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Abstract

Under service conditions, R-UHPFRC (Reinforced Ultra High Performance Fiber Reinforced Cementitious compos-

ite) beams exhibit residual deflection after loading—unloading. This is due to the tensile strain hardening behavior

of UHPFRC. The precise calculation of deflection is thus relevant and was not addressed previously. This paper
proposes a material model for UHPFRC under loading-unloading and a numerical layered model for the calculation
of stress and strain distribution in the cross section. Then, a curvature-based analytical model is presented for calcula-
tion of deflection of a beam. This method is finally compared and validated against experimental results as obtained
from four-point bending of full-scale R-UHPFRC beams. This research reveals the need for a specific material model
for UHPFRC subjected to loading-unloading for the precise calculation of the structural response of elements

and members under repetitive loading, such as service or fatigue loading.
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1 Introduction

UHPFRC (Ultra High Performance Fiber Reinforced
Cementitious composite) is a structural material made of
cementitious matrix with fine grains (<1 mm) and short
straight steel fibers in high dosage (>3% vol.) (Briih-
wiler, 2016). UHPFRC is often combined with steel rein-
forcement bars in the direction of main stress, forming
R-UHPFRC (reinforced UHPFRC). Thanks to its dura-
bility, versatility and structural potential (Graybeal et al.,
2020), the number of UHPFRC applications for the reha-
bilitation and strengthening of existing structures as well
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as for the design and construction of new structures is
growing rapidly in Switzerland (Bertola et al., 2021; EPFL,
2023) and around the world (Azmee & Shafiq, 2018; Yoo
& Yoon, 2016).

Majority of researchers and designers focus on the
ultimate resistance and deflection (Khorami et al., 2021;
Sadaghian et al., 2021; Shen et al., 2020; Yoo et al., 2016)
of UHPFRC elements and structures under monotonic
loading. Lately, while investigating fatigue mechanism
of R-UHPFRC beams, strain and crack opening variation
was analyzed in subsequent loading—unloading cycles
(Sawicki 2021). It was observed that the strain profile of
unloaded beams changes radically after the first cycle due
to creation of microcracks and their residual opening. It
was then deduced and proven that the residual opening
of microcracks produces a complex stress distribution,
with compressive stresses activated in the bottom of a
beam even under the sagging bending moment, where
the tensile stress would be expected (Sawicki et al., 2022).

The goal of this paper is to analyze the residual deflec-
tion, or a difference between deflection at loaded and
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unloaded (or partially unloaded) states, of R-UHPFRC
beams subjected to loading—unloading as it occurs due to
traffic and other repetitive loading. The precise calcula-
tion of relative deflection is important e.g. in case of rail-
way bridges. A simple analytical method for calculation
is proposed and compared with experimental results of
R-UHPFRC beams that have been loaded-unloaded at
various stages. A simple material model, based on test-
ing of accompanying small-scale specimens of UHPFRC,
is used for this verification.

2 Literature Review on Modelling of UHPFRC

Due to its composite constitution, UHPFRC presents
bi-linear response under tensile stress with elastic and
strain-hardening stages (Naaman, 2018) until reaching
the tensile strength, followed by strain-softening. This
relatively complex material behavior makes modelling
of structures a nontrivial task (Sadaghian et al, 2021)
requiring nonlinear solvers. Nevertheless, several ana-
lytical and numerical methods for calculation of area
moment of inertia and deflection of R-UHPFRC beams
were presented already.

An analytical solution for the calculation of the area
moment of inertia of R-UHPFRC beams with part of
material in the strain-hardening domain was proposed
in Yoo et al. (2016). The tensile stress area with bi-linear
stress distribution is replaced with a fictitious equiva-
lent elastic stress block, of smaller height and an effec-
tive elasticity modulus based on proportionality of stress
and strain at the bottom of the block. The calculated
deflection using the modified ACI 440.1R 15 method
(Bischoff model) (ACI Committee, 2015) matched well
results of three-point-bending experiments up to the
strain at the bottom of the beam reaching around two-
thirds of the strain corresponding to the ultimate ten-
sile strength strain of UHPFRC (¢,). After this point, the
obtained beam response was overly stiff. Since the test
was performed under three-point-bending, the contri-
bution to the global beam response of the section with
lower moment of inertia due to strain-hardening was
relatively small compared with four-point bending tests.
Furthermore, the strain-hardening of the tested UHP-
FRC was not very pronounced compared with the elas-
tic part facilitating the calculation, with an elastic limit
stress f,=12.5 MPa and a tensile strength f, =14.3 MPa.
The authors did not consider unloading—reloading of the
beam.

Another method for calculation of the effective area
moment of inertia using similar principles as for cracked
reinforced concrete beams was presented in Gao et al,
2020. To calculate the area moment of inertia, fibers are
considered separately and treated as reinforcement uni-
formly distributed over the height of an element while
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the tensile stress contribution of the cementitious matrix
is neglected. The authors did not compare the calculated
deflection with experimental results, and for validation,
the obtained area moment of inertia was used for the cal-
culation of stress distribution in the cross section of the
structural element subjected to static and fatigue loading.

Closed-form analytical solutions for calculating deflec-
tion of beams and slabs under various loadings and
assuming bi-linear moment—curvature relationship of
cross-section were developed in Wang (2015). By means
of a parametrized constitutive law of UHPFRC (Sorana-
kom & Mobasher, 2007), bending moment—deflection
curves were calculated, reflecting well the structural
response of a beam. However, the assumed linearity of
moment—curvature holds as long as the tensile strength
of UHPERC is not reached. Depending on the shape
and proportions of cross-sections, this can be achieved
before the ultimate resistance of the structural element is
attained (Denarié et al., 2017; Sawicki & Brithwiler, 2019;
Sawicki et al., 2022). The unloading-reloading stiffness of
the beam was not considered by the authors.

A layered numerical model was used for calculation
of the moment—curvature relationship of beams made
of non-strain-hardening fiber reinforced cementitious
material (Yang et al., 2019). The curvature was calculated
on the basis of the strain profile and stress distribution
leading to the sectional force equilibrium.

An approach with Bischoff method, bi-linear curvature
distribution and layered model was used by Peng et al.
(2022), and verified with experiments available in litera-
ture. Using statistical methods, they have found a good
agreement in particular at service loading, i.e. around
half of the beam resistance. They have also found that the
calculation on the basis of direct beam integration and
use of layered model for calculation of curvature leads to
a more precise solution. No unloading-reloading cycles
were considered.

3 Experimental Investigation

The experiments presented hereby were originally
designed for fatigue testing (Sawicki & Brithwiler, 2019).
Using the same batch, T-shaped beams and small plates
for material testing were cast. Before fatigue testing, each
beam was quasi-statically pre-loaded and unloaded to
various load levels. The experimental setup and results
are presented below. The results of beam testing in terms
of deflection vs. load curves are presented later, alongside
with modelling results.

3.1 Setup

Three types of beams with T-cross section were tested:
Type I with a single @20 mm steel rebar; Type II with
a single @34 mm rebar and Type III with @20 mm
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longitudinal rebar and @6 mm Q shaped stirrups.
Their dimensions are specified in Fig. 1. The beams
were casted in horizontal position (as tested), pour-
ing the fresh UHPFRC from top at one end. Six exter-
nal vibrators were used to assure good flow of the fresh
UHPFRC. These beams, and their sectional dimen-
sions, represent well a typical design of R-UHPFRC
beams(Briithwiler et al., 2019) and thus allow for veri-
fication of the proposed methodology in view of struc-
tural applications.
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All beams were tested under four-point bending at
least 90 days after production. The reference deflection
was measured after positioning of the beams on the test-
ing rig, therefore under self-weight. Loading was applied
using one servo-hydraulic actuator and a steel redis-
tribution beam of high stiffness. The load application
points were positioned symmetrically, and their spac-
ing b is indicated in Fig. 1. The spacing varied to avoid
shear failure in these relatively stiff test setups. For all the
beams, the vertical displacement at mid-span and over
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Fig. 1 Scheme of beams under testing
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Table 1 Mean tensile material properties of UHPFRC based on
inverse analysis of beams

Beam type f, [MPa] f, [MPa] £, [%o0] E,[GPa]
Type | (@20 mm) 6.3 120 35 43.1
Type Il (@34 mm) 49 10.9 3.7 411
Type Il (@20 mm) 44 11.8 3.0 36.1

Table 2 Mean tensile material properties of reinforcement bars
based on axial tensile tests

Beam type f, [MPa] f.[MPa] £, [%]
Type | (@20 mm) 600 687 9.2
Type Il (@34 mm) 525 624 94
Type Il (@20 mm) 512 617 9.2

the supports was measured using LVDTs. The deflection
of beams is corrected with vertical displacement over the
supports.

3.2 Materials

Commercially available UHPFRC mix Holcim710%®, with
3.8% in volume of 13 mm long straight steel fibres with
an aspect ratio of 65, was used to fabricate the beams.
The tensile material properties were retrieved for each
type of beam using 30 mm thin 4-point bending plates, as
described in detail in Sawicki et al. (2022). The following
properties were determined: (1) elastic limit stress f; (2)
tensile strength f,; (3) hardening strain at tensile strength
g,; and (4) modulus of elasticity E;;. The results are given
in Table 1.

Both longitudinal reinforcement and stirrups are
of type B500B according to Eurocode (EC2. Euroc-
ode, 2005), with nominal characteristic yield stress
fx=500 MPa. The properties of steel reinforcement bars
obtained from direct tension testing are presented in
Table 2, where f, stands for yielding stress, f, for tensile
strength, ¢, for rupture strain. The modulus of elastic-
ity E, is assumed as 205 GPa. The rebars used in Type I
beams have higher strength; however, they still meet the
requirements of B500B reinforcement class.

The longitudinal reinforcement bars in Type I and Type
III beams are of the same diameter and class, but were
fabricated by different producers and thus their proper-
ties vary. Furthermore, material tests revealed the ten-
sile response of UHPFRC in Type III beams is different
than expected due to casting one year later than the other
specimens. Therefore, Type I and Type III beams are
treated separately.
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4 Modelling

4.1 Calculation of Strain Distribution and Curvature

4.1.1 Material Model of UHPFRC

UHPERC is a composite material made of a cementitious
matrix and fibers. Due to this bi-component constitution,
UHPFRC shows quasi bi-linear stress—strain behavior
under direct tension before reaching its tensile strength.
The tensile response of UHPFRC, with values typical for
material used in the current research, are presented in
Fig. 2.

The first stage is elastic. The behavior of UHPFRC is
linear with Young’s modulus E;; and after unloading the
strain comes back to zero. After the elasticity limit (f, ¢,
Fig. 2) is reached, uniformly distributed discontinuities
in the matrix start to occur and the material enters the
strain-hardening domain with strain-hardening secant
E,;,. From the macroscopic viewpoint, the material can
be considered as a continuum, however increasingly ani-
sotropic as hardening develops.

When UHPERC is in the strain-hardening domain,
after unloading the residual strain ¢, ; remains. Sub-
jected again to tension, the response follows E;;; until the
previously imposed stress is reached. If the tensile stress
is further increased, the material follows the envelope
strain-hardening curve shown in Fig. 2.

When the tensile strength is reached, the unloading
secant modulus is calculated according to:

Ju

ky - ey

Ey, = , (1)
where k,=0.5 for UHPFRC with straight steel fibers
(Wille & Naaman, 2010).

It is assumed that the unloading secant E;; varies lin-
early from E;; to E;;, between ¢, and ¢, respectively (see
Fig. 2), which is in agreement with the behavior of fiber
reinforced mortar at the onset of matrix cracking (Visal-
vanich & Naaman, 1981). Due to the residual strain ¢,,,
accumulated in the material after unloading, the internal
force balance can lead to such a distribution of strain in
the member that the material at the bottom of the beam
enters into compression (Sawicki et al., 2022). To the
authors’ knowledge, there was no study on the behavior
of UHPFRC in compression after previously reaching the
strain-hardening domain in tension. Tensile strain-hard-
ening cement-based composites with steel fibers seem to
follow the unloading secant modulus E;; at the first stage
of compressive response (Miller & Mechtcherine, 2016),
and this is adopted in the present work.

Once the tensile strength f, is reached, the soften-
ing stage begins. The stress can be assumed to decrease
linearly until the formed crack opening w reaches half
of the length of fiber (Fig. 2). For the current material
w,=6.5 mm. Due to the dependence of non-dimensional
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Fig. 2 Simplified UHPFRC constitutive tensile law; left: elasting and hardening regimes with unloding-reloading behaviour; right: post-peak
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strain on the reference length (e.g. gauge length), it is
assumed that the stress is reduced linearly until a defor-
mation equal to 50% strain is reached in the layered
model (crack of half of fiber length with reference of fiber
length). This simplification is possible as only a small part
of UHPFRC reaches strains larger than ¢, at the ultimate
bending moment, and the post-peak structural behavior
of the beam is not considered here.

It is assumed that the UHPFRC in compression, with-
out pre-loading in tension, behaves linear-elastically with
E,; up to the compressive strength f;,..

4.1.2 Numerical Model

The stress distribution in the cross section of the R-UHP-
FRC beam is computed using Euler-Bernoulli elas-
tic beam theory and numerical methods. Perfect bond
between reinforcement bar and UHPFRC is assumed
(Oesterlee, 2010).

The UHPERC cross-section of the beam is discretized
into 100 horizontal layers of equal thickness with uniform
strain at each layer, as presented in Fig. 3. The elastic—
strain-hardening—softening material model in tension
and perfectly elastic model in compression is adopted for
UHPERC, as explained previously and shown in Fig. 2.
The reinforcement bar is taken as the constant stress
and strain layer, with elastic—perfectly plastic material
model, which is valid for strains up to 2% as confirmed

by the direct tensile tests on reinforcement bars used in
the experiments. Once the rupture strain ¢, is attained in
the rebar, the stress is taken as zero. The area of UHPFRC
is corrected with respect to the rebar area, assuming an
equivalent constant strain and stress element being sub-
tracted from the section with strain equal to the rebar’s
strain and material law of UHPFRC.

The linear strain distribution is governed by the strain
g, at the bottom of the member’s section and by the posi-
tion of the neutral axis x,_, extending from the bottom.
For given ,_,, strain distribution in the UHPFRC and
rebar is calculated. Based on the material law, stress in
each layer and in the rebar is obtained. Resultant forces
are computed respecting the beam geometry. The neu-
tral axis x,_, is finally found stating force equilibrium
when the sum of sectional forces >.F=0. Then, the result-
ing bending moment for the corresponding ¢, is calcu-
lated. The procedure is automated in such a way that for
a given bending moment the unique pair of ¢, and x,,_,
is found, and thus the distribution of stress and strain in
the cross section is determined. The corresponding bend-
ing moment M and curvature ¢ for the given stress and
strain distribution is then calculated:

M = ZO’,‘ <t Wi - (xn—n - xi)! (2)
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Fig. 3 Scheme of numerical model for calculation of stress and strain distribution under given bending moment; x,, ,—neutral axis position, F—
compressive resultant force of UHPFRC, F —tensile resultant force of UHPFRC, F.—resultant force of rebar

Y= )

Xn—n

3)

where o, £, w; and x; are respectively stress, thickness,
width and position of ith layer of computational model.
To calculate the curvature during unloading, under
lower bending moment AM,,;, the strain distribution
needs to be determined once more. Using the previ-
ously obtained stress distribution under upper bending
moment M, ., the unloading secants E;; and residual
strains g, ; are computed and stored for each UHPFRC
layer using the relationship presented in Fig. 2. To find
the strain distribution at M,,;,, a new pair of ¢, and x,,_,, is
found. The UHPFRC layers that entered the strain-hard-
ening domain at M,,,, follow the unloading secant mod-
ulus E;; stored previously. Importantly, if in any layer
the obtained strain is such that O<e<e,,, the stress in
the UHPERC is negative (i.e. compressive stress) despite
a positive strain value (see Fig. 2) (Sawicki et al., 2022).
Previous research (Makita & Briithwiler, 2014; Oesterlee,
2010; Sawicki & Brithwiler, 2019) showed that the bond
between UHPFRC and rebars is close to perfect. Fur-
thermore, the strain distribution of UHPFRC along an
element is highly irregular and the plastic deformation
of steel reinforcement bars occurs mostly in the critical
cross-section after UHPFRC discontinuity localization.
Therefore, in the model, the stress—strain constitutive
law of rebar at unloading follows the loading path, thus
no residual deformation of rebar is considered. Having
obtained the new strain distribution, M, is calculated

using Eq. (2) and curvature ¢, using Eq. (3).

4.2 Analytical Calculation of Deflection
During loading—unloading of a R-UHPFRC beam, three
stages can be differentiated: (I) elastic; (II) hardening;

(III) unloading. During monotonic loading (stages I and
II), the bending moment—curvature relationship can
be approximated as bi-linear (Soranakom & Mobasher,
2007), with change of linearity at the elastic bending
moment My, (Fig. 4), after which part of UHPFRC mate-
rial enters the strain hardening regime. This bi-linear
relationship holds if the softening behavior in the critical
section of the beam is ignored, and leads to distribution
of curvature in the simply supported beam at stage II as
presented in Fig. 5. The curvature distribution at stage
III) unloading was not verified before to the authors’

M

Me

- ¢
PEI O]

Fig. 4 Bi-linear moment-curvature relationship; Mg, is the bending

moment at limit of elasticity, and M is the bending moment

above which bi-linearity holds no more, ¢ and @, are the respective

curvatures
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Fig. 5 Curvature distribution of beam under four-point bending
with bi-linear moment-curvature

knowledge. Since the UHPFRC at unloading is follow-
ing a different stress—strain path than under monotonic
loading (Fig. 2), the curvature distribution in the beam is
investigated in detail in Sect. 5.1.2. Because the distribu-
tion of strain in a beam is non-uniform due to microc-
racking of UHPFRC, and as deformation accumulation
occurs in the critical section (ACI Committee, 2015), the
rebar yields predominantly in the critical cross-section.
Therefore, the plastic residual deformation of the rebar is
not considered at the unloading stage.

At the elastic stage (I), stress in UHPFRC at all sec-
tions of a beam is below the limit of elasticity and thus
the bending moment is below the elastic limit bending
moment (M, < Mp). Therefore, the stiffness is uniform
along the beam and the classical formula from elasticity
theory for calculation of deflection at mid-span can be
used:

4
‘Smax,el = ﬂ (BLZ - 4"12)1 (4‘)

where ¢ is the curvature under the applied bending
moment (and ¢ < ¢, see Fig. 4), L is the span of beam
and « is the distance between support and force applica-
tion point, as presented in Fig. 5. The elastic limit bend-
ing moment (M) and curvature (¢,) are obtained using
Egs. (2) and (3) such that g, =¢,.

At the hardening stage (II), UHPFRC in certain regions
of the beam enters into the hardening domain as the
applied upper bending moment M,,,, > M. The stress
distribution is found iteratively using the layered model,
and the bending moment and curvature are then cal-
culated using Egs. (2) and (3). A bi-linearity of curva-
ture occurs along the beam as presented in Fig. 5. The
following holds at this stage: ¢;=¢z M()=Mg and
¢,=¢(M,,,.), see Fig. 4. An equation for deflection
of a beam can be found by direct integration of cur-
vature using Euler—Bernoulli beam theory (Garcez &
Silva Filho, 2009; Wang, 2015). The bi-linearity of the
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moment—curvature relation of strain-hardening fiber
reinforced cementitious material beam under monotonic
loading was verified by Soranakom and Mobasher (2007).
The following formula to calculate deflection at mid-
span of a beam with bi-linear moment—curvature under
four-point bending (Fig. 5) is used (Garcez & Silva Filho,
2009):

+
Smax = %(31,2 _4612) + € 6 ﬂ)(‘pl ca—¢p-§).
(5)

At the end of stage II, when the ultimate resistance
bending moment My, is achieved, part of UHPFRC
can enter the softening regime with strain values larger
than ¢,. The cross section height in the softening regime
depends on the element’s geometry (Denarié et al., 2017;
Shen et al., 2020). It happens solely in the critical sec-
tion where the localized crack is being formed (Sawicki
& Brithwiler, 2019), leading to quick increase in strains
and curvature there. This curvature is not representative
for the entire beam, and therefore application of Eq. (5)
would lead to an overestimation of deflection. Therefore,
in this paper, Eq. (5) is used up to the bending moment
M,, when UHPFRC in the bottommost layer reaches
g, Beyond this point, the moment—deflection curve
is linearly extrapolated up to My, The ultimate bend-
ing moment My, is found numerically using the layered
model and respecting ¢, of both UHPFRC and reinforce-
ment bar.

At stage III, the beam which was previously loaded such
that M, >Mp, is unloaded until the bending moment
is equal to the lower bending moment M,,;,,. Within the
distance ¢ from the support, the beam remains elas-
tic, and ¢,=¢(M), where Mz = My - % Respectively,
¢,=¢(M,,,). Equation 5 can be used to calculate the
mid-span deflection only if the curvature distribution
presented in Fig. 5 is respected. Since the stiffness along
the beam between ¢; and ¢, depends on the strain and
stress distribution attained at M, ,, in each section, the
curvature distribution is investigated analytically in this
paper, in Sect. 5.1.2.

5 Results

5.1 Type | Beams

The experimental results, as well as the procedure and
results of calculation of deflection, are first explained in
detail for beams of type I, with rebar diameter ¥20 mm,
and spacing of load application points of b=0.7 m. Two
beams were tested until failure. Bi-linear elastic-strain
hardening material model was used of UHPFRC, and
elastic—plastic material model was used for steel rein-
forcement bar, as described previously.
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5.1.1 Beam Deflection due to Monotonic Loading

The envelope moment—deflection curve obtained from
testing until failure of the beams is presented in Fig. 6.
Two methods were used for calculation of deflection: (1)
constant stiffness along the beam using the curvature
in the constant bending moment zone (formula 4 for
all loading stages), and (2) bi-linear moment—curvature
method as described previously. The difference between
the two methods is marginal, due to the relatively large
spacing of the load application points b=0.7, explaining
negligible influence of the relatively small elastic portions
of the beam.

Despite that the two tested beams were virtually iden-
tical in terms of boundary conditions, dimensions and
material, their stiffnesses differ considerably. The deflec-
tion of one beam at ultimate resistance is 12% larger than
of the other. This can be attributed to the scatter of prop-
erties of UHPFRC (Oesterlee et al., 2009). However, the
ultimate bending resistance is almost identical. Impor-
tantly, good agreement between model and experimental
results were found.

The stress and strain distributions during multiple
load steps in the critical section are presented in Fig. 7
together with the bending moment, mid-span deflec-
tion, stress in rebar and beam curvature. The calculation
method was verified against strain gauges glued on rebars

Experiments
120

100

80

60

M [kNm]

40

20

e Constant
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in Sawicki et al. (2022). Fig. 8 presents the obtained bend-
ing moment—curvature relationship in the critical sec-
tion, with My, and M, values marked, where M, indicates
yielding of reinforcement and thus loss of bi-linearity
which often occurs close to Mp,;. The transition from elas-
tic to strain hardening is gradual. It takes place between
the loading under which the response of cross-section is
fully elastic (Mg=12.7kNm, see Fig. 7a) and the bend-
ing moment of around 30kNm, when the zone of UHP-
FRC stretches over around 200 mm from the bottom of
the beam (Fig. 7b). The second change of linearity occurs
at yielding of the reinforcement bar (Fig. 7e). It can be
therefore concluded that the bi-linearity assumption of
bending moment—curvature relationship holds until the
reinforcement bar reaches its yielding strength. In Fig. 6
no change of curvature is visible around M_, for the mod-
elling results due to linear extrapolation of deflection as
mentioned previously. For experimental results however,
gradual softening of the deflection curve can be observed
as the critical section weakens and a hinge is formed. The
rapid softening is evident for the calculated curvature
in the critical section presented in Fig. 8, reflecting the
behavior of the tested beams.

The calculated deflection follows well the experimen-
tal results up to 75% of My, at which stage the strain in
rebar is about 2.5%o, as presented in Fig. 7d. Beyond this

@ Bi-linear

5 6 7 8

9 10

8 (mm)

Fig. 6 Type | beams with b=0.7 m: moment-deflection plots under monotonic loading with calculated elastic (M), rebar yielding (M, =M,),
ultimate bending resistance (Mpy) and Serviceablity Limit State (Mg ) assumed at 50% bending moments

(See figure on next page.)

Fig. 7 Calculated theoretical stress and strain profiles at monotonic loading of beams Type 1, b=0.7 m; M—bending moment, &—deflection
at mid-span, o,—stress in rebar, ¢—curvature in the critical section of bending moment zone
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Fig. 9 Real and modeled response of steel rebar under tensile action,
Type | rebar (@20 mm)

moment, the modelled beam is overly stiff. This comes
from the loss of bi-linearity of the moment—curvature
relationship due to the simplification of steel reinforce-
ment constitutive behavior as elastic-perfectly plastic.
The abrupt change between two regimes leads to higher
stiffness than in reality showing a smooth transition up to
the yielding, as presented in Fig. 9. This influences in par-
ticular the beam response when the rebar stress is higher
than the nominal yield stress of 500 MPa, thus at bending
moment higher than around 80 kNm. Consequently, this
elastic-perfectly plastic material model for the steel rebar
also causes an abrupt change of beam deflection once the
rebar is yielding at the bending moment M,.

After yielding of the rebar, the model presents a softer
response up to M,, when part of the UHPFRC enters into
the softening regime. From then on, the calculated cur-
vature in the critical section is no more representative
for the rest of the beam, and therefore the deflection is
extrapolated linearly as mentioned before. Interestingly,
it corresponds well with the experimental results up to

My, Noteworthy, the calculated My, is almost identical
with the experimental value, proving not only the cor-
rectness of the deflection model, but also the accuracy
of the material model and representability of the results
from material testing.

To quantify an error due to not taking into account
the deflection caused by shear forces, this error was cal-
culated at the peak load using the following equation
(Pronk, 2007):

_MQO+v) L

aaEHB 2’ (©)

where v is the Poisson ratio (assumed as 0.2), a is the
shear correction coefficient depending on length and
shape of beam (assumed as 0.85 (Pronk, 2007)), H and
B are beam height and width respectively. B was taken
here as the mean thickness of the rib of T-shaped beam.
The calculated value §,=0.05 mm leads to error of 0.5%,
which can be neglected.

5.1.2 Beam Curvature Under Loading-Unloading

The model for the calculation of deflection presented pre-
viously assumes a linear variation of curvature between
¢, and ¢,. Due to the relatively complex constitutive law
of UHPFRC, this assumption needs to be verified for
beams under loading—unloading cycles. To do so, part
of the beam between the elasticity limit cross-section &
and the load application point a was divided into five sec-
tions, and for each cross-section the curvature was calcu-
lated separately using the strain and stress distributions
as determined by Euler—Bernoulli theory and the previ-
ously discussed layered model. An exemplary curvature
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distribution along half-beam (assuming symmetry) is
presented in Fig. 10.

The subsequent curves represent the curvature along
the beam when it is unloaded from the upper bend-
ing moment M,,,, =M, in multiple unloading steps
to complete unloading at M,,,;,,. In all cases the curva-
ture between ¢; and ¢, at £ and a4, respectively can be
assumed as almost linear. This validates the hypoth-
esis used for the calculation of beam deflection under
loading—unloading.

5.1.3 Deflection Under Loading-Unloading

Fig. 11 presents the moment—deflection curves of the two
beams under loading—unloading as obtained from testing
as well as the values calculated using both the constant
and bi-linear curvature methods. Residual deflection
at unloading is clearly identifiable for both beams. For
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Fig. 10 Curvature along the beam of Type Ib=0.7 m
during-unloading (one-half) at different unloading steps,
with scheme of the beam
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example, one of the beams unloaded from 93% of M,
(103 kNm) and a deflection of 5.4 mm, shows a residual
deflection of 1.2 mm after unloading. This represents
the possible overestimation by 20% of the beam relative
deflection close to its ultimate resistance when the mate-
rial behavior of UHPFRC under loading—unloading is not
considered. On the other hand, after loading—unloading
cycle the absolute total deflection for a given moment
(e.g. Mg ) is larger than before the pre-loading (57% for
Mg o). Clearly, the use of the elastic method would not
yield correct results in the calculation of deflection.

The two analytical models yield similar results. Both of
them overestimate the residual deflection, especially just
before the ultimate bending resistance is reached. Since
both models show similar results and the assumption of
linearity of curvature was previously confirmed, the error
can be attributed to the material model of UHPFRC. This
indicates the importance of characterizing the behavior
of UHPFRC under loading—unloading, which was not
done previously according to the authors’ knowledge.

Stress and strain profiles of UHPFRC in the con-
stant bending moment zone are presented in Fig. 12.
After pre-loading, when part of UHPFRC in the cross-
section entered into the strain-hardening regime
(Fig. 12a), distributed discontinuities of cementitious
matrix appear. When the beam is unloaded (Fig. 12b),
some part of UHPFRC enters into compression due
to the strain being below the residual strain (e<eg,,,,
see Fig. 2). Thanks to the perfect bond between rebar
and UHPFRC, the reinforcement remains in tension.
When the beam is again reloaded (Fig. 12c) and then
unloaded such that the same strain ¢, is attained at

@ Bi-|inear

5 6 7 8 9 10

6 (mm)

Fig. 11 Type | beams b=0.7 m: moment-deflection plots under loading—unloading
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the bottom of the element (Fig. 12d) as in the previ-
ous load step (Fig. 12a), the resulting bending moment
is smaller. This is because of the contribution of com-
pressive stress in the bottom part of cross-section. At
the same time, since part of the beam remains elastic,
the global deflection § is smaller under this smaller
bending moment. Similar mechanism can be observed
in Fig. 12c, f. These observations confirm the impor-
tant influence of the residual strain on the global
structural response of a beam, in particular on the
stress distribution in the cross section.

The significance of the generated compressive stress
field in the bottom of a bent beam on the calculated
magnitudes of stress range in the reinforcement bar
during cyclic loading under serviceability was dis-
cussed previously in Sawicki et al. (2022). It was also
identified as an important parameter in fatigue dam-
age propagation in UHPFRC (Sawicki et al. 2021) and
fatigue resistance of R-UHPFRC members (Sawicki &
Brithwiler, 2019).

For Type I beams with loading points spacing
b=0.5 m (Fig. 13), experimental and calculated curves
are in good agreement up to Mg, after which point
the model yields overly stiff results. The beams were
not loaded until failure, and in none of the cases M,
did cause rebar yielding. The unloading slope is mod-
elled almost perfectly at early stages of loading, up to
about 40 kNm. Later, the foreseen unloading behavior
is overly rigid, leading to overestimation of residual
deflection, similar to the previously discussed beams.

Experiments
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5.2 Type Il and Type Ill Beams

Moment-deflection curves for Type II and III beams are
discussed here. Only results obtained using the bi-linear
moment—curvature model are presented.

The results for Type II beams, with load spacing
b=0.4m, is presented in Fig. 14. Both beams were loaded
until the rebar started to yield. The structural response
of the beams, including unloading, is properly mod-
elled until a bending moment of about 110 kNm (Mg, ),
when around half of the UHPFRC cross-section is in
the strain hardening stage, and the stress in the rebar is
around 200 MPa. From this point on, loss of beam stift-
ness is underestimated by the model, leading to 20%
smaller deflection than measured at 150 kNm. One of
the possible reasons is nonuniformity of UHPFRC along
the height of the beam section due to variation of fiber
content and orientation, but it cannot be confirmed une-
quivocally. Unloading and residual deflection are mod-
elled reasonably well. For both tested beams, loading
was stopped at the onset of rebar yielding. In general, the
model presents an overly stiff response under loading,
however with good agreement between experimental and
calculated deflection at unloading.

Fig. 15 presents the experimental results for six beams
Type III, with load spacing 5=0.4 m. For this type of
beams the experimental results varied considerably,
i.e., measured deflections due to Mg, ¢ were in the range
of 20 mm to 2.4 mm. The calculated deflection is in
accordance with the more rigid response. The unloading
response is modelled as overly rigid. In general, struc-
tural behavior of Type III beams is well modelled up to
Mg ¢ despite the scatter of experimental results.

e \0de|

6 (mm)

Fig. 13 Type | beams b=0.5 m: moment-deflection plots under loading-unloading
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Fig. 14 Type Il beams b=0.4 m: moment-deflection plots under loading-unloading
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Fig. 15 Type lll beams b=0.5 m: moment-deflection plots under loading—unloading

5.3 Discussion of Results

After analyzing the results of all experiments, two obser-
vations can be drawn: (1) the deflection of all beams
under loading is underestimated between Mg; ¢ and M,,,
and calculated correctly otherwise; (2) the unloading
path is modelled as overly rigid and the residual deflec-
tion is overestimated. The former can be attributed to
simplified elastic-perfectly plastic reinforcement bar
material model, as discussed previously (see Fig. 9). The
latter most probably comes from incorrect assump-
tion concerning unloading secant E;;, which cannot

be confirmed without separate experimental campaign
focused on loading—unloading of UHPFRC. The two phe-
nomena confirm importance of detailed material models
for the precise results of modelling.

6 Conclusions

This paper discusses the loading—unloading behavior of
reinforced UHPFRC beams in terms of bending moment-
deflection curves. The importance of strain-hardening
UHPFRC and its material behavior on the structural
response of a beam, showing residual deflection after



Sawicki and Briihwiler Int J Concr Struct Mater (2024) 18:6

unloading, is investigated using an analytical model for the
calculation of the deflection under loading—unloading of
the beam. The following conclusions can be drawn:

« Important residual deflection of R-UHPFRC beams
after loading—unloading cycles has been identified. It
manifests itself from an early stage of loading—as soon
as part of UHPFRC enters into the strain-hardening
regime. Residual deflection affects bending moment
values as obtained under service conditions of the
beam (at around half of the ultimate bending resist-
ance).

+ The observed phenomenon has significant implica-
tions in the design of structures due to the remaining
residual deflection after unloading as well as due to the
re-loading path being different from the original one.

+ During unloading, the bending moment—curvature
relation remains bi-linear. As a consequence, an ana-
lytical formula like the one proposed in this paper, can
be used for calculation of deflection.

+ The proposed material model for UHPFRC yields cal-
culated results in accordance with test results, up to
around half of bending resistance. Nevertheless, it
yields more rigid response for higher loading.
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