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Abstract 

The crack pattern of steel reinforced ultrahigh performance concrete (UHPC) beam is usually characterized by many 
densely distributed fine cracks (i.e., multiple microcracks) along with localized macrocrack, and the crack width 
development rate along the beam height is smaller than that of normal concrete since steel fibers and steel reinforce-
ment bars are supposed to be effective in controlling crack width propagation of the UHPC beam. However, an effec-
tive crack width prediction formula is still underdeveloped for steel reinforced UHPC beam. The present study aims 
to formulate a crack width prediction equation based on the equations in Chinese code GB50010 where the param-
eters can be regressed and calibrated. Ten UHPC beams with different steel fiber volumes and reinforcing ratios are 
experimentally tested to collect crack width and spacing data for comparison and validation purposes. Nonuniform-
ity distribution coefficient of rebar strain and average crack spacing are calibrated by the test data. Also, rebar stress 
is calculated with considering residual tensile strength of UHPC based on a sectional analysis. The modified crack 
width equation is validated with the test results, showing the best prediction accuracy of 0.97 and standard deviation 
of 0.11 for the test beams in this study compared to those predicted by JTG 3362, CECS 38, MC and AFGC. This study 
is emphasizing crack width prediction and control in designing UHPC structures.

Keywords UHPC beams, Crack width, Modification and prediction, Flexural behavior

1 Introduction
Ultrahigh performance concrete (UHPC), one of the 
most advanced cementitious composite materials, has 
attracted much attention from structural engineer-
ing community and it shows large application potential 
due to unique mechanical performance (such as mul-
tiple cracking behavior and strain hardening capacity) 
(De Larrard & Sedran, 1994; Graybeal, 2006; Graybeal 
& Baby, 2013; Meng & Khayat, 2016, 2018; Qiu et  al., 
2022; Richard & Cheyrezy, 1994; Wille et  al., 2014; Yoo 

et al., 2016a). In the past 15 years, the research on UHPC 
has grown exponentially as shown in Fig. 1 and the use 
of UHPC for infrastructure construction is becoming 
increasingly popular. Many studies focus on mechanical 
behavior of UHPC structures under different loads and 
environment conditions in order for their design and 
use (Brühwiler, 2017; Feng et al., 2021; Habel et al., 2007; 
Hussein et  al., 2022; Zhou et  al., 2022; Zhu et  al., 2020, 
2022). Concrete cracking is an important issue for con-
crete structures historically (Borosnyoi & Balazs, 2005; 
Hong et  al., 2013; Piyasena et  al., 2004). Generally, the 
crack pattern (or failure mode) and crack propagation of 
UHPC members under flexure or tension have been well 
recorded and described in the following studies.

Yoo et  al. (2017) investigated flexural behavior of 
UHPC beams with low reinforcement ratios and con-
cluded that numerous vertical micro-cracks appeared 
near the peak load and then the crack localization hap-
pened with decreasing carrying-load capacity. The 
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reinforcement ratio marginally influenced the number 
of cracks and average crack spacing. Yang et  al. (2010) 
found that the tightly spaced cracks on the lower sur-
face of the beam perpendicular to flexural tensile stress 
were associated with stress redistribution and multiple 
cracking, which was different from the development pat-
tern of flexural cracks in normal concrete beams. The 
fiber bridging capacity and pullout at the highly stressed 
crack dominated the flexural failure and the steel fibers 
were effective in controlling cracks. The multiple microc-
racks and localized macro-cracks in the rebar reinforced 
UHPC beams were also observed by Chen et al. (2018), 
Qi et al. (2018), and Hasgul et al. (2018). With increasing 
reinforcement ratio and using hybrid reinforcement, the 
number of cracks decreased and the average crack spac-
ing increased, controlling the crack width of reinforced 
UHPC beams (Yoo et al., 2016b). One example of multi-
ple cracking and localized crack is shown in Fig. 2 in this 
study.

The entire crack patterns and developments of UHPC 
are well reported, but the maximum crack width predic-
tions associated with crack spacing and rebar stress are 
not fully studied, although relatively mature crack width 
predictions for normal concrete have been developed 
experimentally, analytically, and numerically. Leutbecher 
and Fehling (2012) proposed a mechanics-based model 

to predict the crack formation process (i.e., crack spac-
ing and width) of the UHPC with reinforcing bars and 
fibers. The predicted cracking spacing was close to the 
transverse reinforcing bar spacing for an example of thin, 
orthogonally reinforced UHPC topping layer applied on 
an existing concrete structure for rehabilitation purpose. 
Qiu et  al., (2020a, 2020b) experimentally investigated 
flexural cracking behavior of eight UHPC beams with dif-
ferent reinforcement ratios, reinforcement diameters and 
cover thicknesses. Their crack patterns, crack spacings, 
and load-crack width curves were compared. Also, the 
crack widths of UHPC beams were predicted by existing 
codes, such as CECS (2004), NF-P18-710 (2016), CNR-
DT (2006), MC (CEB-FIP  2010) and RILEM 162-TDF 
(2003). Although NF-P18-710 model shows relatively 
high accuracy, 60% and 25% deviations of predicted and 
tested mean crack spacing, and maximum crack width 
were obtainable respectively. Therefore, there are obvi-
ous shortcomings and limitations simply using the cur-
rent crack width prediction theory for UHPC beam and 
the new UHPC crack width prediction is still underde-
veloped. The present study is in an attempt to develop 
a modified crack width prediction for steel reinforced 
UHPC beams in accordance with Chinese code GB 
(2010). The crack width data were experimentally col-
lected through testing ten UHPC beams with different 
steel reinforcement ratios and fiber volumes. Different 
exiting codes for predicting crack width were reviewed 
and their predicted results were compared to highlight 
the modification need for crack width prediction of 
UHPC. Finally, the modified equations were proposed, 
and some parameters (such as nonuniformity distribu-
tion coefficient of rebar strain and average crack spacing) 
can be calibrated from the test data along with re-consid-
eration of rebar stress through a sectional analysis. The 
adequacy of the modified equations for crack width pre-
diction was assessed and validated using the data in the 
present study and other studies.

2  Experimental Investigations
An experimental program was performed to investi-
gate crack widths of five steel reinforced UHPC beams, 
and each group had two same specimens. The main test 
variables were the steel fiber volume and reinforcing ratio 
and the test details are shown in Table 1.

2.1  Material Properties
The UHPC is composed of Portland cement (771.2  kg/
m3), silica fume (154.2  kg/m3), fly ash (77.1  kg/m3), 
quartz powder (154.2  kg/m3), quartz sand (848.4  kg/
m3), superplasticizer (20.1  kg/m3), water (180.5  kg/m3), 
and steel fibers. End-hooked steel fiber with a length of 
13 mm and a diameter of 0.2 mm and straight steel fiber 

0

1000

2000

3000

4000

5000

2005 2007 2009 2011 2013 2015 2017 2019 2021

N
u

m
b

er
 o

f 
p

u
b

li
ca

ti
o

n
s

Year

Google Scholar Keywords

“Ultrahigh performance concrete”

Fig. 1 Number of publications on UHPC from an investigation 
by HIPER FIBER LLC

Fig. 2 Example of multiple cracking and localized crack in this study
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with a length of 8 mm and a diameter of 0.12 mm were 
used. Three volume fractions of steel fibers were consid-
ered: 1.5% end-hooked fiber; 2% end-hooked fiber; 2% 
end-hooked fiber + 1% straight fiber. The tensile strength 
of these steel fibers was greater than 2000 MPa. The cubic 
compressive strengths of UHPC with fiber volume frac-
tions of 1.5%, 2.0%, and 3.0% are 159 MPa, 167 MPa, and 
183 MPa, respectively; the elastic moduli are 47 GPa, 48 
GPa, and 49 GPa, respectively; the modified first flexural 
crack strengths are 7.26 MPa, 7.85 MPa, and 9.05 MPa, 
respectively. The yield strengths of steel rebar with 
diameters of 16 mm, 20 mm, and 22 mm are 480 MPa, 
495 MPa, and 502 MPa, respectively in this study.

2.2  Specimen Preparation
As shown in Fig.  3, ten UHPC beams were reinforced 
with three longitudinal rebars and two rebars (diameter 
of 10 mm) in the tension and compression zones respec-
tively. Three kinds of diameters (i.e., 16  mm, 20  mm, 
and 22 mm) were considered for the longitudinal tensile 
rebars. Each measured 300  × 150  mm in cross section 
and 2000 mm in length along with concrete cover thick-
ness of 20 mm. Steel stirrups (diameter of 10 mm) were 
arranged at a spacing of 80 mm at the shear-flexure seg-
ment of the beam.

The UHPC was sufficiently mixed, and no vibration 
was needed because of self-compacting capability when 
casting the beams from one end to the other. After three 
days, the beams were demolded and subjected to steam 

curing at 90–100 ℃ for two days. Another one day was 
required for cooling down, and the beams were stored at 
the laboratory environment until the test.

2.3  Bending Tests
Four-point bending test was performed to investigate 
flexural cracking characteristics of all the beams and 
they were loaded by a hydraulic jack to the failure along 
with the simply supported span of 1800 mm and the pure 
bending moment length of 600 mm. The load interval was 
5 kN until UHPC cracking and became 10 kN until steel 
yielding. After that, the displacement-controlled loading 
with an interval of about 300 mm was applied until the 
failure. The applied load was monitored by a load sensor 
continuously. Moreover, the strain gauges were adhered 
to three tensile rebars to monitor their strains at each 
load interval. During the test, a magnifying glass was 
used to detect the initiation of cracks in the pure moment 
zone. The crack widths on the tensile concrete surface of 
the pure moment zone of the tested beams were meas-
ured using a hand-held microscope with an accuracy of 
0.01 mm at each load step along with crack number and 
crack development up to the failure.

3  Crack Width Prediction from Different Codes
3.1  GB 50010, CECS38 and JTG 3362
According to the GB 50010, the maximum crack width 
of reinforced concrete can be estimated by the follow-
ing equation. This equation considers the impact of steel 
reinforcement stress, concrete cover thickness and long-
term loading.

where αcr is the member characteristic coefficient rel-
evant to loading characteristics; ψ is the factor consider-
ing the non-uniform strain distribution in the steel rebar 
between the cracks; σs is the rebar stress; lcr is the mean 
crack spacing; Es is the elastic modulus of the rebar.

The CECS 38 gives the formula to calculate the maxi-
mum crack width of fiber-reinforced concrete based 

(1)wmax=αcrψ
σs

Es
lcr

Table 1 Parameters of test specimens

Beam designation Longitudinal rebar 
diameter (mm)

Reinforcing ratio (%) Number of longitudinal 
rebars

Steel fiber fraction by volume

L2.33%-1.5%-1/2 20 2.33 3 1.5% hooked end

L2.33%-2.0%-1/2 20 2.33 3 2.0% hooked end

L2.33%-3.0%-1/2 20 2.33 3 2.0% hooked end + 1.0% straight

L1.48%-2.0%-1/2 16 1.48 3 2.0% hooked end

L2.83%-2.0%-1/2 22 2.83 3 2.0% hooked end

Fig. 3 Specimen details
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on the model in GB 50010. This formula considers the 
impact of steel fiber volume and type as well as includes 
an influence factor βw of steel fibers on the crack width.

where βw = 0.35 can be assumed for straight fibers; �f  
is the characteristic value of steel fiber and is equal to 
Vf lf /df  ; Vf  is the volume content of steel fiber; lf  is fiber 
length and df  is fiber diameter.

Chinese code JTG/T 3362 (2018) gives the follow-
ing equation to calculate crack width of reinforced con-
crete member under flexure and this equation considers 
the impact of tensile rebar stress, and concrete cover 
thickness.

where, Wcr is the calculated crack width; C1 is a shape 
factor of rebar surface, taken as 1.0 for ribbed rebar; C2 
is a long-term factor; C3 is a characteristic factor for 
members under different loads, taken as 1.0 for flexural 
member; δss is tensile rebar stress; c is concrete cover 
thickness; d is tensile rebar diameter; ρte is effective ten-
sile rebar ratio; Es is the elastic modulus of the rebar.

Note that the crack widths calculated from Eq. 1–Eq. 3 
are at the centroid location of tensile rebars, and thus 
they need to be transferred to the crack widths on the 
tensile surface of the tested beams based on the cross-
sectional height relationships as follows.

where wsmax is the crack width on the beam surface; wmax 
is the crack width calculated from Eq.  1–Eq.  3; h is the 
cross-sectional height of the beam; h0 is the effective 
height of the beam; x is the compressive height assumed 
equal to 0.35h0.

3.2  NF P18‑710
According to the UHPC Standard NF P18-710, for rein-
forced UHPC members, the crack width at the position 
of tensile rebar can be calculated as follows. This equa-
tion considers the impact of longitudinal tensile rebar 
stress, tensile rebar bond performance, concrete cover 
thickness and UHPC tensile strength.

where sr,max,f is the maximum crack spacing; εsm,f is the 
average strain of the tensile rebar between cracks; εcm,f 
is the average strain of the UHPC between cracks; the 

(2)wf max = wmax(1− βw�f )

(3)Wcr = C1C2C3
δss

Es

(

c + d

0.30+ 1.4ρte

)

(4)wsmax = wmax(
h− x

h0 − x
)

(5)ws = sr,max,f (εsm,f − εcm,f )

average strain difference between the tensile rebar and 
UHPC can be calculated below:

where δs is the stress in the longitudinal tensile rebar at 
the cracked cross-section; fctfm,el and fctfm are the mean 
tensile limit of elasticity and the mean post-cracking ulti-
mate strength for UHPC, respectively; Kglobal is fiber ori-
entation factor equal to 1.25; kt is a factor depending on 
the loading duration or loading repeatability equal to 0.6 
for short-term loading in this study; ρeff is effective rein-
forcement ratio; As is tensile rebar area; Ac,eff is the prod-
uct of effective tensile height (minimum value of 2.5(h–d) 
and 0.5 h; d is cross-sectional effective depth) and cross-
sectional width; Es and Ecm are rebar’s and UHPC’s elastic 
moduli, respectively.

The maximum spacing between cracks sr,max,f is calcu-
lated using Eq. 8, which includes a concrete cover factor 
l0 and a stress transfer length lt:

where, c is the concrete cover for steel rebar; ƞ is a tensile 
rebar bonding factor equal to 2.25; δ is a parameter which 
expresses the improvement of the bonding performance 
of the rebar by the steel fibers in the concrete cover area; 
k2 is a factor depending on the strain distribution at the 
cracked cross-section equal to 0.5 for flexural member 
(Fig. 4).

Again, the crack width on the tensile surface of UHPC 
can be calculated from the crack width at the centroid of 
tensile rebars as follows in Fig. 5, and the following equa-
tion also applies to the surface crack width calculation by 
the MC method introduced next.

(6)

εsm,f − εcm,f

= fracδsEs −
fctfm

Kglobal · Ecm

−
1

Es

[

kt

(

fctfm,el −
fctfm

K

)

·

(

1

ρeff
+

ES

Ecm

)]

(7)ρeff = As/Ac,eff

(8)sr,max,f = 2.55(l0 + lt)

(9)l0 = 1.33c/δ

(10)

lt = 2×

[

0.3k2

(

1−
fctfm

Kglobal fctfm,el

)

·
1

δη

]

φ

ρeff
≥

Lf

2

(11)δ=1+ 0.4

(

fctfm

Kglobal ′fctfm,el

)

≤ 1.5

(12)wt = ws(h− x0 − x)/(d − x0 − x)
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where h is the entire height of the cross-section; d is the 
effective height of the cross-section; x0 is the height of the 
compression zone; x is the height of the uncracked cross-
section at the tension zone (i.e., tensile stress smaller 
than tensile strength).

3.3  MC
In the MC, the maximum crack width at the center of steel 
rebars is calculated according to the following equations. 
The transfer length and the maximum steel stress at a crack 
in the crack initiation phase are modified in accordance 
with the crack width prediction of normal concrete.

where ls,max is the length where slip between concrete 
and steel rebar occurs; εsm is the mean steel rebar strain 
over ls,max; εcm is the mean concrete strain over ls,max; εcs 

(13)wd = 2ls,max(εsm − εcm − εcs)

(14)ls,max = k · c +
1

4

(

fctm − fFtsm
)

τbm

φs

ρs,ef

(15)εsm − εcm − εsm =
δs − β · δsr

Es
− ηrεsh

(16)δsr =
fctm − fFtsm

ρs,ef

(

1+ αeρs,ef
)

is the concrete free shrinkage strain; k is an empirical fac-
tor considering the effect of the concrete cover equal to 
1.0; c is the concrete cover thickness;φs is the diameter 
of steel rebar; ρs,ef is the effective ratio of steel rebar and 
ρeff = As/Ac,eff  ; As is the area of steel rebar; Ac,eff is the 
effective area of concrete in tension; fctm is the average 
concrete tensile strength; fFtsm is the average value of ser-
viceability residual strength (i.e., post-cracking residual 
strength); τbm is the mean bond strength between rebar 
and concrete and τbm = 1.8fctm can be assumed; δs is the 
stress of steel rebar at the cracked cross-section; δsr is 
the maximum stress of steel rebar in the crack initiation 
stage; β is an empirical factor to evaluate average stress 
over ls,max which is related to the loading type; ηr is a fac-
tor considering the contribution of shrinkage; εsh is the 
shrinkage strain; Es is the modulus of elasticity of steel; αe 
is the modulus ratio of Es/ Ec.

3.4  Rebar Stress
From above crack width calculation equations, it is 
noted that the rebar stress is of importance for accurate 
crack width prediction and affects calculation results. In 
accordance with GB50010, the rebar stress at the cracked 
cross-section can be calculated as follows.

where, δs is the tensile rebar stress; Ms is the measured 
bending moment; ƞ is a force arm coefficient taken as 
0.87; As is a tensile rebar cross-sectional area; h0 is an 
effective height of the cross-section.

3.5  Modified Crack Width Prediction Based 
on GB50010‑2010

3.5.1  Rebar Stress
To consider the crack width impact on the durability and 
service life of the structure, rebar stress is calculated till 
the crack width of 0.20 mm after which the cracks propa-
gate quickly for UHPC beams. Fig 6 shows the simplified 
stress diagram of the cracked cross-section at the service-
ability limit state, and several assumptions are made to 
facilitate the rebar stress calculation as follows: (1) plane 
cross-section assumption is satisfied; (2) the tensile con-
tribution from the UHPC is considered and an equivalent 
tensile block with a strength value of 0.8 ftk is assumed 
( ftk—the tensile strength); (3) at the serviceability limit 
state, elastic UHPC is assumed at the compressive zone 
with a triangle stress diagram, and the tensile rebars do 
not yield and are in linear elastic stage prior to the crack 
width of 0.20 mm from the experimental observations.

Based on force and moment equilibriums on the cross-
section in Fig.  6 along with cross-sectional parameters, 

(17)δs =
Ms

ηAsh0

Fig. 4 Flexural test setup
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Fig. 5 Crack width calculation transformation to the surface
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tensile rebar area, and UHPC tensile strength, the cross-
sectional curvature φ and compressive zone height x0 can 
be solved as below (two equations of equilibrium for two 
unknows), and the rebar stress can be calculated, based 
on the known strain distribution.

where CUHPC is the axial force of UHPC at the compres-
sion zone; TUHPC is the axial force of UHPC at the tension 
zone; Ts is the axial force of tensile steel reinforcement.

(18)
∑

N = 0,CUHPC = TUHPC + Ts

(19)
∑

M = 0, 0 = Mc +Mt +Ms

(20)CUHPC =
1

2
Ecϕx

2
0b

(21)TUHPC = 0.8ftk(h− x0)b

(22)Ts = δsAf

(23)Mc =
2

3
x0 · CUHPC =

1

3
Ecϕx

3
0b

(24)Mt = TUHPC ·
h− x0

2
= 0.8ftkb

(h− x0)
2

2

(25)Ms = Ts · (h0 − x0) = δsAf (h0 − x0)

(26)δs =Es(h0 − x0)ϕ

3.6  Average Crack Spacing
In accordance with GB50010, the average crack spacing 
can be calculated as follows.

where,  cs is the concrete cover thickness; ρte is the tensile 
rebar ratio from effective tensile concrete cross-section 
area (Ate), ρte = As/Ate; deq is the equivalent diameter of 
the tensile rebar.

Since steam-cured UHPC shows dense microstructure 
with low porosity and defects and is reinforced with steel 
fibers with excellent tensile performance, the fiber-bridg-
ing capacity provides residual tensile strength, connects 
crack surfaces, and transfers tensile stress at cracks. As a 
result, the crack distribution becomes more uniform and 
the crack spacing is shortened as compared to normal 
reinforced concrete. Moreover, the average crack spacing 
reduces more as the reinforcement ratio and fiber volume 
increase. The steel fiber reinforcement in the matrix can 
be regarded as many small steel reinforcements connect-
ing cracks due to the fiber-matrix bond to reduce crack 
spacing. Based on the above discussion, it is necessary 
to modify the average crack spacing as follows since the 
Eq.  27 defined in the GB50010 does not consider the 
impact of steel fibers.

where, λf is characteristic coefficient of steel fibers and 
can be calculated by λf = ρflf/df; β is fiber distribution 
influence factor and taken as 0.5; α is another influence 

(27)lcr = 1.9cs + 0.08
deq

ρte

(28)lcr ′ =
α

1+ β�f
×

(

0.81cs + 0.08
deq

ρte

)

Fig. 6 Stress–strain diagram on the cross-section for rebar stress calculation
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factor affecting average cracking spacing and taken as 
1.65 for the steel fibers (length of 13 mm, diameter of 0.2 
mm and volume content of 2%, for example). The crack 
spacing is related to fiber volume and aspect ratio, and 
the regression analysis from the test data is needed to 
obtain the coefficients of this equation.

3.7  Nonuniformity Distribution Coefficient of Rebar Strain
The nonuniformity distribution coefficient of longitudi-
nal rebar strain can be calculated as follows in accordance 
with GB50010. It is defined by the ratio of the average 
strain of rebar between cracks to the maximum strain of 
the rebar at the cracked section.

where, ftk is the characteristic value of axial tension 
strength of concrete.

For normal concrete, the residual tensile strength is 
low and can be neglected. The rebar carries large force 
and shows large strain at the cracked cross-section. The 
nonuniformity distribution coefficient of rebar is rela-
tively small in the normal concrete. However, for UHPC, 
due to excellent tensile performance and ductility and 
delayed crack development, the rebar strain is reduced at 
the cracked cross-section and the rebar strain distribu-
tion becomes more uniform in the pure bending moment 
region. It is expected that the nonuniformity distribution 
coefficient of rebar strain in the UHPC is greater than 
that in the normal concrete considering the contribution 
of steel fibers. During the experimental test, nine strain 
gauges were attached to the rebars in the pure bend-
ing moment region of the tested beams to record their 
strains and the measured nonuniformity coefficient val-
ues of rebar strain can be obtainable. Then, a modified 
nonuniformity distribution equation is regressed based 
on the test data as follows.

If the calculated value is greater than 1, the value is 
taken as 1; if the calculated value is smaller than 0.5, the 
value is taken as 0.5.

3.8  Member Characteristic Coefficient
The member characteristic coefficient can be calculated 
as follows.

(29)ψ = 1.1− 0.65
ftk

ρteσs

(30)ψ ′ = 1.1− 0.24
ftk

ρteσs

(31)αcr = τ0τ1βαc

where, τ0 is an influence factor of long-term load effect 
and τ0 is taken as 1 in this study because steam cured 
UHPC usually exhibits neglected shrinkage and creep 
under long-term loading; τ1 is a ratio of the maximum 
crack width to the average crack width and the ratio gen-
erally reflects the influence of the uneven crack width 
distribution, taken as 1.66, depending on the loading 
characteristics (such as axially tensioned, flexural and 
eccentrically tensioned members); β is an influence factor 
of crack spacing, taken as 1.0; αc is a factor related to the 
influence of concrete elongation between cracks, taken 
as 0.85 in accordance with GB50010, depending on the 
loading characteristics rather than structural materials.

3.9  Modified Crack Width Prediction
Based on the above discussion, the maximum crack width 
at the rebar centroid of the UHPC beam can be calcu-
lated as follows. Similarly, the maximum crack width on 
the tensile surface of the beam can be calculated from the 
Eq. 12 and compared with the measured results.

where, different parameters and coefficients can be calcu-
lated based on the modified equations above.

4  Results and Discussion
4.1  Crack Width Prediction from Existing Codes
Fig 7 shows the experimental and predicted crack widths 
of the tested beams from existing codes. Under each load, 
we recorded crack numbers and widths and uploaded 
these data as a supplementary file.  After crack width is 
greater than 0.05  mm, the predicted crack widths from 
GB 50010 are significantly more than the experimental 
ones, and the errors increase with load. JTG 3362 always 
overestimates crack width. Conservative crack width 
predictions are made from normal concrete codes. For 
CECS 38, the predictions are generally smaller than the 
test ones, especially for the beams with large fiber volume 
or reinforcement ratio. Although CECS 38 equation con-
siders steel fiber improvement on crack width and intro-
duces an influencing factor with a constant value for this 
reinforcement, the impact of steel fiber volume content 
and reinforcement ratio is not considered explicitly and 
thus, the errors between them are still observed. MC first 
overestimates crack width until about 0.1 mm, and then 
underestimates crack width. For AFGC, the predicted 
crack widths are relatively close to the experimental ones, 
but still in the safety side. The errors between them are 
increasing for the beams with large fiber volume or low 
reinforcement ratio.

(32)wmax =αcrψ ′
σs

Es
lcr ′
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Fig. 7 Comparisons between the experimental crack widths and the predicted crack widths from different codes
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To quantify the differences between the predicted and 
experimental crack widths of the tested beams, average 
value, and standard deviation of the ratios of the predicted 
to experimental crack widths at different loads of each spec-
imen are statistically calculated to highlight the modification 
need of existing codes. Note that for these statistic quanti-
ties, the crack width ranges between 0.05 mm and 0.25 mm 
since the initial crack width counted is about 0.05 mm and 
the crack propagation accelerates after 0.25 mm. Fig 8 shows 
the average ratio of each specimen along with the standard 
deviation. The specimen number of the horizonal axis rep-
resents the ten tested beams following the exact specimen 
order in Fig. 7 for clarity.

From Fig. 8, GB 50010 gives an average value of 1.38 and 
standard deviation of 0.13 for the ratios of the predicted 
to experimental crack widths of all specimens, while JTG 
3362 exhibits an average value of 1.66 and standard devia-
tion of 0.25, which indicates that the normal concrete 
codes show conservative predictions with high scattering. 
For CECS 38, the average value is 0.73 and standard devia-
tion is 0.07 for the ratios of all specimens; the predictions 
are smaller than the experimental ones, providing unsafe 
estimations. For MC, the average value is 1.06, which is 
close to 1, but the standard deviation is 0.19 with rela-
tively high scattering. This is attributed to the large pre-
dictions at the beginning and the small predictions at the 
later stage. AFGC shows the average value of 1.29 and the 
standard deviation of 0.18, and the predictions are greater 
than the experimental ones again, especially in the tested 
beams with large fiber volume or low reinforcement ratio. 
Although AFGC shows smaller average value than the nor-
mal concrete codes, large scattering can still be observed.

Generally, the normal concrete codes show unrea-
sonable crack width predictions of the UHPC beams. 

Although CECS 38 considers the impact of steel fiber 
with introducing a constant modification coefficient, 
as the load increases, UHPC tensile strength gradu-
ally decreases, and the restraint effect from steel fibers 
weakens. As a result, the predicted errors from CECS 38 
are increasing. MC and AFGC consider the influence of 
UHPC tensile strength on the crack width prediction, but 
the errors increase unsafely after a certain crack width. 
Moreover, they include many parameters for predic-
tion and are not friendly for engineering applications. 
However, GB 50010 considers main influencing factors, 
and they have clear physical meanings, easing analysis. 
Although steel fibers in UHPC beam hinder crack width 
development, crack width intrinsically depends on the 
strain difference between UHPC and longitudinal rebar, 
which has been reflected in GB 50010 equations. There-
fore, this study modifies equations in GB 50010 for crack 
width prediction of UHPC beam in combination with the 
test data.

4.2  Rebar Stress
Fig 9 shows the experimental and predicted rebar stresses 
from Eq. 17. It is found that GB 50010 significantly over-
estimates the rebar stresses of the tested beams. This is 
attributed to the fact that the fiber bridging capacity 
equips UHPC with high residual tensile strength at the 
cracks. Fig  9 also shows the re-calculated rebar stresses 
from Eq.  26, considering UHPC contribution at the 
cracks. Overall, the proposed rebar stress analysis with 
considering residual tensile strength of UHPC shows 
reasonable predictions compared to the experimental 
stresses.

4.3  Average Crack Spacing
The average crack spacing has an important influence 
on the crack width development. During the test, the 
number of cracks was recorded along with crack width 
and length to obtain average crack spacing at each load 
level after beam cracked. Table  2 shows experimental 
crack spacings of different steel reinforced UHPC beams. 
As the fiber volume increases, the number of cracks 
increases while average crack spacing decreases; for 
example, at the serviceability stage of 0.2 mm, the aver-
age crack spacing is increased by 26% with fiber volume 
decreasing from 3% to 1.5%. This is attributed to the fact 
that the use of steel fibers increases post-cracking ten-
sile performance of UHPC, which carries partial of the 
external load and restrains the overall deformation. On 
the other hand, the formation of the mechanical anchor-
age between the rebar ribs and randomly distributed steel 
fibers reduces the strain difference between the rebar and 
UHPC, resulting in a more even crack distribution and 
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(a) 1.48%-2.0% (b) 2.33%-1.5%

(c) 2.33%-2.0% (d) 2.33%-3.0%
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smaller average crack spacing. As the reinforcing ratio 
increases, the average crack spacing decreases; for exam-
ple, the average crack spacing increases by 29% with rein-
forcing ratio decreasing from 2.83% to 1.48%, mainly due 
to the smaller rebar stress (or strain) and strain difference 
from concrete at higher reinforcing ratio, slowing down 
the crack width development. Table 3 statistically shows 
the experimental and predicted average crack spacings. 
For analyzing experimental crack spacings, the visible 
crack widths greater than 0.05  mm are counted since 
the crack width of less than 0.05  mm (i.e., microcrack) 
does not impact the durability of UHPC members. From 
Table 3, the predicted crack spacings from GB 50010 are 
greater than the measured ones, and the errors increase 
for the beams with large fiber volume. With the use of 
the calibrated equation, the average value of the ratios of 
the predicted to experimental crack spacings of different 

Table 2 Experimental crack spacing in this study

Specimens Wmax = 0.05 (mm) Average Wmax = 0.10 (mm) Average Wmax = 0.20 (mm) Average

L2.33%-1.5%-1 62.40 56.60 47.10 40.20 29.10 25.05

L2.33%-1.5%-2 50.80 33.30 21.00

L2.33%-2.0%-1 63.30 58.30 30.90 30.65 23.90 21.7

L2.33%-2.0%-2 53.30 30.40 19.50

L2.33%-3.0%-1 45.10 48.35 30.10 31.2 18.50 19.85

L2.33%-3.0%-2 51.60 32.30 21.20

L1.48%-2.0%-1 78.30 82.45 26.00 27.5 24.50 24.20

L1.48%-2.0%-2 86.60 29.00 23.90

L2.83%-2.0%-1 45.40 51.45 21.40 22.55 18.70 18.80

L2.83%-2.0%-2 57.50 23.70 18.90

Table 3 Quantitative comparison between measured and predicted crack spacings

Average crack spacing (mm)

Specimens Crack 
numbers

Measured① Average Equation 27 
Predicted②

Equation 28 Predicted③ ②/① ③/①

L2.33%-1.5%-1 10 66.67 63.33 76.22 60.36 1.20 0.95

L2.33%-1.5%-2 11 60.00

L2.33%-2.0%-1 12 54.55 52.27 76.22 54.42 1.46 1.04

L2.33%-2.0%-2 13 50.00

L2.33%-3.0%-1 13 50.00 48.08 76.22 47.59 1.59 0.99

L2.33%-3.0%-2 14 46.15

L1.48%-2.0%-1 11 60.00 63.33 85.76 63.96 1.35 1.01

L1.48%-2.0%-2 10 66.67

L2.83%-2.0%-1 13 50.00 50.00 72.74 50.95 1.45 1.02

L2.83%-2.0%-2 13 50.00

Standard deviation 0.13 0.03

Average 1.41 1.00

Coefficient of variance 0.09 0.03
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(a) L2.33%-1.5%                                            (b) L2.33%-2.0%
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specimens is 1.00, along with the standard deviation of 
0.03.

To further verify the accuracy of the modified crack 
spacing equation, fifteen UHPC beams in the litera-
ture are selected for average crack spacing calculation, 
and the predicted crack spacings are compared with the 
measured ones as shown in Fig. 10. For Qiu et al.’s study 
(2020), the errors are higher than 15% for two tested 
beams with small reinforcement ratios. Also, crack width 
readings from human may induce additional errors. For 
Wang et  al.’s study (2017), the predicted crack spacings 
are smaller than the measured ones since their UHPC 
incudes coarse aggregate, increasing pores and defects 
and reducing tensile cracking strength and performance. 
The modified crack spacing in this study is based on the 
UHPC with fine aggregate, which may make smaller 
crack spacing predictions than the measured ones. Xu 
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Fig. 12 Direct comparisons between the experimental and predicted crack width from modified equation, AFGC and MC
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et  al.’s study (2015) used prestressing strands and high-
strength steel rebar, which is different from the rebars 
used in this study and may result in prediction errors. 
Generally, the predictions agree well with the experi-
mental results from the modified crack spacing equation 
along with the average value of 0.97 and the standard 
deviation of 0.12 for the data in these studies.

4.4  Modified Crack Width
Fig  11 shows comparisons between the predicted and 
experimental crack widths of the tested beams. It is found 
that the modified crack width equations provide reason-
able crack width development predictions of the tested 
UHPC beams. For the crack width smaller than 0.05 mm, 
the predicted crack widths are smaller than the experi-
mental ones. This may be attributed to that at this load 
with small width value, the tensile stress in the UHPC did 
not drop significantly due to strain hardening behavior 
and the strain difference between the UHPC and rebar at 

the crack was not high. However, the Eq. 30 gives a small 
nonuniformity distribution coefficient of rebar strain at 
this load, leading to smaller predictions.

Fig  12 presents more direct crack width comparisons 
predicted by the modified equation in this study and two 
existing codes to demonstrate the accuracy of the pro-
posed equation. Clearly, AFGC provides conservative 
crack width predictions with large scattering; for MC, the 
calculated crack widths are greater than the experimen-
tal ones first. They are gradually decreasing with the load 
and the errors increase again. The modified equation in 
this study shows good agreement along with smaller scat-
tering than AFGC and MC, along with the average value 
of 0.97 and the standard deviation of 0.11 for all the data 
from the test beams.

Since the experimental tests are subjected to the 
short-term load, some of discussion related to the 
long-term effect may be of interest to the readers. 
Under the long-term load, the crack width may fur-
ther expand due to concrete shrinkage and creep. 

Table 4 Key properties of the experimental measured outcomes

Specimens Rebars Cover
thick (mm)

Cross‑sectional
size  (mm2)

Rebar area (mm) Rebar ratio Tensile 
strength
UHPC

Elastic 
modulus
UHPC

B-1 4Φ20 20 350 × 160
Wang et al.,
(2017)

1256 0.0513 14.1
MPa

59
GPaB-2 20 1256 0.0513

B-5 20 1256 0.0513

B-6 20 1256 0.0513

C-1 6Φ16 20 1206 0.0492

C-4 20 1206 0.0492

C-6 20 1206 0.0492

C-8 20 1206 0.0492

D-2 4Φ18 20 1018 0.0416

D-3 20 1018 0.0416

D-6 20 1018 0.0416

E-1 4Φ22 20 1520 0.0620

L1 2Φ25 20 150 × 250
Wu et al.,
(2014)

982 0.0524 7.6
MPa

42
GPaL2 3Φ25 20 1473 0.0786

L3 4Φ25 20 1964 0.1047

L4 2Φ25 + 2Φ18 20 982 0.0524

L5 2Φ25 20 982 0.0524

L6 2Φ25 + 2Φ16 20 1384 0.0738

L7 2Φ25 20 982 0.0524

L8 2Φ18 + 2Φ16 20 911 0.0486

L-2 2Φ14 25 150 × 200
Li et al.,
(2010)

308 0.0210 10.2
MPa

48.1
GPaL-3 2Φ22 25 760 0.0510

L-4 3Φ18 25 763 0.0510

L-5 2Φ25 + 1Φ22 25 1362 0.0910

L-6 2Φ22 + 1Φ40 25 2017 0.1340
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Steam-cured UHPC usually does not have later shrink-
age and has smaller creep coefficient than normal 
concrete with the addition of steel fibers (Garas et al., 
2009; Graybeal, 2006). The impact of the long-term 
load on the crack width prediction may be reduced. If 
the influencing factor of the long-term load is selected 
from GB 50010, the modified equation is capable of 
safely predicting crack width for UHPC members in 
practical engineering applications.

Fig  13 shows the applicability validation of the modi-
fied equation for predicting crack width in other stud-
ies, and the key properties of the experimental measured 
outcomes are listed in Table 4. Crack width test data from 
twenty-five UHPC beams under flexure are collected, 
20 pairs of data of five beams in Li et  al.’s study (2010), 
48 pairs of data of twelve beams in Wang et  al.’s (2017) 
study, and 32 pairs of data of eight beams in Wu et  al.’s 
study (2014). Fig 13 shows the comparisons between the 
predicted and experimental crack widths of the UHPC 
beams. Overall, the modified equation is promising to 
predict crack width accurately along with the average 
value of 1.03 and the standard deviation of 0.21 from 
these validated data.

5  Conclusions
This study investigates the flexural cracking behavior of 
steel reinforced UHPC beams with different steel rein-
forcing ratios and fiber volumes. Existing relevant codes 
are applied to predict crack width of these beams and 
the predicted crack widths are compared with the tested 
ones. Modified crack width prediction equations with 
calibrated coefficients are developed, based on Chinese 
code GB50010, and following conclusions are drawn.

• From experimental observations, multiple cracking 
behavior and localized crack are further confirmed 
in the steel reinforced UHPC beams. Although both 
increasing steel reinforcing ratio and fiber volume 
reduce average crack spacing along with more even 
distribution of cracks, steel reinforcing ratio shows 
better improvement effectiveness in controlling crack 
width development.

• Normal concrete codes (GB50010 and JTG 3362) 
show conservative crack width predictions with high 
scattering. Although CECS 38 generally underes-
timates crack width and MC underestimates crack 
width after 0.1 mm, the predictions from AFGC are 
in the safety side, especially for the beams with large 
fiber volume and low reinforcement ratio.

• The residual tensile strength of UHPC shows an 
important influence on the rebar stress calculation 
in the mechanics-based model. The residual tensile 

strength of is 0.8 ftk for the equivalent stress block 
shows accurate rebar stress predictions.

• With the calibrated equations for calculating aver-
age crack spacing and nonuniformity distribution 
coefficient of rebar strain, the modified crack width 
equation shows prediction accuracy of 0.97–1.03 
and standard deviation of 0.11–0.21 in this study and 
other investigations. Therefore, the modified equa-
tions are expected to be validated in future studies to 
promote structural design and crack control of steel 
reinforced UHPC beams.
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