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Abstract 

This paper presents the simulation of the permeation of saturated cement paste based on a novel pore network 
model. First, a 2D hydration model of cement particles was developed by extending the work of Zheng et al. 2005 to 
provide the background for the network construction. Secondly, the establishment of the pore network model and 
simulation of permeation of saturated cement paste were carried out. The irregular pores between any two hydrated 
cement particles were linearized with clear distances as the diameters of pores. The straight tubular pores were 
interconnected with one another to form the network model. During this process, the weighted Voronoi diagram was 
employed to operate on the graphical expression of the hydrated cement particles. Water permeation in saturated 
cement paste was simulated to verify the pore network model. Finally, the factors including water–cement ratio, reac-
tion temperature, reaction time and cement particle size that would influence water permeation were numerically 
investigated.

Keywords:  cementitious materials, hydration process, weighted Voronoi diagram, pore network model

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use, sharing, 
adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original author(s) and 
the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other third party material 
in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material 
is not included in the article’s Creative Commons licence and your intended use is not permitted by statutory regulation or exceeds the 
permitted use, you will need to obtain permission directly from the copyright holder. To view a copy of this licence, visit http://​creat​iveco​
mmons.​org/​licen​ses/​by/4.​0/.

1  Introduction
Cementitious materials have been extensively used in 
many fields of construction because of their low price, 
abundant raw materials, high compressive strength and 
relatively simple production and construction tech-
niques. However, it is difficult to ensure that the cementi-
tious materials exposed to natural conditions meet their 
design durability requirements. The durability problem is 
related to specific material intrusion such as water, chlo-
ride ions, sulfate ions, oxygen, and carbon dioxide. There-
fore, the study of permeability of cementitious materials 
provides an important approach for solving the durability 
problem.

The permeability of cementitious materials is closely 
related to its pore structure and pore characteristics, 
including porosity, pore size distribution, pore morphol-
ogy and pore spatial distribution (Lian et  al., 1996). In 
addition, the permeability is also affected by the connec-
tivity of the pores and the tortuosity of the permeability 
path (Neville et  al., 1983). Therefore, a reasonable pore 
network model is necessary for the permeability analysis.

To get the pore network model, the  hydration of 
cement particles should be first simulated. Different com-
puter-based cement hydration models have been devel-
oped to represent the internal microstructure and predict 
the mechanical and transport properties of cement-based 
materials. Jennings and Johnson (1986) first proposed a 
continuum model for cement hydration that modeled the 
cement particles as growing spheres. van Breugel (1991), 
Koenders (1997) and Ye (2003) developed HYMO-
STRUC3D model based on the hydration kinetic theory 
and continuous basis vector method. HYMOSTRUC3D 
model has been used for the prediction of several 
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properties of cement-based materials including autog-
enous shrinkage of cement pastes (Koenders, 1997) and 
transport properties of cement pastes (Ye et  al., 2006). 
CEMHYD3D is another 3D microstructure-based simu-
lation model for cement hydration developed by Bentz 
and Garboczi (Bentz, 1997, 2005; Bentz & Garboczi, 
1991; Garboczi & Bentz, 1992). CEMHYD3D is a lattice-
based approach based on digital image technology and 
considers the effect of the reaction stoichiometry of the 
cementitious material.

Numerical modeling approaches are widely used to 
establish the link between the cement hydration micro-
structure and its permeability. Among the different 
numerical methods, Lattice Boltzmann method is one 
of the most utilized method to predict the permeabil-
ity of cement paste. Zalzale and McDonald (2012) have 
used Lattice Boltzmann method to investigate the per-
meability of cement paste using the numerical models 
CEMHYD3D and µIC (Bishnoi & Scrivener, 2009). It 
was concluded that the simulated permeability is larger 
than the experimental data, while the results obtained 
from µIC compare favorably with CEMHYD3D. Zhang 
(2017) presented a Lattice Boltzmann modeling approach 
for estimating   the  relative permeability of cementitious 
material, where the 3D microstructure was obtained 
from high-resolution X-ray micro-CT. The good agree-
ment of the simulated result with experimental result 
indicates that the moisture distribution and perme-
ability of cement paste are strongly dependent on its 
microstructure. Besides, other numerical methods have 
been developed to estimate the permeability of cement 
paste. Sun et al. (2014) numerically calculated the trans-
port properties of a microscale cement paste specimen 
by applying  the transmission X-ray microscope (TXM) 
characterization techniques and   a finite difference 
method based  computational program. Yu et  al. (2018) 
presented a fractal model to predict the transport prop-
erties of cement paste. Furthermore, Li and Xu (2019) 
proposed a microstructural-based numerical test method 
based on three-dimensional (3D) finite element method 
(FEM) to describe the pore-scale flow and compute the 
permeability of hydrating cement paste, where HYMO-
STRUC3D model was used for the microstructure evolu-
tion of cement paste.

Another frequently used tools for the numerical simu-
lation of permeability in porous media is the network 
model. In 1956, Fatt (1956) proposed a network model 
using resistors as analogs of porous medium which could 
effectively reflect the microstructure of porous materi-
als. The network models when combined with a simple 
percolation theory can quantitatively describe  the mac-
roscopic properties such as the permeability, relative 
permeability, capillary pressure of materials (Larson 

et al., 1981) (Blunt et al., 1992). The advantage of the net-
work model is that it can explain macroscopic behavior 
by explicitly analyzing the applicable physics at the pore 
level. However, when using the network model, the inter-
nal structure of the material must be accurately analyzed 
and constructed to make the calculation result more 
accurate (Arns, 2004).

Ye et  al. (2003) used HYMOSTRUC3D model to 
develop the hydration model and subsequently, con-
verted it into a linked list pore network model to deter-
mine the unidirectional absolute permeability of cement 
paste (Ye et al., 2006). Stroeven et al. (2012) have devel-
oped a novel approach to the pore network in virtual 
concrete using Random Node Structuring algorithm. The 
algorithm involves the generation of nodes uniformly 
at random in model space followed by the elimination 
of nodes located in solid phase while connecting the 
remaining nodes to form cluster of capillary pores for the 
pore structure analysis.

A simple 2D pore network model was proposed in this 
paper. It started with the formation of particle. According 
to the size distribution of cement particles combined with 
the  Monte Carlo method, cement particles were gener-
ated and hydrated based on the hydration kinetics refer-
ring to the study of Zheng et al. (2005b) and Wu (2015). 
Then the hydrated model was converted into the pore 
network model using the weighted Voronoi diagram to 
analyze the permeation of water in cement paste. There 
are two reasons to use the weighted Voronoi diagram. 
First, when the modeling space is tessellated, the size of 
the particles is considered, which ensures the interface, 
i.e., the transport path between any two adjacent parti-
cles will not intersect with any particle. Compared with 
the network based on the Voronoi diagram, which sim-
ply bisects the line linking two adjacent nodes, the model 
based on the weighted Voronoi diagram is more physical 
and more reasonable. Second, the interfaces produced by 
the weighted Voronoi diagram are planes (3D) or straight 
lines (2D). This keeps the advantage of simplicity of the 
Voronoi diagram-based network model. To the best of 
the authors’ knowledge, the weighted Voronoi diagram 
has not been used in past to construct the applicable 
network model based on randomly positioned hydrated 
cement particles. The good match of the numerical 
results and the existing experimental data proves the 
validity of the proposed network model. The comput-
ing program used in this study is written in MATLAB. 
The proposed model is much simpler and faster than the 
existing hydration models like HYMOSTRUC3D, CEM-
HYD3D, µIC and can also give the acceptable results. 
These existing models can predict the hydrated product, 
which is not necessary when the concern is just the water 
transport problem.
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2 � Hydration of Cement Particles
2.1 � Model Size Selection
The model size should be consistent with the repre-
sentative volume element (RVE) size of cementitious 
materials. Thus, it should accommodate enough cement 
particles to reflect the physical characteristics of hydra-
tion reaction, but should be minimized to increase the 
model efficiency. The model size in 2D space with each 
side length L , is initially set to 200 µm × 200 µm and will 
be discussed in Sect. 4.4. The simulation was carried out 
for 100 times where each 2D simulation is like a CT slice 
and it has been assumed that the average result of those 
100 simulations approximate the 3D behavior of the real 
pores.

In HYMOSTRUC model, the cement particles are 
modeled as randomly distributed digitized spheres and 
the hydrating cement grains are simulated as growing 
spheres (Koenders, 1997; Van Breugel, 1991). However, 
the influence of particle shape on the cement hydration 
process should be considered. It has been observed that 
the degree of hydration is more pronounced at early ages 
for real-shape particles than for spherical particles (Bull-
ard & Garboczi, 2006). Since the focus of this paper is the 
transport properties rather than the early ages of hydra-
tion process and considering the computational time and 
efficiency of the model, the cement particles are modeled 
as spherical in shape. The cement particle size distribu-
tion for Cement 115 and 116 issued by ASTM-sponsored 
Cement and Concrete Reference Laboratory ranges from 
3 to 37 µm (Bentz, 1997). In the present simulation, min-
imum diameter ( Dmin ) and maximum diameter ( Dmax ) of 
the particles are taken as 2 and 40 µm, respectively. Ini-
tially, the model is assumed to be filled with two phases 
of water and cement particles. Thus, we have

From above, the total volume of cement particles Vc is:

where mw , mc , ρw and ρc are the total mass and den-
sity of water and cement, respectively, and w/c is the 
water–cement ratio. The density of cement ranges 3000–
3200 kg/m3 (Wang, 2013) and taken as 3150 kg/m3 (van 
Breugel, 1992, 1995) in this simulation.

(1)
mw

ρw
+

mc

ρc
= L2,

(2)
mw

mc
=

w

c
.

(3)Vc =
ρwL

2

ρw + ρc(w/c)
,

2.2 � Cement Particle Formation
The cumulative distribution function of cement parti-
cles P(D) , with diameter D are usually described by the 
Rosin–Rammler distribution (van Breugel, 1992) and 
expressed as:

where α and β are empirical parameters, usually taken as 
0.038 and 0.98, respectively (Zheng et al., 2005a, 2005b).

Based on the stereological principles, Zheng et  al. 
(2005a, 2005b) have derived 2D cumulative distribution 
function of cement particles from Rosin–Rammler distri-
bution and given as:

If the probability of the ith particle PNi , is taken as a 
random number within [0, 1], Eq. (4) gives the diameter 
of the corresponding cement particle. In the process of 
particle formation, the total volume of cement particles 
accumulated is:

If Vi−1<Vc and Vi>Vc, the total volume of cement parti-
cles generated exceeds the total volume for a given w/c 
ratio. Thus, the diameter of the last cement particle is:

Given the model size and water–cement ratio, the 
number and particle sizes are generated inside the model.

2.3 � Cement Particle Placement
The cement particles are randomly placed into the model 
by the Monte Carlo method with the condition that the 
center-to-center distance between any two particles is 
not less than the sum of their radii. The cement particle 
should be sorted in the descending order of the diam-
eter before being placed into the model to facilitate the 
placement.

2.4 � Cement Hydration Simulation
The hydration reaction of Portland cement is very com-
plicated (Bentz, 1997). This paper follows the basic 
assumption for the cement hydration reaction mentioned 
in the literature (Stroeven, 1999).

(4)P(D) = 1− exp
(

−αDβ
)

,

(5)PN (D) =

∫ D
Dmin

x(β−4) • exp
(

−αDβ
)

dx
∫ Dmax

Dmin
x(β−4) • exp

(

−αDβ
)
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.

(6)Vi =
π

4

n
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i=1

D2
i .
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π

]
1
2

.
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2.5 � Hydration Rate of Cement
Fig.  1 shows the hydration profile of a cement particle, 
where rin , rout and rair represent the radius of the unhy-
drated cement particle core, hydrated gel surface and 
air layer, respectively (Stroeven, 1999). The thickness of 
hydrated gel layer is given by:

The hydration process of cement is believed to be 
dominated by two mechanisms. The first mechanism is 
controlled by the interface between the cement particles 
and water (Van Breugel, 1991) and its reaction rate K0 is 
expressed as:

When the thickness of hydration product reaches the 
critical value δtr , the reaction gradually transforms into 
the second mechanism, controlled by diffusion. Its cor-
responding reaction rate is:

where b is the gel diffusion adjustment constant, KT is 
the reaction rate of the cement particles at the absolute 
temperature T  , and expressed as:

where E is the activation energy of the reaction; R is the 
gas universal constant, E/R is about 5364 K−1; K293 is the 
reaction rate of the cement at an absolute temperature of 
293 K. In this paper, the average value of K293 is 0.1512 
µm /h and b is 1.9614.

(8)δ = rout − rin.

(9)
d

dt
rin = K0.

(10)
d

dt
rin = KT

(

1

δ

)b

,

(11)KT = K293 · exp

[

−
E

R

(

1

T
−

1

293

)]

,

2.6 � Radius of the Hydrated Gel Surface
To ensure that the simulation is close to the real situation, 
the change in particle size and water consumption are 
calculated based on the simulation in three-dimensional 
space. The relationship between the volume of hydrated 
cement, vc , and the volume of hydration product, vg , can 
be given by:

where k0 is taken as 2.2 (van Breugel, 1992).
Equations  (9) and (10) give the change in the  radius 

of cement particle ( �rin ) over a certain time. The corre-
sponding volume change, �vc , that completes the hydra-
tion reaction is:

The radius of the hydrated gel surface can be expressed 
as:

The clear distance between any two adjacent hydrat-
ing particles with their center-to-center distance d0 and 
outer edge radii r1,out and r2,out , respectively, is:

2.6.1 � Particle Interference and Degree of Hydration
The physical interference between adjacent hydrating 
cement particles as shown in Fig.  2 affects their further 
hydration, thus, the model assumes that the contact sur-
face stops the reaction, whereas the non-contact surface 
continues.

The non-contact solid volume Vi,s of the ith particle at 
any time is calculated by subtracting the hatched area 
from the total volume of the ith particle:

where αj is the half-interference influence angle on parti-
cle i that can be calculated by the cosine theorem:

The total degree of hydration of the model αc(t) at any 
time t can be expressed as:

(12)vg = k0vc,

(13)�vc =
4

3
π [r3in −

(

rin −�rin)
3
]

.

(14)rout = [k0r
3
0 − (k0 − 1)(r0 −�rin)

3]
1
3 .

(15)d = d0 − r1,out − r2,out .

(16)
Vi,s =

4

3
πR3

i,out −

[π

3
R3
i,out

(

1− cosαj
)2

×
(

2+ cosαj
)

]

,

(17)αj = cos−1

(

R2
i,out + d20,ij − R2

j,out

2Ri,outd0,ij

)

.

(18)αc(t) =

∑n
i=1 Vi,s(t)− Vcc

(k0 − 1)Vcc
,

Fig. 1  Cement hydration profile.
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where Vcc is the total spherical volume of the cement par-
ticles. The maximum degree of hydration when the water 
cement ratio is relatively low is given by (Beton-Kalender, 
2010):

The total hydration reaction time in this paper is 
28 days with 1 h as the basic unit. The algorithm of the 
hydration reaction is shown in Fig. 3.

2.6.2 � Hydration Verification
Fig.  4 shows the comparison of the present hydration 
simulation result with the hydration test data of Daniels-
son (1960), degree of hydration calculated by Ye (2003) 
measuring the heat released from isothermal calorim-
eter measurements, numerical simulation result of van 
Breugel (van Breugel, 1995) under the conditions of 
ambient temperature of 20  °C and water–cement ratio 
of 0.3 (Fig.  4a) and 0.4 (Fig.  4b), respectively. It can be 
observed that the results of different test are close, and 
the fitting degree is high. In Fig. 4a, the simulation result 
of this paper is slightly higher than the test results. This is 
possibly because some water is trapped among hydration 
products and cannot be used by other cement particles 
for the experiments under the condition of low water-
to-cement ratio. The hydration model has been vali-
dated which provides the platform for establishing pore 
network model. Since the paper is not focused on the 
hydration, the detailed study on its microstructure, pore 
structure and porosity is out of scope of this paper.

(19)αc,max =
w/c

0.42
≤ 1.0.

Fig. 2  Schematic diagram of the positional relationship between two mutually interfering particles.

Fig. 3  Flowchart for cement hydration reaction.
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2.6.3 � Network Construction and Permeation Simulation
The network model is an ideal method for describing 
the spatial state and topology of complex pores. The net-
work model can effectively reflect the microstructural 
characteristics of porous materials and can be quanti-
tatively described by a simple permeation theory (Arns 
et al., 2004). However, it is still a challenge to determine 
the geometry and parameters of the network model used 
to study infiltration problem (Ye et  al., 2006). Most of 
the existing methods are adapted to measure the pore 
parameters by adjusting the model parameters (March-
and & Gerard, 1997), but these methods are not able to 
accurately reflect the true microstructure of the cement-
based materials. Therefore, the ideal network model of 
cement-based materials should be directly based on the 
actual or simulated microstructure formed by the cement 
hydration process and as simple as possible. Based on 
this concept, the hydration simulation model developed 
in Sect. 2 has been transformed into the network model 
using the principle of weighted Voronoi diagram. The 
core idea is to find the nodes in the hydration model and 
connect all the adjacent nodes to construct a network 
model. The detailed technical route, the algorithm of net-
work model generation as well as the permeation simula-
tion have been discussed in this section.

2.7 � Weighted Voronoi Diagram
Weighted Voronoi diagram is a special case of Voronoi 
diagram in which the function to describe a Voronoi cell 
is defined by a weighted (multiplicative) distance func-
tion rather than an equidistance function. Referring to 
the mathematical definition of the weighted Voronoi dia-
gram (Dong, 2009), it is proposed that the node among 
any three related particles Ai , Aj and Ak should satisfy:

where Rf m is the influence range of the circle Om with 
center pm (a possible node position) as shown in Fig. 5. 
d(pm,Ai) , d(pm,Aj) and d(pm,Ak) are the center-to-
center distances between circle Om and particle i, j and k , 
respectively. Ri , Rj and Rk are the radii of particle i, j and 
k , respectively.

When a new particle An with a radius of Rn is added 
to the group of particles, the center of particle An is first 
connected to the possible node pm as shown in Fig.  5. 
The length of this line segment is divided by Rn . pm is a 
node if the particle An is not influenced by circle Om , i.e.:

Otherwise, pm is not a node and needs to be deleted. 
The node position of the area is recalculated until all the 
particles in the area satisfy Eqs. (20) and (21).

The search and calculation method of this node is close 
to the indirect method of Voronoi diagram vector gen-
eration method. Therefore, it is necessary to establish a 
generalized Delaunay triangulation first.

2.8 � Construction of Generalized Delaunay Triangulation
The construction of the generalized Delaunay triangu-
lation generally adopts the point-by-point placement 
method. The basic idea of this method was proposed 
by many scholars: Lewis & Robinson (1978), Lee & 
Schachter(1980), Bowyer (1981), Lee & Lin (1986). The 
steps for constructing the generalized Delaunay triangu-
lation are shown in Fig. 6.

(20)Rf m =
d(pm,Ai)

Ri
=

d(pm,Aj)

Rj
=

d(pm,Ak)

Rk
,

(21)Rf m <
d(pm,An)

Rn
.

Fig. 4  Comparison of hydration simulation result with different test result (a) w/c = 0.3 (b) w/c = 0.4.
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Fig. 5  Schematic diagram for the judgment of new particle placement in weighted Voronoi diagram.

Fig. 6  Steps for generalized Delaunay triangulation.
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2.9 � Network Node Connection
In the weighted Voronoi diagram each site element has 
its own weight thus, the convex polygon boundaries (the 
transport paths) cannot be determined simply by the 
vertical bisector. In fact, these boundaries are obtained 
by connecting the network node of each triangle to the 
network node of all triangles with which it has a com-
mon edge as shown in Fig. 7. Finally, the network node 
connection is completed.

2.10 � Model Boundary Processing
The cyclic boundary condition must be adopted to pre-
vent the loss of the part of hydrated cement particle that 
would extend outside the model boundary. The hydra-
tion model should be copied and distributed on each 
side of the model to develop the extended hydration 
model, as shown in Fig. 8.

After the replication and translation work, the gen-
eralized Delaunay triangulation and node connection 
algorithm explained in Sects.  3.2 and 3.3, respectively, 
are applied on the extended hydration model to obtain 
the weighted Voronoi diagram. Once the weighted 
Voronoi diagram is obtained, the redundant nodes and 
paths outside the scope of original hydration model 
need to be identified and cleared.

2.11 � Permeation Simulation of Pore Network
For the permeability calculation of a single pore tube, the 
length and diameter of the tube/transport path are first 
determined. The length lij is:

where ( xi,yi ) and ( xj , yj ) are the coordinates of the first 
and last nodes of the tube, respectively.

The diffusion and precipitation of the hydrated prod-
ucts may influence the pipe diameter, so the cross-sec-
tion of all the elements connecting to one node should 
be determined according to Yip et al. (2005). But for the 
simplification, it is neglected in this paper. And the pipe 

(22)lij = [
(

xi − xj
)2

+
(

yi − yj
)2
]

1
2
,

Fig. 7  Schematic diagram of network node connection.

Fig. 8  Schematic diagram of the cyclic boundary processing of the 
model.
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diameter has been taken as the minimum of the pore 
width at the ends of the tube (Ye et al., 2006) and calcu-
lated according to Eqs.  (14) and (15). However, the pipe 
diameter dij needs to be adjusted since the pore path and 
the center-to-center distance of the particles on both 
sides are not perpendicular:

where d is the distance between particles, and a and b are 
the direction vectors of the path and the line between the 
particles, respectively. As proposed by Dullien (2012), the 
water conductivity coefficient gij between any two nodes 
i and j in the model can be expressed as:

It is assumed that the network model is saturated and 
filled with a single liquid (water). The liquid flows in from 
a single boundary and flows out from its opposite bound-
ary, and the remaining boundaries are completely imper-
meable. For the saturated pore network system under 
the action of pressure difference �pij between nodes, 
Hagen–Poiseuille law (Liu, 2016) gives:

where Qij is the water flow velocity between nodes i and 
j , the unit is m3/s; µ is the fluid viscosity. The fluid vis-
cosity of water is related to the ambient temperature (Al-
Shemmeri, 2012) and expressed as:

where T  is the ambient temperature, the unit is K, B is 
taken as 247.8  K; C is taken as 140  K. When the ambi-
ent temperature is 20° C, the fluid viscosity of water is 
1.002 × 10–3 Pa·s.

Using Eq. (25), the total traffic Qi at node i can be writ-
ten as:

For incompressible fluid, the total volume of liquid 
flowing in and out of a node inside the model per unit 
time is equal, thus, the corresponding node traffic Qi = 
0, but the node pressure pi is unknown. For the nodes on 
inflow or outflow boundary surface, Qi is unknown with 
known input or output pressure pi . For all nodes, Eq. (27) 
can be written as:

(23)dij = d × sin

(

cos−1

(

|a • b|

|a||b|

))

,

(24)gij =
πr4

8l
=

πd4ij

128lij
.

(25)Qij =
�pijπd

4
ij

128µlij
= gij

�pij

µ
,

(26)µ(T ) = 2.414 × 10−5 × 10
B

T−C ,

(27)
n

∑

j=1

gij

µ

(

pi − pj
)

= Qi.

where P is node pressure vector and Q is node flow vec-
tor. The coefficient matrix G0 is:

During the permeation process, fluid flows from one 
node to another node, thus, gii = 0. Equation (28) is a sys-
tem of linear equations with n unknowns distributed in 
vector P and vector Q . Since there are many 0 elements 
in the coefficient matrix G0 , the solution of the equations 
should be combined with the shifting partition and the 
pseudo-inverse matrix. Then, the total water flow Q0 of 
the network is calculated by adding the Qi of the nodes 
that lie in inflow or outflow surfaces and given as:

Finally, the total permeation rate of the model is calcu-
lated using the Darcy’s law:

where L is the length of the fluid in the flow direction, A 
is the cross-sectional area through which the fluid flows.

3 � Validation
During the simulation, the network of the model might 
be in connected, completely closed, partially closed, or 
blockage state. To ensure the simulation is close to real 
situation and to minimize the interference caused by ran-
domness of the model, permeation simulation for each 
set of parameters is calculated for 100 times and aver-
aged. The model connectivity η for each set of parameters 
is defined as follows:

where nl is the number of models in the connected state 
and nA is the total number of repeated calculations.

3.1 � Permeability vs. Water–Cement Ratio
Phung et al. (2013) and Jin (2015) have carried out exper-
iment on permeability of water in cement paste using 
stable seepage method. The present simulation was also 
carried out at the temperature of 20  °C and curing age 
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of 28  days. The permeability was determined for differ-
ent water–cement ratios and the final averaged simu-
lation results shown in Table  1 are compared with the 
experimental results. The simulation result is observed 
to be consistent with the experimental result as shown 
in Fig. 9. Thus, the model has high degree of confidence. 
The slight differences in the simulation results and exper-
imental data can be attributed to some extrinsic factors 
related to experimental conditions such as the applied 
pressure, size of sample and the fineness of the cement 
used.

The influence of water–cement ratio on permeability 
of cement paste can be explained as: from Eq.  (3), the 
total volume of cement particles (Vc) in cement slurry 
decreases rapidly when the water–cement ratio (w/c) 
increases. This decreases the number of cement particles 
in the model and increases the average distance between 
them. The total pore volume and connectivity between 
the pores will increase (also observed in Table  1). As a 
result, the average hydraulic conductivity of each path as 
well as the overall permeability coefficient of the model 
increases.

3.2 � Permeability vs. Hydration Reaction Time
Equations  (9) and (10) support that the hydration reac-
tion time of cement particles directly determines the end 
point of the model hydration reaction. As the hydration 
reaction progresses, hydration product replaces the space 
originally  occupied by an  cement particle and accumu-
lates on its outer edge. This expansion of the particle size 
reduces the average clear distance between them, thus 
decreases the pore connectivity as well as the perme-
ability coefficient. Table 2 also shows that the model con-
nectivity, average permeability coefficient of the cement 
paste and its standard deviation decreases with the 
increase in hydration time.

The simulation result is validated with the previous 
experimental results carried out by Ye (2003) and Banthia 
& Mindess(1989) and is shown in Fig. 10. Ye (2003) deter-
mined the water permeability of the cement paste using 
direct test method under the curing temperature of 20 °C 
and w/c = 0.5 and Banthia & Mindess(1989) determined 
the permeability of cement paste (Cement Type-ASTM 
III, Specimen type M3) with w/c ratio = 0.5 under nor-
mal laboratory conditions of temperature and pressure. 
The simulated permeability of the model is 1.5–2 order 
of magnitude lower than the experimental results in the 

Table 1  Model simulation result for different water–cement 
ratios.

Water–cement ratio 0.40 0.45 0.50 0.55 0.60

Average permeability coefficient 
(10–20 m2)

0.658 2.536 6.181 9.050 29.287

Standard deviation (10–20 m2) 2.573 6.813 26.783 33.678 94.946

Connectivity (η) 0.32 0.43 0.49 0.43 0.57

Fig. 9  Comparison of permeability vs. w/c ratio with experimental 
result.

Table 2  Model simulation result for different hydration times.

Hydration time (days) 1 3 7 14 28

Average permeability coef-
ficient (10–20 m2)

40.628 29.714 15.825 12.091 6.181

Standard deviation (10–20 m2) 86.201 67.262 48.218 29.989 26.783

Connectivity (η) 0.77 0.71 0.65 0.59 0.49

Fig. 10  Comparison of water permeability coefficient vs. hydration 
time with the experimental result.
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earlier stage and is closer to the experimental results in 
the later stage (i.e., 28 days).

4 � Discussion
4.1 � Investigation of Factors Affecting the Overall 

Permeability of the Model
The water–cement ratio (explained in Sect.  4), hydra-
tion reaction time (explained in Sect. 4), hydration reac-
tion temperature (T), maximum size of cement particle 
( Dmax ) and minimum size of cement particle ( Dmin ) are 
the major factors affecting the overall permeability of the 
cement paste. The control variable method has been used 
to analyze these factors and their influence mechanism is 
shown in Fig. 11.

4.2 � Hydration Reaction Temperature
Increasing the early curing temperature for concrete 
enabled to achieve the lower long-term permeability 
for 6 months and beyond at 28 days (Ozyildirim, 1998). 
According to Eq.  (11), the hydration reaction rate 
increases with the  increase in ambient temperature. 
Higher reaction temperature increases the degree of 
hydration of cement particles as well as the volume of 
hydrated product and thus decreases the permeability 
of the cement paste. As observed in Table 3, the perme-
ability coefficient of cement paste decreases rapidly in 

the range of 10–20 °C and decreases slowly in the range 
of 20–40 °C. Thus, as compared with other influencing 
factors, the change of hydration reaction temperature 
has the most significant effect on the permeability of 
cement paste.

The fitting result is shown Fig. 12.

4.3 � Cement Particle Size
4.3.1 � Minimum Size of the Particle
The minimum size of the particle is the main con-
trolling factor for a small group of cement particles 
that fills the gap between large particles in the model. 
Increasing the minimum size of particle weakens its fill-
ing capacity to the pores. This gradually increases the 
voids and consequently the permeability of the cement 
paste. Table  4 also shows that the model connectivity, 
the permeability coefficient, and its standard deviation 
increases slowly with the increase of the minimum size 
of cement particle. Similar influence of the particle size 
distribution on the permeability of cement paste can 
be observed in the study of Pignat et  al. (Pignat et  al., 
2005).

The fitting result is shown in Fig. 13.

Fig. 11  Influence mechanism of the model permeability.

Table 3  Model simulation result at different reaction temperatures with w/c = 0.5.

Reaction temperature (℃) 10 15 20 25 30 35 40

Average permeability coefficient (10–20 
m2)

128.300 68.600 6.181 4.702 4.438 3.156 1.984

Standard deviation (10–20 m2) 200.558 108.096 26.783 18.726 25.40 9.979 8.801

Connectivity (η) 0.84 0.85 0.49 0.35 0.31 0.35 0.25
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4.3.2 � Maximum Size of the Particle
The maximum size of the particle is the main control-
ling factor for the large particles in cement paste which 

play a significant role in constructing the basic structure 
of the permeation network. For a given model size and 
water-cement ratio, if the diameter of maximum cement 
particle is larger, lesser particles are placed in the model 
which increases the voids as well as the permeability of 
the model. Therefore, changing the maximum size of par-
ticle will directly affect the permeability of cement paste. 
Table 5 also shows the increasing trend of pore connec-
tivity, permeability coefficient and its standard deviation 
with increase in maximum size of particle.

The fitting result is shown in Fig. 14.
It should be noted that the large coefficient of variabil-

ity (> 100%) observed through Tables 1, 2, 3, 4, and 5 is 
mainly due to the inherent random porous medium.

4.4 � Model Size
In addition to hydration reaction time, hydration reaction 
temperature, water–cement ratio and cement particle 
size, the size of the hydration model will also affect the 
overall permeability coefficient and the model stability. 
The selection of model size is critical in the hydration and 
permeation simulation since the model size should be 
consistent with the RVE size of cementitious materials.

Fig. 12  Fitting curve of permeability coefficient vs. reaction 
temperature.

Table 4  Model simulation result for different minimum size of 
particle with w/c ratio-0.5.

Minimum size of particle 
( µm)

1 2 4 8 16

Average permeability coef-
ficient (10–20 m2)

5.635 6.181 6.849 7.651 9.782

Standard deviation (10–20 m2) 21.632 26.783 26.368 20.014 28.524

Connectivity (η) 0.48 0.49 0.50 0.46 0.53

Fig. 13  Fitting curve of permeability coefficient vs. minimum size of 
particle.

Table 5  Model simulation result for different maximum size of 
cement particle with w/c ratio-0.5.

Maximum size of particle ( µm) 30 35 40

Average permeability coefficient 
(10–20 m2)

2.147 3.375 6.181

Standard deviation (10–20 m2) 11.873 10.769 26.783

Connectivity (η) 0.36 0.46 0.49

Fig. 14  Fitting curve of upper limit of cement particle size and water 
permeability coefficient.
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For the quantitative analysis, the simulation was per-
formed on model of size 100 µm , 125 µm , 150 µm , 175 
µm , 200 µm , 225 µm , and 250 µm with water–cement 
ratio of 0.5, the maximum and minimum size of the 
cement particle as 40 µm and 2 µm , respectively, and the 
hydration reaction time of 28 days at the temperature of 
20 °C. The influence of model size on its overall perme-
ability coefficient and the standard deviation are plotted 
in Figs. 15 and 16, respectively.

As observed in Fig.  15, the model permeability coef-
ficient decreases significantly with the increase in 
model size when the size is less than 200 µm , but when 
the model size is larger than 200 µm , the permeability 

coefficient tends to be stable. Furthermore, as observed 
in Fig. 16, when the model size is less than 175 µm , the 
standard deviation of model permeability coefficient 
decreases significantly with the increase of model size, 
but it tends to be stable when the model size is larger 
than 175 µm . The reason for this can be explained as: 
when the model size is small, the total number of cement 
particles in the model is small. They are likely to gather 
in certain area of the model which increases its overall 
permeability coefficient. With the increase of the model 
size, the number of particles in the model increases con-
tinuously and the internal permeation network becomes 
complicated which reduces the concentration of particles 
in certain area. This weakens the influence of large-size 
pores in the model, thus reduces the permeability coef-
ficient. When the model size is large enough, even if 
some cement particles are concentrated in certain area, 
its influence on the overall permeability coefficient of the 
model is small or negligible. Thus, the overall permeabil-
ity coefficient of the model will no longer change with the 
size of the model.

Under the current conditions, considering the stabil-
ity of the model results, the model size should not be less 
than 175 µm and considering its accuracy, the model size 
should not be less than 200 µm . Thus, the optimal size 
of the model in this paper is adopted as 200 µm and the 
recommended size of the model in simulation process for 
the cement paste should be 5 times the maximum size of 
the cement particles.

5 � Conclusion
A new meso-scale pore network model for the per-
meation simulation of saturated cement paste using the 
weighted Voronoi diagram has been developed. The 
weighted Voronoi diagram is used because it consid-
ers the different particle size and can produce a straight 
interface in the model. The minimum gap between two 
hydrated cement particles has been considered as the 
diameter of the capillary tube and this method is much 
simpler with enough accuracy compared with the other 
pore network model, which generally follows the exact 
profile of the pores. However, the accurate curvilinear 
profile of the pores is still an assumption and is only 
critical in hysteresis simulation, such as drying–wetting 
cycles, which is beyond the scope of this paper. Referring 
the study of Zheng et al. (2005a, 2005b), hydration simu-
lation was completed which provides the background for 
establishing the pore network. The hydration simulation 
and the predicted permeability results show good match 
with the previous experimental results. The paramet-
ric study for the factors influencing permeation simula-
tion including water–cement ratio, hydration reaction 
age, hydration reaction temperature and cement particle 

Fig. 15  Influence of model size on permeability coefficient.

Fig. 16  Influence of model size on standard deviation of 
permeability coefficient.
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size has been studied. For the cement particle size, upper 
limit of the particle has higher influence as compared to 
lower limit. From the perspectives of accuracy, stability 
and calculation duration of simulation, the size of the 
model is recommended to be five times the size of maxi-
mum cement particle.
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