is different from standard conditions, so temperature correction terms must 802 

be computed using U = 4500°R: 803 

 
1 1 1 1

exp exp 4500 1.324
528 460 528 86 460

c

cur

R U
T

     
= − = − =     

+ +      

 (B-3) 804 

 
1 1 1 1

exp exp 2500 1.154
528 460 528 77 460

TR U
T

      
= − = − =      

+ +      
 (B-4) 805 

These factors are used to adjust the curing time, time of loading, and analysis times: 806 

 ( )1.324 7 9.271 dayscT c ct R t= = =  (B-5) 807 

 ( ) ( )0 0 9.271 1.154 21 7 25.42 daysT cT T ct t R t t= + − = + − =  (B-6) 808 
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 ( )
365 422.2

9.271 1.154 7  days
10000 11537

T cT T ct t R t t
    

= + − = + − =     
    

 (B-7) 809 

Shrinkage Calculations 810 

 The shrinkage coefficient psh is given by: 811 

 ( ) ( ) ( ) ( )
0.5 1.7 0.5 1.7

0.963 1 0.963 7160 1 0.6675 0.00175sh cmp f g
− −

= − = − =  (B-8) 812 

For self-desiccation, parameters pau and βau are given by: 813 

 
7160

0.012 0.012 0.0219
725000 725000

cm
au

f
p = + = + =  (B-9) 814 

 
( )( ) ( )( )0.5 0.5

300 4 300 7160 4

10 10 5.34 days
cmf

au

− −
− −

 = = =  (B-10) 815 

The volume-to-surface ratio of a cylinder, assuming that the ends are not exposed to drying, is 816 

the area of a circle divided by the circumference of a circle, which equals half the radius. 817 

Therefore, a 4.0-in. diameter cylinder has V/S = 1.0 in. Being a cylinder with sealed ends, shape 818 

factor ks = 1.18 per Equation (9). These are used to compute the shrinkage half-time τdry: 819 

 ( )
2

2
51.6 51.6 1.18 1 71.85 daysdry s

V
k

S

 
 = =  = 

 
 (B-11) 820 

The change in pore relative humidity ΔH and resulting shrinkage strains εsh are computed at 821 

times t = 7, 21, 365, and 10,000 days. Detailed calculations are shown for t = 365 days, and the 822 

rest of the times are summarized in Table B-1. 823 

 ( )
422.2 0.25

ln 1 0.0218ln 1 0.096
5.34

T v
au T au

au

t t
H t p

 − − 
 = + = + =   

   
  (B-12) 824 

 

( ) ( )

( )

2

0

2

, 0.5 1 tanh

422.2 9.271
0.5 1 0.7 tanh 0.251

71.85

T cT
dry T cT

dry

t t
H t t h

 −
 = −  

 
 

 −
= − =  

 

 (B-13) 825 
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( ) ( ) ( ) ( ) ( ), ,

0.096 0.251 0.096*0.251 0.323

T au T dry T cT au T dry T cTH t H t H t t H t H t t =  +  − 

= + − =
 (B-14) 826 

 ( ) ( ) 60.00175*0.323 565 10sh sht p H t − = −  = − = −   (B-15) 827 

Table B-1: Results of Shrinkage Calculations 828 

t (days) tT (days) ΔHau ΔHdry ΔH εsh 

7 9.271 0.022 0 0.022 –38 x 10-6 

21 25.42 0.038 0.113 0.146 –256 x 10-6 

365 422.2 0.096 0.251 0.323 –565 x 10-6 

10,000 11,536 0.168 0.255 0.380 –666 x 10-6 

 829 

Creep Calculations 830 

First, the strength and modulus must be calculated at the time of loading. For Type I 831 

cement, a = 4 and b = 0.85, so the strength at t0 = 21 days (t0T = 25.42 days) is 832 

 0
0

0

25.42
7160 7108 psi

4 0.85* 25.42

T
ct cm

T

t
f f

a bt

   
= = =   

+ +  
 (B-16) 833 

 0 057000 57000 7108 4823000 psict ctE f= = =  (B-17) 834 

 Ratio of applied stress to strength at time of loading σ/fct0 = 870/7108 = 0.122. Because 835 

this is less than 0.5, then the nonlinear load factor RLL = 1. Time factors K = 0.25 days-1 and βcr = 836 

0.01 days. Other creep compliance parameters are as follows: 837 

 ( ) ( )
0.7 0.76 6 9 12.81 10 2.81 10 7160 5.63 10  psiv cmp f
− −− − − −=  =  =   (B-18) 838 

 ( ) ( )
0.5 0.56 6 8 12.50 10 2.50 10 7160 2.95 10  psif cmp f
− −− − − −=  =  =   (B-19) 839 

 ( ) ( ) ( ) ( )
0.9 1.7 0.9 1.7 7 10.014 1 0.014 7160 1 0.6675 7.31 10  psid cmp f g
− − − −= − = − =   (B-20) 840 

These parameters are used to compute the compliance function J(tT,t0T), creep coefficient ϕ, and 841 

the load-induced strain. Detailed calculations are shown for t = 365 days, and the rest of the 842 

times are summarized in Table B-2. 843 
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 Basic creep compliance: 844 

 
9 9 1

0

1 1
1 5.63 10 1 6.51 10  psi

0.25* 25.42
v

T

p
Kt

− − −   
+ =  + =    

  
 (B-21) 845 

 
9

8 8 1

0

5.63 10
2.95 10 2.87 10  psi

0.25*25.42

v
f

p
p

Kt

−
− − −

− =  − =   (B-22) 846 

 

( ) 0
0

0 0 0

9 8 7 1

1
, 1 ln 1 ln

422.2 25.42 422.2
6.51 10 ln 1 2.87 10 ln 1.49 10  psi

0.01 25.42

v
b v f

cr

t t p t
J t t p p

Kt Kt t

− − − −

       −
= + + + −       

       

−   
=  + +  =    

   

  (B-23) 847 

Drying creep compliance: 848 

 ( ) ( ) ( )  7 7 1

0 0, 7.31 10 0.323 0.147 1.29 10  psid dJ t t p H t H t − − −=  −  =  − =     (B-24) 849 

Total compliance: 850 

 

( ) ( ) ( )

( )( ) ( )

0 0 0

0

7 7 7 1

1
, , ,

1
1.154 1.49 10 1.27 10 5.09 10  psi

4823000

LL T b d

ct

LL

J t t R R J t t J t t
E

R − − − −

 
= + + 

 

 
= +  +  =  

 

  (B-25) 851 

 ( ) ( ) 7
0 0 0, , 1 4823000*5.09 10 1 1.447T T ct T Tt t E J t t − = − =  − =  (B-26) 852 

 ( ) 7 6
0, 870*5.09 10 443 10T TJ t t − −= −  = −   (B-27) 853 

Table B-2: Results of Creep Calculations 854 

t (days) tT (days) J (psi-1) ϕ σJ εsh εtotal 

7 9.277 0 0 0 –38 x 10-6 –38 x 10-6 

21 25.42 0 0 0 –256 x 10-6 –256 x 10-6 

21.01 25.43 2.14 x 10-7 0.028 –186 x 10-6 –256 x 10-6 –443 x 10-6 

365 422.2 5.09 x 10-7 1.447 –443 x 10-6 –565 x 10-6 –1008 x 10-6 

10,000 11,536 6.86 x 10-7 2.296 –597 x 10-6 –666 x 10-6 –1262 x 10-6 

 855 

 856 

 857 
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A New Way to Predict Creep 
and Shrinkage
An ACI Foundation-funded research project

by Victoria K. Sicaras, on behalf of the ACI Foundation

H aving creep and shrinkage modeling tools to 
accurately predict concrete behavior over time is 
essential for designing and maintaining serviceable, 

safe structures. Knowing how long a structure’s useful service 
life should be, and how concrete performs under sustained 
loads, is instrumental in determining when retrofits are needed 
or whether structural issues are materializing. This is 
particularly important for creep-sensitive structures, such as 
high-rise buildings, concrete box-girder bridges, and 
prestressed beams. However, many time-dependent models 
are outdated with respect to today’s growing database of 
experimental evidence. A new research study funded by the 
ACI Foundation aims to rectify this issue. 

Emerging from the research is a time-dependent design 
model that captures the complex reality of how creep and 
shrinkage phenomena are interconnected. Using solidification 
theory, the researchers calibrated the new model to meet the 
twin objectives of simplicity in application and theoretical 
rigor. It is poised for adoption into ACI design guidelines 
regarding creep and shrinkage, prestress losses, and 
deflections of concrete structures. 

The Need for New Models
ACI Committee 209, Creep and Shrinkage in Concrete, 

reports information on creep and shrinkage of concrete and 
concrete structures. Documents published by the committee 
include ACI PRC-209.2-08, Guide for Modeling and 
Calculating Shrinkage and Creep in Hardened Concrete1; ACI 
PRC-209.1-05, Report on Factors Affecting Shrinkage and 
Creep of Hardened Concrete2; and ACI PRC-209-92, 
Prediction of Creep, Shrinkage, and Temperature Effects in 
Concrete Structures (Reapproved 2008).3

Since their initial publication in the 1990s through the early 
2000s, the guides have relied on a creep and shrinkage model 
developed in 1982 to calculate time-dependent deformations. 
In 2019, however, ACI Committee 209 determined that the 
model no longer reflected the current understanding of 
time-dependent behavior and discontinued support for that 
model. Experimental evidence collected over the past few 

decades indicated the model may no longer perform well for 
long-term (multi-decade) creep and shrinkage predictions, and 
especially for large or complex structures. 

“At the time when the provisions were developed, that 
model reflected the best knowledge that we had about creep 
and shrinkage. But when you start to apply it to modern 
design practices with modern mixtures, beyond how it was 
originally intended, it breaks down and doesn’t work 
properly,” explained Brock Hedegaard, Principal Investigator 
of the research project and Secretary of ACI Committee 209. 

To ensure ACI Committee 209 guidelines align with 
modern practices and structures, a new model was needed to 
reflect advances in knowledge about creep and shrinkage 
mechanisms. In 2019, Hedegaard began working with 
committee member—and now committee Chair—Mija Hubler 
on a research proposal with the goal of bringing to life such a 
model. They found a champion for their work in the ACI 
Foundation’s Concrete Research Council (CRC). 

Each year, CRC hosts a request for proposals (RFP) 
program that awards funding to several concrete research 
projects. Hedegaard and Hubler’s RFP was selected to receive 
funding in 2020.

Getting Funded
The proposal involved calibrating a creep and shrinkage 

model that uniquely facilitates both traditional integral-type 
and modern rate-type analyses (refer to textbox). To create 
and calibrate the model, researchers needed to curate and vet a 
comprehensive database, which was a challenging task in 
itself, Hedegaard said. They also had to identify the 
appropriate input parameters and perform statistical 
comparisons to select the final model. 

“This sort of undertaking would have been extremely 
difficult to get off the ground without the ACI Foundation and 
CRC,” Hedegaard stated. “What we were doing did not really 
qualify as basic research, because we were working with 
already established databases and not adding new data, and 
there aren’t a lot of funding entities interested in that. But 
bringing things up to date and making design documents 
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applicable to the state of practice is incredibly valuable.”
ACI Foundation Executive Director Ann Masek agreed: 

“ACI technical committees regularly need updates to their 
technical work product, and we were pleased with the 
opportunity to support this critical research need of ACI 209.” 

CRC’s open RFP program allows researchers to submit 
unsolicited research projects. A major requirement is that the 
research must be endorsed by at least one ACI technical 
committee. Thanks to funding from ACI and donations to 
research from the ACI community, the number of grants 
awarded has grown significantly over the last several years. 
The funding is awarded based on relevancy and potential 
impact of the research, overall proposal quality, researcher 
capability, supplemental support for the project (such as 
collaboration with other funders and organizations), and ACI 

technical committee engagement. In the case of the time-
dependent model project, it had unanimous endorsement by 
ACI Committee 209, as well as commitments from several of 
the industry’s leading design and engineering companies to 
serve on an advisory panel. 

“Not only will the research results advance industry 
practice, with its updated model prediction of time-dependent 
deflections and stresses in concrete structures, but we also got 
a chance to support the work of early career professors like 
Brock [Hedegaard] and Mija [Hubler],” Masek said.

Supporting Early Career Faculty
At the time of funding, Hedegaard was an Assistant 

Professor of civil engineering at the University of Minnesota, 
Duluth, MN, USA. Hubler, who served as Co-Principal 
Investigator on the project, was an Assistant Professor of civil, 
environmental, and architectural engineering at the University 
of Colorado, Boulder, CO, USA. One graduate research 
assistant contributed to the research.

The ACI Foundation shares ACI’s vision of a future where 
everyone has the knowledge needed to use concrete 
effectively to meet the demands of a changing world. To 
support this shared vision, the Foundation’s mission is to 
make strategic investments in ideas, research, and people to 
create the future of the concrete industry. 

“Investing in ‘people’ is a critical component of the 
mission, and it drives CRC’s efforts to award at least two 
grants annually to projects led by an associate or assistant 
professor or other type of early career faculty,” according to 
CRC Chair Sulapha Peethamparan. “This helps us make sure 
we are aiding the promotion and development of future 
generations of concrete researchers.” 

The grants also limit funding of research organizations’ 
indirect costs to 15%. This ensures the funds are directed to 
the people and activities involved in a project and not the 
organization’s overhead.

“Receiving the funding needed to conduct research helps 
young professionals like us contribute to academia and 
industry, and those research projects are great bullet points to 
have when seeking tenure,” Hedegaard said. “But also, most 
of the CRC grant money we received was used to fund our 
student’s tuition and other project-related needs. Our student 
was important to the project because he helped develop the 
model, plus he was doing all the number crunching and 
MATLAB work.”

Mutual Benefits of Industry Involvement
“Our industry advisory panel was very helpful in terms of 

brainstorming model candidates,” Hedegaard said. “We had 
building engineers, bridge engineers, and a distribution of 
people who had performed creep and shrinkage testing.”

The project’s advisory panel included representatives from 
FIGG Bridge Group; Meyer Borgman Johnson (MBJ); MJ2 
Consulting; Skidmore, Owings & Merrill (SOM); Wiss, Janney, 
Elstner Associates (WJE); and WSP USA. Ongoing dialogue 
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Name: Calibration of Simplified Creep and Shrinkage 

Models Developed Using Solidification Theory
Principal Investigator: Brock Hedegaard, Associate 

Professor of civil engineering at the University of 
Minnesota, Duluth, MN

Co-Principal Investigator: Mija Hubler, Associate 
Professor and the Co-Director of the Center for 
Infrastructure, Energy and Space Testing at the 
University of Colorado, Boulder, CO

ACI Technical Committee endorsement: ACI 
Committee 209, Creep and Shrinkage in Concrete

Funder: ACI Foundation’s Concrete Research Council
About the Research: Traditional time-dependent 

analysis has relied on definition of a compliance function 
or creep coefficient. For time-varying stresses, the strain 
may be approximated (for example, through the age-
adjusted modulus method) or computed using integral-
type analysis. Rate-type analysis does not require 
computation of an integral over the entire stress history; 
thus, it is more efficient and accurate for more complex 
structural analysis. Previously, no existing time-
dependent model other than the B3/B4 basic creep 
expression had a convenient form for performing 
rate-type analysis. 

The model developed over the course of this research 
project changes this reality. The new model has closed-
form expressions for the compliance function and 
compliance rate, uniquely supporting both analysis 
approaches. These features place the model on the cutting 
edge of time-dependent structural analysis. 

The calibration was conducted in three steps:
1. Database management and preparation;
2. Identification of appropriate input parameters and  
 calibration by nonlinear optimization; and 

3. Statistical comparison and final model selection  
 per information theory.
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between the researchers and panel 
members guided the concept of a model 
that incorporates the interconnectedness 
of creep and shrinkage. 

“MJ2 Consulting’s Matt D’Ambrosia 
brought up the fact that different types 
of creep and shrinkage don’t occur 
separately. They are connected in some 
way because it all comes down to what 
happens to water in concrete. Factoring 
in these relationships between creep and 
shrinkage phenomena is one of the 
reasons why the model does very well 
in comparison with the databases. It’s a 
big leap forward for our industry, I hope,” Hedegaard explained.

Panel members also provided input on what they would 
want to see in a design document, which was beneficial for 
both the researchers and the companies involved, Hedegaard 
said. Because the model aligns with industry best practices 
where it makes sense to do so, it is both useful for theoretical 
predictions and as a practical tool in real-world applications. 

Advancing the Concrete Industry
During the project duration, results were presented at ACI 

convention Open Topic technical sessions and regular 
meetings of ACI Committee 209. Roman Wan-Wendner, ACI 
Subcommittee 209-D Chair and ACI Committee 209 Vice 
Chair, served as committee liaison between the project team, 
the advisory panel, and Committee 209. 

“The project was a positive and fun process,” Hedegaard 
said. “There was a lot of back and forth as we bounced ideas 
around, and a lot of creative thinking from multiple angles 
and parties. What we ended up with was a model that is a very 
good fit to the database, but it’s also a tool that you can take to 
your design office and use.”

A manuscript documenting the calibrated model was 
published in the May 2023 issue of ACI Materials Journal.4 
The model also will be presented to ACI Committee 209 for 
incorporation into ACI PRC-209.2. In addition, it will be 
featured in two planned reports from Committee 209 
documenting time-dependent structural analysis by either 
traditional integral methods or modern rate-type methods. The 
model, which facilitates both, is expected to form the basis for 
robust design guidance in both documents. 

The ACI Foundation looks forward to funding future 
research and innovations that provide needed solutions for 
industry needs, Masek said. Organizations can aid the 
Foundation’s efforts and support concrete-related research and 
technology advancements by contributing their expertise, 
experience, and donations. Visit www.acifoundation.org/
giving for more details.
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Brock Hedegaard checks out a double-ring concrete shrinkage 
test at the Turner-Fairbank Highway Research Center laboratory 
in McLean, VA, USA (photo courtesy of Brock Hedegaard)

The research project’s calibrated model predictions compared to measurements from the 
Northwestern University creep and shrinkage database (based on Fig. 8 in Reference 4)


