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Over the past decades, considerable efforts have been made to quantify the bursting forces in the post-tensioned
anchorage zones based on the simplified model or fitting formulas, however reproducing the transverse stress
distribution is still a challenging topic, which is also important to detail the reinforcing details in the anchorage zones,
especially for cracking control. To address this issue, this paper is devoted to seeking an elasticity solution for trans-
verse stresses in the anchorage zones, and providing a more rational equation for transverse distribution in anchorage
zones. The sum function of normal stresses is employed to solve the stresses filed in the anchorage zones with con-
centric load and two eccentric loads. The bursting stresses in the concentric anchorage zones and spalling stresses

in the eccentric anchorage zones are verified by the photoelastic tests. The transverse stresses along the symmetry
axis of the eccentric anchorage zones can be handled as a concentric single anchorage zone with equivalent bear-
ing plate width. Moreover, according to the concept of force stream tube, the profiles of isostatic line of compression
(ILCs) are determined and validated, which confirms the existence of ILCs.
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1 Introduction
The anchorage zone is defined as the portion of struc-
ture in which the concentrated post-tensioning forces are
transferred from the anchorage device to the structure. In
post-tensioned anchorage zones, the spread of the con-
centrated forces will produce transverse tensile stresses,
usually referred to as bursting stresses, along the tendon
path. The resultant of the bursting stresses is called burst-
ing forces. Practically, both the bursting forces and the
bursting stresses are used to detail the reinforcing details
in the anchorage zone.

To date, a large number of studies of the prediction of
bursting stresses and bursting forces in anchorage zone
have been conducted, including linear elastic studies,
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finite element analysis, experimental studies and the
strut-and-tie models.

Based on the theory of elasticity, Guyon (1953) studied
the behavior of a concentric load applied over a rectangu-
lar body, and then provided a formulation to determine
the bursting stress distribution ahead of a concentric end
anchor for different bearing plate ratios. This relation was
very influential in the design of anchorage zones. Yet-
tram and Robbins (1970, 1971) reported that the location
of uniform stress and the effect of Poisson’s ratio were
insignificant to the stress distribution based on elastic
finite element analysis. Moreover, the extension of burst-
ing stresses of I-sections was further than in rectangu-
lar sections and the flanges played an important role in
reducing the spalling stresses. Sanders and Breen (1997)
conducted experimental studies of anchorage zones
with 36 specimens tested. By assuming that the result-
ing force at the end of the specimen would be shifted
in the direction of the crack, the dispersion angle of the
compressive strut should be reduced, then a modified
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strut-and-tie model was proposed to predict the ulti-
mate load of the anchorage zones. Wollmann (1991) con-
ducted three experimental tests of concentric anchorage
zones to study the influence of reaction forces on burst-
ing stresses. For small tendon eccentricity, the influence
of reaction forces on linear-elastic bursting forces and
the resulting bursting force is conservative and can be
neglected. Besides, the reaction forces have little influ-
ence on the failure mode of anchorage zones. Based on
the results of those tests and finite element analyses, a
fitting formula was proposed for calculating the burst-
ing forces for typical anchorage zones (Breen et al., 1994),
which had been adopted in the AASHTO-LRFD Bridge
Design Specifications (2014) since 1994. Foster and
Rogowsky (1997) studied the bursting stress distributions
in the case of service load behavior, and distributions in
the case of ultimate load behavior of anchorage zones by
using rotating crack finite element model. They stated
that the bursting stress distribution was flatter than that
of the linear analysis due to the stress redistribution after
cracking, which led to a conservative estimation of the
bursting forces, and then a modified equation was pro-
posed to estimate the load capacity of the anchorage
zones. After analyzing the stress magnitudes and distri-
butions of rectangular post-tensioned anchorage zones
using ultra-high performance concrete (UHPC), Kim and
Kim (2017) concluded that the use of UHPC gives signifi-
cant reduction of anchorage zone size and no reinforce-
ments are required. Yun (2005) proposed the nonlinear
strut-and-tie model approach to predict the behavior
of structural concrete, and then extended this study to
the ultimate strengths of post-tensioned anchorages by
checking the occurrence of a nodal zone failure mecha-
nism, geometric compatibility condition, and the struc-
tural instability of the model struts and ties. Following
the concept of isostatic line of compression (ILCs) ini-
tialed by Guyon (1953), Sahoo et al. (2009) presented an
analytical equation for estimating the bursting stress and
bursting forces by introducing certain boundary condi-
tions of ILCs. However, this model was imperfect due to
some questionable assumptions on the boundary condi-
tions (Windisch, 2010). He and Liu (2011) proposed the
compression dispersion model (CDM) by excluding the
unreasonable assumptions in Sahoo’s model. Neverthe-
less, the CDM failed to reproduce the bursting stresses
along the tendon path due to insufficient boundary con-
ditions. Based on the equilibrium condition at the far-end
of the anchorage zones, Zhou et al. (2015) updated the
CDM by incorporating two more boundary conditions,
and verified by finite element analysis. However, in this
updated model, the location of interface section of com-
pressive and tensile stress was assumed to be constant,
what is in contradiction with reality.
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Over the past decades, considerable efforts have been made
to quantify the bursting forces in the post-tensioned anchor-
age zones based on the simplified model or fitting formulas,
however reproducing the transverse stress distribution is still
a challenging topic, which is also important to detail the rein-
forcing details in the anchorage zone. To address this issue, this
paper is devoted to seeking an analytical solution for transverse
stresses in the anchorage zones, and providing a more rational
equation for transverse distribution in anchorage zones.

2 Stress Solution of Anchorage Zones

2.1 Sum Function Method

According to the theory of elasticity (Timoshenko &
Goodier, 1951), the equilibrium equation of the plane
stress problem can be presented by

dox  OTyy

X =0,

x| 3y (1a)
doy 0Ty

a4 =0,

ay ox (1b)

and then, the equilibrium differential equation can be
given by

921

Vit = ——o,
® ax0y

(2)
in which v2 = 22 4 22,
in which V* = a2 T 5,7
of normal stresses.

The stress solution should satisfy the harmonious equa-

tion, that is

I = o + oy is the sum function

V2[ = 0. (3)

As can be seen, the sum function, /, can be figured out
from harmonious equation; and then the shear stress
can be obtained by substituting [ into Eq. (2); finally, the
stress components will be solved based on the equilib-
rium equations and boundary conditions.

2.2 Solution of Stress Components

For the problem as illustrated in Fig. 1, prescribed forces,
q(y), are symmetrically loaded on the plate. According to
symmetries, the sum function, I, can be assumed as

1= f() cospy, (4)

in which 8 = nr/h, f(x) is the undetermined functions,
and / is the height of the plate.
Substituting Eq. (4) into Eq. (3) yields

> 1" @) — B (%)) cos By = 0. (5)

Then, the sum function, I, can be solved by
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Fig. 1 Plate with symmetrically prescribed forces.
1= Z (anchBx + byshPx) cos By, (6)

in which coefficients a, and b, can be determined by
boundary conditions.

Substituting sum function into Eq. (2), the shear stress
can be derived by

Tay = Z(cnchﬂx + dyshBx + %’,Bxchﬁx

by .
+ ?ﬁxshﬂx) sin By,

where ¢, and dj, are constraints determined by boundary
conditions.

According to the relationship of normal stress and
shear stress illustrated in equilibrium equation, we have

doy 0Tyy
ax 0y
- Z B(enchPx + dushpx + %ﬂxchﬁx
b
+ ?nﬂxshﬂx) cos By, 0
aaiyy - _% =T Z Blcnshpx + dychPpx + %”chﬁx + %"ﬂshﬁx

+ %ﬁxshﬂx + %ﬁxchﬂx) sin By.
(8b)
Finally, the stress components can be derived by inte-
grating the above equations:

Ox = — Z(cy,shﬂx + d,ychBx + %,Bxshﬁx
n b}’l
— %chﬂx + ?,Bxch,Bx

by
— 5 $hpx) cos By + D1(y), (9a)

L
a |h X
o I,
[=2h
Fig. 2 Concentric anchorage zone.
Oy = Z(Cnshﬁx + d,chBx + %’chﬂx
+ %ﬂxshﬂx + %,Bxchﬂx
+ @shﬁx) cos By + Dy(x)
2 Y 2 ’ (9b)
(7)

Ty = Z (cuchBx + dyshpx + %ﬁxchﬂx + b—;ﬁxshﬁx) sin By, (9C)

in which function D; (y) and Dy (x) are determined by the
stress boundary conditions.

2.3 Transverse Stress in Concentric Single Anchorage Zone
According to Huang (2012), the anchorage shape and
duct hole have little effect on bursting stresses and
bursting forces, thus the concentric anchorage zone
can be modeled as a plane stress problem as depicted
in Fig. 2. The concentric anchor force, P, loaded on the
bearing plate can be expressed by the Fourier series,

q(y) = Ao — Y _ Ay cos By, (10)
in which
a
Ap = Iq, (11a)
A, = ;—Z sinap, (11b)

where g = P/(at); a is the bearing plate width; and ¢ is
the thickness of the anchorage zone.

From the above equation, the anchor force can be
treated as two parts, one of which is a uniform load,
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q11(y) = Ay, and the other a polynomial distributed load,
q12(y) = > Ay cos By.

For the case of uniform load, the stress components in
the anchorage zone can be given by

ox = —q11 = —aq/h, (12a)
oy =0, (12b)
Ty = 0. (12¢)

While for the case of distributed load, the stress bound-
ary conditions can be presented by

Ty ymsy = 0, (13a)
Oxluets = Y _ Ancos By, (13b)
!
/ oydx = 0, (13¢)
1
h
/ oxdy = P. (13d)
—h

Imposing the stress boundary equations into Eq. (9), we
have

_4 2shBl 24,
U = A g shBlchBl - shpl’ (142)
by = ¢y =0, (14b)
~ Blchpl Al
b= Ao g hBlchpl " shpl’ (14c)
D1(y) = Da(x) = 0. (144)

Therefore, the stress induced by the distributed load can
be presented by

a a
0x = = ) (duchpx + ' rshpx — ' chpz) cos by,

(15a)
oy = Z (dnchBx + a—;chﬂx + %ﬁxshﬁx) cos By,

(15b)
Tyy = Z (dyshBx + %ﬁxchﬁx) sin By. (15¢)

Finally, the stress components in the concentric anchor-
age zone can be derived by
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Ox = 7 Z (dchpx + 5 BxshBx 5 chBx) cos By,
(16a)

oy = Z (dychBx + %’chﬂx + %‘,Bxshﬂx) cos By,
(16b)

a

Tay = Z (dushBx + ?",Bxchﬂx) sin By. (16¢)

According to Eq. (16b), the transverse stress along the
tendon path, i.e., y = 0, can be obtained by

oy = Z (dnchBx + %’chﬂx + %H,Bxshﬁx)

“ (17)
~ Z o L+ px = Bl)chpBx.

Representing the above equation by the fourth-order
Taylor series expansion, that is,

X i K
%= 2 g i S G g
(18)
Cartesian coordinate system is established in the anchor-
age zone as shown in Fig. 3, the direction parallel to the
load is set to be the x-axis. Therefore, the bursting stress in
the concentric anchorage zone can be approximated by the
first two terms:

B 12P/sin(mwa/2h)(h — a) o — h\/sin(rm/Zh))

hot 4

An 2x2 4,4

OTc =

(x — h)>.
(19)

It can be seen that the interface sec\/ti.o.n_nf_compressive
. . ha/sin(zwa/2h)
and tensile stress is located at xy = —— where the

transverse stress is equal to zero. And the transverse stress
reaches its maximum value 07 max at x = (1 + 3x9) /4

0.57P(h — a)

h2t (20)

OTc,max ~
Thus, the bursting force along the tendon axis T}, can be
written as

h a
T, = / oretdx ~ 0.24P(1 — ). (21)

X0

It can be seen that the bursting forces in concentric
anchorage zones agree well with the formulas given by cur-
rent design codes (ACI 318-08 2008, AASHTO, 2014, CEB-
FIP 1990)

T, = 0.25P(1 — %). (22)
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Fig.3 Concentric anchorage zone with single load.

2.4 Transverse Stress in Anchorage Zones with Two
Anchors

As for the problem illustrated in Fig. 4, the two anchor

forces, having their centers at a distance e in the x-direc-

tion, can be expressed by

q() =Bo+ Y By cos By, (23a)
in which
2aq
By =—=, (23b)
h
_ Y .
B, = — cosefsinap. (23¢)

Bh

Similarly, the anchor forces can be divided into two
parts, that is, a uniform load, g21(y) = By, and a polyno-
mial distributed load, g22(y) = > By, cos By.

Following the similar method as mentioned before, the
stress solution of the anchorage zone with two eccentric
anchor loads can be given by

Oy = 7261# — Z (dnchBx + a—;ﬂxshﬁx - %chﬂx) cos By,
(24a)

oy =Y (duchPx+ a—;chﬁx + %ﬂxshﬁx) cos By,
(24b)

Toy = Z (dyshBx + (%" Bxchpx) sin By, (24¢)

in which

| o

etk
: A

-—_
1=2h

Fig.4 Anchorage zone with two anchor forces.

|

L 2uhpl 2B,
"= e shBlchpl - shpl’ (252)
Ichpl BBl
d, = plchp nP (25b)

T Bl shBlchBl ©  shBl’

Then, the transverse stress, 0y, in the Cartesian coordi-
nate system as shown in Fig. 5, can be approximated by
4q em

cos
wsh2m h

~

O'yN

. am T T T
sin 7(1 + Zx)ch(ﬁx — 27) cos Ey.
(26)

As can be seen, the magnitude of transverse stress is
mainly dependent on the eccentricity e. When the anchor
devices are placed at the quarter points, that is e = //2,
no transverse stress will be produced in the anchorage
zone. While for the case of the anchor forces acting over
half of the depth, that is, e > //2, strain compatibility will
produce spalling stress between the anchors, and the dis-
persion of concentric loads will generate bursting stress.
Similarly, the spalling stress along the x-axis, o5, and the
transverse bursting stress along the tendon path, o7, can
be approximated by

26P/sinwas/2h(h — as)
hot

[x B hy/sinmag/2h
6

OTs =

‘| (x - h)37
(27a)

6P\/sinmwa/2W (W — a)

h'ot

[x _h \/sinrm/Zh/] o — 1Y,

6

oTh = —

(27b)

inwhicha; =2e —h;and W = h —e.
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Fig. 5 Anchorage zone with two anchor forces.

Equation (27) shows that the bursting stress along the
tendon path in the anchorage zone with two eccentric
anchor loads is equal to the bursting stress in the concen-
tric anchorage zone with the depth #' = & — e, which is
the principle of symmetrical prism proposed by Guyon
(1953).

The corresponding spalling forces, T;, and bursting
forces, Ty, can be given by

P(h— a,)

T, ~0.12—— 2

7 (28a)

a
Ty, ~ 0.12P(1 — —).
b =) (28b)

While for the case of e < /2, the transverse stress
along the x-axis, o3, can be rearranged by

12P+\/sinway/2h(h — ap)
a St

[x B h\/singab/Zh] e P,

orT =

(29)
where a;, = 2e.
Then, the bursting forces, T}, can be obtained by
e
T, ~ 0.24P(1 — ﬁ)' (30)

It can be seen that when the multi-anchors are placed
inside the quarter points, that is, the anchor spacing is
less than 0.5/, the multi anchorage zone can be handled
as a concentric anchorage zone with the bearing plate
width a; = 2e; while the two anchors are placed outside
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the quarter points, the spalling stress will be produced
between the anchors, and its distribution can be approxi-
mated by the negative value of the bursting stress in the
concentric anchorage zone with bearing plate width
as = 2e — h. Thus, a unified equation can be presented
to express the transverse stress along the centerline of
anchorage zone

- 12P\/sin wae/2h(h — ae)
hot

hy/sin 7me/2h](x e,

6 (31)

oTp =
[x —

in which a, is the equivalent bearing plate width and can
be defined by

e e<h/2

ae_{e—h/Z e>h/2’ (32)

3 Validation

3.1 Test Program

In order to verify the accuracy of the proposed equa-
tions, 10 photoelastic tests (Timoshenko & Goodier,
1951) have been carried out. All the test specimens are
made of polycarbonate, and have the rectangular cross
section b x t = 80 x 8 mm. Young’s modulus of poly-
carbonate is taken to be E = 3200MPa, Poisson’s ratio
as v = 0.37, and photoelastic material fringe value as
f = 308N /order/m. Details of the test specimens are
listed in Table 1. All of the test specimens are monotoni-
cally loaded over the full thickness so that the specimen
would behave as two-dimensional as possible. Specimens
C1-C5 were tested to investigate the effect of the bearing
plate ratio to the transverse bursting stress in concentric
anchorage zones as shown in Fig. 6; while M1-M5 were
tested to study the influence of eccentricities on trans-
verse stress.

Fig. 7 illustrates the experimental setup to obtain
photoelasticity images, which consists of light source,
polarizer, quarter wave plate, analyzer and camera. Two
setups were used, one for employing white light and the
other for monochromatic light, the use of which will be
explained later.

3.2 Test Procedure

During the test, the light will be linearly polarized by
the polarizer and circularly polarized by the first quar-
ter wave plate. After passing through the test specimen,
the light is linearly polarized by the second quarter
wave plate and passes through the analyzer, which cre-
ates dark or bright regions, i.e., the fringe pattern. The
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Table 1 Details of the test specimens.

Specimen height Bearing Anchor Applied load
h (mm) plate ratio spacing P (N)
alh e/h
@ 80 0.1 0 33
(@) 80 0.2 0 58
C3 80 03 0 60
C4 80 04 0 60
c5 80 0.5 0 66
M1 80 0.1 03 32
M2 80 0.1 04 38
M3 80 0.1 0.5 40
M4 80 0.1 0.6 40
M5 80 0.1 0.8 40

Polycarbonate specimen

h=0.08
| |
[ |
/=0.16
Fig. 6 Test specimen (unit: m).
. Quarter wave Quarter wave
Polarizer  piate plate Analyzer
Light source/ Camera
O— -y
s
Specimen
Fig. 7 Setup for analysis by photoelasticity.

fringe pattern is then captured by the camera. The brief
test can be illustrated as following:

1. Apply load gradually to the test specimen in the cir-
cular polariscope system obtained from the white
light source. Capture the isochromatic patterns (see
Figs. 8a and 9a).

2. In the dark-field orthogonal linear polarization sys-
tem obtained from the monochromatic light, make
sure that the polarization axis of the polarizer is par-
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allel to the ground and that of the analyzer is vertical
to the ground. Capture the isoclines patterns.

3. Rotate polarizer and analyzer by 5 degrees simulta-
neously. Capture the isoclines patterns.

4. Repeat step 3 until the a complete rotation of 90
degrees. Capture the isoclines patterns (see Figs. 8b
and 9b).

3.3 Stress Solution

According to the photoelasticity images captured by
camera, the isochromatic and isocline patterns can be
sketched as shown in Fig. 10a. Following the shear differ-
ence method (Frocht 1941), the stress components in the
desired integration path MN (see Fig. 10b) can be given
by

i Ax
(0x)i = (Ox)i-1 — (Arxy)h_lA_y; (33a)
(0y)i = (0x)i £ |m cos 2a], (33b)
m .
Tay = B sin 2¢, (33¢)

in which

(b)

Fig. 8 Photoelasticity images for the concentric anchorage zones
with a/h=0.1; a isochromatic pattern; and b isocline patterns at 30
degrees.
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(b)

Fig. 9 Photoelasticity images for the multi concentric anchorage
zones with anchor spacing e/h = 0.6; a isochromatic pattern; and b
isocline patterns at 10 degrees.

Aty = (Tay)aB — (Tay)cDs (34a)

(ATxy)i—l + (Afxy)i

(Arxy)“'—l = 2

(34b)
where m is the order isochromatic, « is the inclination of
the isocline with respect to x-axis.

Table 2 lists the stress solution of the section MN, at
a depth of 0.5 & below the loading plate, in the concen-
tric anchorage zone with a/h=0.1. Fig. 11a, b show the
test normal stress components in anchorage zone with
single concentric load and two eccentric anchor loads.
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3.4 Concentric Anchorage Zones

Fig. 12 shows the comparisons of the bursting stresses
in the concentric anchorage zones calculated by differ-
ent methods. It can be seen that the proposed equation
can predict the transverse tensile stress accurately, and
the maximum relative error is only 3.2%. It also should
be noted that the interface section of compressive and
tensile stress, where transverse stress o, = 0, varies with
the bearing plate ratio. In recent previous analytical stud-
ies of the bursting stresses (He et al.,, 2011; Zhou et al,,
2015), the interface section was assumed to be constant.
Actually, as early as 1950s, Guyon (1953) presented a
fitting formula to capture the location of this section as
shown in Fig. 13. It is clear that both Eq. (19) and Guyon’s
formula (1953) produce a good agreement with the test
results, and the predicted values of Eq. (19) are on aver-
age 96.4% of the test values, with a standard deviation of
2.7%; these two numbers are 104.8% and 3.7%, respec-
tively, for Guyon equation (1953).

Fig. 14 illustrates the comparison of bursting force
with different bearing plate ratios. As can be seen, both
Eq. (21) and AASHTO (2014) equation agree well with
the test results. The average relative deviations are only
5.7 and 3.8%, respectively.

3.5 Two Anchorage Zones

The transverse stress along the centerline of specimen for
the anchorage zone with two eccentric anchor loads with
different anchor spacing is illustrated in Fig. 15. It can be
seen that the proposed Eq. (30) give very close results to
the test transverse stress. The average relative deviation is
only 4.8%. Fig. 16 shows the influence of the anchor spac-
ing on the transverse tensile forces in anchorage zones
(the size of anchor plate is kept constant at a=0.1 h). It

P
5 80°
0
4 >
12 ) =
0° A
M PRI EFI-ENCEET A N y
T 5~
OQ
(2)

Fig. 10 Photoelasticity images for concentric anchorage zones with a/h=0.1: a isochromatic and isocline sketches; and b path of integration.

elar ke

(b)
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L P=33N

w

-120.3

(@

l P=20N P=20N l
I 593
247
Ox Ox
111

% Oy -46.6

———
y 213
X

(b)

Fig. 11 Test stress isoline of the anchorage zones (unit kPa): a concentric anchorage zone with a’h =0.7; and b multi anchorage zone with

e/h=038.

Table 2 Stress components calculated by shear difference method.

Node Section AB Section CD Section MN
m o tag(kPa/order) m o(°) tag(kPa/order) [ oy Txy
(order) ) (order) (kPa) (kPa) (kPa)
0 0.26 3.8 0.02 0.76 1.88 0.02 0.0 — 241 0.0
1 0.58 10.9 0.1 0.88 8.0 0.12 0.3 —29.1 —-02
2 0.92 16.5 0.25 1.12 9.9 0.19 12 —353 - 06
3 1.38 16.7 0.38 1.75 129 0.38 23 — 464 —-13
4 1.61 16.7 0.44 1.83 14.2 043 42 — 494 — 21
5 1.78 153 045 2.01 12.2 041 6.9 — 584 — 2.7
6 1.98 137 045 224 9.8 037 9.2 — 66.1 —32
7 2.28 10.2 040 249 74 0.32 12.3 — 745 —33
8 2.51 7.2 0.31 2.66 4.6 0.21 15.8 —81.0 —27
9 2.69 4.1 0.19 2.75 32 0.15 184 —87.1 —-16
10 2.76 0.0 0.00 2.83 0.0 0.00 19.0 —87.8 0.0
Note: the values are for “at the location of 0.5 h below the loading plate in the concentric anchorage zone with a/h=0.1"
06 036
| J — I
00 i Heetal.:x,=h/3 Guyon: x, = M
¢ Testah=01 0.27 T T : 3
o -064 - Zhouetal: x,=h/5 Test
A : > Testah=03 < E
g ., <14 - x| |Pe Tetan=as | ~ o1 s - :
o /f s —A— Proposed a/h=0. ‘ = Proposed: ’;—": M
18 ‘ ‘ | =9 Proposedah=03 : i
I | o=P/(h) —— Proposedah=04 009 S &
24 4 ‘ : : |
0 02 04 06 08 1 0.00 L L
x/h 0.1 02 03 04 05 06 07
Fig. 12 Transverse stress in the concentric anchorage zones with alh

different bearing plate ratio.

Fig. 13 The interface section of compressive and tensile stress.
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0.24 1 :
1\ —— Test
0.18 ! —— Proposed | _
‘ —A— AASHTO
a,
~ 012
= 1,
£y
" ;4+1
0.06 F— |
0.00 - ‘
0.0 0.1 02 03 0.4 05 0.6
alh
Fig. 14 Bursting forces in concentric anchorage zones.

indicates that the proposed equation produces a good
agreement with the test results, the average relative devi-
ation is only 4.0%.

4 Towards the Existence of ILCs

As early as 1953, Guyon (1953) used the ILCs to visualize
the flow of forces in post-tensioned anchorage zones as
shown in Fig. 17. Each individual ILC transfers an equal
share of the force, which induces a certain amount of
transverse stress depending on its curvature. However,
this is just a conceptual model, and the existence of ILCs
is presently unproven.

Although the longitudinal compressive stress in
anchorage zones will be effected by the duct hole sig-
nificantly (Park et al., 2020), it has little effect on the
distribution of transverse bursting stress (Huang, 2012).
Thus, the anchorage zone can be idealized as a concrete
block without hole. According to the concept of Guyon

0.5 T
—&— Proposed

04— A

Y 54

0.2

= I A s " B
e e il
0.0 - t

0.0 02 04 0.6 0.8 1.0
elh

Fig. 16 Transverse tensile forces in the multi anchorage zones.

T./(2P)

(1953), there must exist an ILC along the centerline of the
anchorage zone. Referring to Fig. 18a, the force stream
tube (Kelly & Elsley, 1995) bounded by two ILCs is con-
sidered. The force over flow tube should satisfy

Fi=F_1=PAa/a, (35)
in which P is the anchor force; and « is width of anchor-
age zone; Aa is the vertical distance between the center-
line line and ILC; F; is the force in the stream tube in the

arbitrary section and can be defined by
(Ox,4j + Ox,Bj)E
b=—"—"—=3"% (36)

2cos 5

in which o0y, 4; and o, g; are the x-direction normal stresses
of the centerline and ILC at x = A, respectively; ¢ is the
thickness of anchorage zone; y; is the vertical distance
between the centerline line and ILC at x = Aj; and 6} is
the local angular orientation of the force tube wall.

24
z e —— Test oh=02
A 3 ; \ tension —h— Test eh=0.8
n x ’
1.2 N compression —— P/’Op(mj eh=02
—A— Proposed eh=0.8
b
\b“ 0.0 o B R R Sb SEtLE ‘:éﬁ.‘===
12 ﬁ P tension
h| © E x
4 4
P / compression
-24
0.0 0.2 04 0.6 0.8 1.0
x/h
Fig.15 Transverse stress in multi anchorage zone.
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le—  P/6
~— P/6
P = P/6
h aI -
—~— P/
~— P/
ILCs
~ P/
Fig. 17 ILCsin anchorage zones.
Substituting Eq. (35) into Eq. (36) leads to
2P Aa 9,‘
j=————Cos—=. 37
= s+ ot a2 (37)

According to the geometrical condition of the ILC as
illustrated in Fig. 18b, we have

yj =Jj-1+ Axtant;_;. (38)

As can be seen from the above equation, if y; = Aa
and Ax is specified, the vertical location of the ILCs
will be determined by an iterative solution. Fig. 19 illus-
trates the shapes of ILCs in concentric anchorage zone
with different bearing plate ratios, in which only a sin-
gle ILC is plotted for the sake of simplification.

Thus, the bursting forces can be derived by

Pd* d
T:/G‘m”m’x:/—;ijz}tdx:_l)é

X=X0

(39)
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According to the geometrical condition as shown in
Fig. 19, the slope of the ILCs at the inflection point can be
approximated by

d
cd =tanf %2m/(1—m2),
dx

X=X0

(40)

in which m = (Ah — Aa)/l; Ah and Aa are the verti-
cal value of ILCs at starting point and ending point,
respectively.

Table 3 lists the bursting forces in the concentric
anchorage zone predicted by the proposed equation and
ILCs. As can be seen, the predictions of ILCs agree well
with the test results. The average discrepancy between
the ILCs predictions and test results is only 13%, which is
mainly induced by iterative process. Therefore, the ILCs
found by proposed method can reveal the load transfer
mechanism in anchorage zones. That is, ILCs are real
existence in the anchorage zones and transmit the anchor
loads to the far-end section.

5 Conclusions

To clear the stress field in the anchorage zones, an elas-
ticity solution of the transverse stress is derived based
on the sum function method. The sum function of nor-
mal stresses can be figured out from harmonious equa-
tion, and then the stress field in the anchorage zone can
be determined by equilibrium equations and boundary
conditions. According to the photoelastic test results and
their comparison with the proposed equations, the fol-
lowing conclusions can be drawn:

(1) The proposed equations can reproduce the trans-
verse stress in concentric anchorage zones, and is
verified to have good accuracy by comparisons with
test results. On the other hand, the other existing

(a)

centerline of anchorage zone

(b)

Fig. 18 Determination the profile of ILC in concentric anchorage zone: a force stream tube; and b location of ILC.
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-— h

Ah

I=h
Fig. 19 ILCs in the concentric anchorage zones with different
bearing plate ratio.

analytical models cannot predict the transverse
stress distribution accurately, due to the incorrect
location of the interface section of compressive and
tensile stress.

(2) The transverse stress along the symmetry axis of
the anchorage zone with two eccentric anchor loads
can be handled as a concentric single anchorage
zone with equivalent bearing plate width.

(3) It is very interesting that the bursting stress along
the tendon path in the anchorage zone with two
anchors is equal to the bursting stress in the con-
centric anchorage zone with the depth &' =h —e,
which is the principle of symmetrical prism.

(4) The major significance of this investigation not only
lies in reproducing the transverse stress in anchor-
age zones, but also in confirming the existence of
the ILCs.

Table 3 Bursting forces calculated by different methods.

a/h h (mm) m Bursting forces T

Test Equation (21)/ ILCs/Test
Test
0.1 0.08 0.104 0.23P 093 0.81
0.2 0.08 0.105 0.20P 0.96 0.84
0.3 0.08 0.106 0.17P 0.97 0.86
04 0.08 0.107 0.15P 0.98 0.89
0.5 0.08 0.109 0.12P 1.02 093
Mean 0.97 0.87

Standard deviation 0.03 0.05
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Abbreviations

a: Width of the bearing plate along the direction of the beam height; /1

: Height of the beam; £: Thickness of the anchorage zone; P: Anchor force; e

: Eccentricity of the anchoring point to the centroid anchorage zone; Oy, Oy,
Txy: Normal stresses and shear stress; I = oy + 0y Sum function of normal
stresses; OT¢: Bursting stresses distribution of concentric anchorage zone;
O'T,max: Maximum bursting stresses in concentric anchorage zone; Tb: Burst-
ing force in concentric anchorage zone; 0 7p: Bursting stresses distribution of
eccentric anchorage zone; 0'Tg: Spalling stresses of eccentric anchorage zone;
T, Bursting force in eccentric anchorage zone; T'g: Spalling force in eccentric
anchorage zone; 0'7: Transverse stress along the centerline of anchorage
zone; d: Equivalent bearing plate width; F} Force in stream tube at arbitrary
section; yj: Vertical distance between the centerline line and ILC; 6 Local
angular orientation of the force tube wall; Ah, Aa: Vertical value of ILCs at
starting point and ending point, respectively.
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