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Abstract 

This paper investigated the working behavior characteristics of six reinforcement concrete (RC) beams subjected 
to bending based on the numerical shape function (NSF) method and structural stressing state theory. Firstly, the 
structural stressing state mode is expressed based on the generalized strain energy density (GSED) derived from the 
measured strain data. Then, one of the Carbon Fiber Reinforced Plastic (CFRP)-strengthened RC beams is taken as an 
example and the leap characteristics of RC beam’s stressing state are detected by applying the Mann–Kendall (M–K) 
criterion, updating the existing definition of the structural failure load. Accordingly, the stressing state modes and 
strain fields of the CFRP-strengthened RC beam are proposed to reveal their leap characteristics. Furthermore, through 
comparing the working performance of six RC beams, the effects of different strengths and different reinforcement 
ratios on CFRP strengthening performance are investigated. Finally, the NSF method is applied to reasonably interpo-
late the limited strain data for further revealing the stressing state characteristics of the RC beams. The research results 
explore a new analysis method to conduct an accurate estimation of the structural failure load and provide a refer-
ence for the future design of CFRP-strengthened RC beams.
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1 Introduction
Reinforced concrete (RC) structures are extensively used 
in civil engineering construction and most of the existing 
RC structures are in need of reinforcement and mainte-
nance due to corrosion, freezing and thawing cycle, sul-
fate attack, and physical damage from impacts. (Toutanji 
et al. 2006; Benjeddou et al. 2007; Rafi et al. 2008; Hawileh 
et  al. 2015). To tackle this problem, Fiber Reinforced 
Plastic (FRP) has been widely adopted in strengthening 

and retrofit of structural members, such as slabs, beams, 
and columns (Bousahla et  al. 2020; Medani et  al. 2019; 
Draoui et al. 2019; Karami et al. 2019). The FRP materials 
are known to have the high strength-to-weight ratio, high 
durability, electromagnetic neutrality, ease of installation, 
resistance to corrosion, rapid execution with low labor, 
and practically unlimited availability in size, geometry 
and dimension of these materials (Ali et al. 2014; Salama 
et al. 2019; Hawileh et al. 2014). Carbon Fiber Reinforced 
Polymer (CFRP) possibly enhances the mechanical prop-
erties of concrete compared to other types of FRP owing 
to its larger modulus and tensile strength. Therefore, the 
strengthening technique of using CFRP is extensively and 
rapidly increasing in the construction filed (Abualnour 
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et  al. 2019; Draiche et  al. 2019; Belbachir et  al. 2019; 
Sahla et al. 2019).

In order to investigate the behavior of strengthened 
structures or members by CFRP, various experiments 
of this innovative strengthening method have been con-
ducted after the 21th century. Experimental studies 
have demonstrated (Hawileh et  al. 2015; El-Ghandour 
2011; Attari et  al. 2012; Balamuralikrishnan and Jeyase-
har 2009) that externally bonded CFRP can be used to 
effectively improve the desired performance of a struc-
tural member such as its load carrying capacity, flexural 
strength, stiffness, ductility, durability, as well as per-
formance under cyclic and fatigue loading. Spadea et al. 
(2001) investigated the strength and ductility aspects 
of RC beams strengthened with an externally bonded 
CFRP laminate and found that the significant increases 
in strength obtained by strengthening with bonded CFRP 
laminates are at the expense of ductility. Li et al. (2006) 
performed an experimental study to predict the loading 
carrying capacity of RC beams strengthened with CFRP 
composites. The results of tests verified that, in contrast 
with a control beam, initial cracking loads of strength-
ened beams increase slightly, whilst stiffness and ductility 
increase more and the ultimate loads increase considera-
bly. Altin et al. (2010) manufactured 10 T cross-sectioned 
half-scale simply supported beam specimens to obtain 
ductile flexural behavior for shear-deficient RC beams 
and found that CFRP strips without anchorages improved 
the shear strength of shear deficient beams, but they can-
not prevent the shear failure. Besides, Dias et  al. (2018) 
carried out an experimental program to investigate the 
flexural behavior of RC beams strengthened using the 
NSM technique with CFRP laminates. The experimental 
results show that NSM CFRP laminates is an effective 
solution to increase flexural strength, cracking, yielding 
and maximum loads of beams failing in bending.

In addition, extensive studies were conducted to iden-
tify the experimental parameters (the length, thickness, 
position, form and layer number of CFRP, the shear 
span ratio, reinforcement ratio and concrete strength 
of the experimental beam, etc.) effect on the structural 
behavior of RC beams strengthened with CFRP. Ashour 
et  al. (2004) studied the effect of different parameters 
including the length, thickness, position and form of 
the CFRP on the failure of 16 RC beams with external 
CFRP laminates. The findings verified that when the 
two-layer fibers are used for strengthening, the increase 
of the length of the second layer of the fiber on the per-
formance of beams approaches a constant value if the 
length of the second layer reaches some limit. Osman 
et  al. (2019) undertook experimental and numeri-
cal studies to investigate the performance of seven RC 
beams under four-point loading with different concrete 

strength, shear span-to-depth ratios, longitudinal and 
vertical reinforcement ratios. The results found that as 
the longitudinal reinforcement ratio is increased, there 
is a small increase in the concrete shear strength, and 
the contribution of CFRP laminates on the load capac-
ity and rigidity of repaired RC beams is significant for 
any concrete strength class.

From the literature above, the lack of sufficient 
experiments on RC beams strengthened with CFRP to 
investigate the effect of beam parameters on the per-
formance of RC beams can be seen. Besides, the above 
literature focused on single aspects of failure, such as 
reinforcement ratio or concrete strength. To some 
extent, the high test cost limits the development of 
research on CFRP-strengthened RC beams. Further-
more, the measured strain data has always been under-
utilized in existing experimental analysis, leading to the 
neglect of valuable unseen information about structural 
working behavior characteristics. Therefore, it is sig-
nificant to apply an innovative and appropriate method 
to analyze the working behavior of CFRP-strengthened 
RC beams on the basis of existing experimental data. 
In addition, the finite element simulation of CFRP-
strengthened RC beams inevitably adopts experiential 
simplification, assumption, etc. Consequently, the sim-
ulation results of structural responses usually different 
from that of the actual experiment in different degrees, 
which makes it difficult to reflect the structural change 
characteristics through simulation.

In consideration of all these problems, this paper 
applies the innovative methods to reveal the undis-
covered the stressing state characteristics of CFRP-
strengthened RC beams under loading processes. 
According to the structural stressing state theory, the 
strains of all measuring points of the CFRP-strength-
ened RC beam are modeled as generalized strain energy 
density (GSED) to describe the RC beams’ stressing 
state modes and the sum of GSED is introduced as 
a characteristic parameter to express the RC beams’ 
stressing state. Then, the Mann–Kendall (M–K) cri-
terion is used to distinguish the characteristic loads. 
Additionally, the effects of different concrete strengths 
and reinforcement ratios on the RC beams’ perfor-
mance can be revealed by comparing the stressing state 
modes of RC beams established by the measured strain 
data. Finally, Using the numerical shape function (NSF) 
method to interpolate the limited experimental data, 
the strain fields and internal forces of the RC beams 
are obtained to further analyze the structural behavior. 
The results achieved in this paper could provide a ref-
erence for the research and design improvement of RC 
beams and other structures strengthened by CFRP in 
the future.
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2  Method and Theories of Structural Stressing 
State

2.1  Structural Stressing State Concept
The structural stressing state is the inner or outer modes 
of the structure (including the components/units or their 
combinations) under a certain loading case defined by 
Zhou et  al. (2006), which can be characterized by the 
matrix or the vector consisting of structural responses, 
such as strains, deflection, GSEDs, internal forces, strain 
fields and so on. The structural stressing state is generally 
for the whole structure and component stressing state for 
individual structural components, local parts, and inter-
nal forces. The structural stressing state will change with 
the increase of load and manifest different characteristics 
at some special load levels, which complying the natu-
ral law from quantitative change to qualitative change 
of a system (Shi et  al. 2018). Therefore, when the load 
reaches a certain value, the structural stressing state will 
inevitably present a qualitative mutation (shape change 
or amplitude change of stressing state mode). Here, this 
paper defines the load corresponding to the qualitative 
mutation of the structural stressing state as updated fail-
ure load, that is, the starting point of structural failure, so 
as to updating the existing analytical theories and analyti-
cal methods as well as the more reasonable design codes.

2.2  Modeling of Structural Stressing State
As mentioned above, the stressing state mode of the 
CFRP-strengthened RC beam is the numerical descrip-
tion of the working behavior characterized by struc-
tural responses. In order to construct the numerical 
mode expressed in the form of vector or matrix and the 
corresponding characteristic parameters, generalized 
strain energy density (GSED) is adopted to numerically 
describe the stressing state of a measured point (Huang 
et al. 2014). Therefore, for one measured point of the RC 
beam, its GSED value can be expressed as

where Eij is the GSED value of the i-th measuring point 
under the j-th load; σ1, σ2, σ3 and ε1, ε2, ε3 are three prin-
cipal stresses and strains, respectively. Hence, in order 
to calculate the stressing state of the entire structure or 
some segments of the whole, GSED values of all con-
cerned points should be summed, that is

where Ej is the structural GSED sum of all the measur-
ing points under the j-th load, n is the total number of 

(1)Eij =
∫

σ1dε1 + σ2dε2 + σ3dε3

(2)Ej =
n

∑

i=1

Eij

points. Then, the E–Fj curve can be plotted to investigate 
the structural stressing state features.

2.3  Mann–Kendall Criterion
The Mann–Kendall (M–K) method as a nonparamet-
ric statistical method is generally used in trend analysis 
without the necessity for samples to conform with cer-
tain distributions or interference of a few outliners, and 
the leap characteristics of the structure can be detected 
from the E–F curve (Mann 1945; Kendall 1948; Hirsch 
et al. 1982). It is assumed that the sequence of {Ej (i)} (the 
i-th load step, i is 1, 2, …, n) is statistically independent, 
and a new stochastic variable Qk at the k-th load step is 
defined as

where hi is the cumulative number of the samples; “+ 1” 
means adding one more to the existing value if the 
inequality on the right side is satisfied for the jth com-
parison. The mean value E(Qk) and variance V(Qk) are 
calculated by

Then, a new statistic UFk is defined by

Accordingly, the UFk–Fj curve can be plotted. The pro-
ceeding of the inverse {Ej (i)} sequence is consistent with 
before, which can form the UPk–Fj curve. Consequently, 
the intersecting point of the UFk and UPk curves is the 
characteristic load of the E–Fj curve.

2.4  Method of Numerical Shape Function
In the structure analysis, to some extent, the limited 
data of structural responses collected from experiments 
can reflect the working behavior characteristics of the 
structure under loading. However, it cannot provide a 
full expression of the structural response mechanism 
and characteristics. Therefore, the method of numerical 
shape function (NSF) interpolation is proposed to obtain 

(3)Qk =
k

∑

i

Di (2≤k < n)

(4)Di =
{ + 1 Ei > Ej(1 ≤ j ≤ i)

0 otherwise

(5)E(Qk) =
k(k − 1)

4
(2 ≤ k ≤ n)

(6)V (Qk) =
k(k − 1)(2k + 5)

72
(2 ≤ k ≤ n)

(7)UFk =







0 k = 1

Qk − E(Qk)√
V (Qk)

2 ≤ k ≤ n
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detailed information about structural response through 
interpolating/expanding experimental data, which has 
clear physical significance. The NSF method is a new and 
effective interpolation method, which applies generalized 
numerical simulation of a specific ideal physical model 
to construct discrete weighting function based on the 
concept of shape function in the finite element method 
(FEM) (Ayers 2006; Padhi et al. 2001).

Here, in order to introduce this method, the deflection 
field of B3’s mid-span section is used as an example. It is 
can be seen from Fig. 1a that the section is constructed 
and properly meshed with element Shell 181 by ANSYS, 
and 19 measuring points are adopted as the sampled 
points of the NSF. Then, a unit displacement at measur-
ing point i along the z-axis is applied to the section, while 
the other ones are fixed to restrict rigid displacements. 
Therefore, the numerical shape function Ni of the ith 
measuring point can be derived from FEM. As a result, 
Fig. 1a, b and c shows the shape function of N2, N5 and 
N7, respectively. Without considering large deformation 
or elastoplasticity, the displacement field constructed by 

Castigliano’s theorem is independent of loading paths, 
and the linear superposition can be used for the simula-
tive results that have explicit physical meanings. Hence, 
according to the deflection of the 19 sampled points, the 
deflection field is obtained by Eq. (8),

where D is the deflection field of the whole section, Ni 
is the numerical shape functions of i-th measuring point, 
Ni(xj) is the function value at element node xj, n is the 
total number of element nodes, and m = 19 is the total 
number of measured points.

Consequently, the limited experimental measuring 
strain on the cross-section could be expanded by the 
NSF interpolation to achieve strain fields and the internal 
forces distribution of the structure. Hence, this method 
could meet the requirements for in-depth experimental 
analysis and reveal global/local working characteristics of 
the structure.

(8)

D =
m
∑

i=1

uiNi, Ni =
[

Ni(x1),Ni(x2) · · ·Ni

(

xj
)

· · ·Ni(xn)
]
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Fig. 1 Finite element model and contour map of numerical shape function: a Finite element model; b Shape function N2; c Shape function N5; d 
Shape function N7.
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2.5  Accuracy Verification of Expanded Experimental Data
In order to evaluate the accuracy of the NSF method, the 
measured strain at 17 points of the B3 beam’s mid-span 
section are used to construct the strain filed, and then 
the interpolation results at the other two points (points 1 
and 7) of the cross-section could be obtained. Therefore, 
these interpolation values are compared with the experi-
mentally measured ones, and the error of the i-th point 
under the j-th load between them can be calculated by

where δij is the error of the i-th point under the j-th load 
between interpolation and experimental results, εs ij and 

(9)δij =

∣

∣

∣

∣

∣

εsij − εeij

εeij
× 100%

∣

∣

∣

∣

∣

εe ij are respectively the interpolating and experimental 
strains of the ith point under the j-th load.

The average error of the i-th point during the whole 
loading process can be calculated by

where δ̄i is the average error of the ith point, N is the total 
number of load steps. Therefore, the accuracy of the NSF 
method could be demonstrated through the error values 
and the comparison curves between interpolation and 
experimental data.

Here, the measured points 1 and 7 are used as an exam-
ple and the interpolation and experimental curves of 
them are plotted in Fig. 2 to reflect the accuracy of inter-
polation. The two curves for the same point have great 
fitting degrees even overlapping with each other in the 
whole loading process. The maximum and average errors 
of points 1 and 7 are respectively 11% and 6%, 11.7% and 
7%. In addition, the interpolation results of other RC 
beams also present a great fitting degree, which could 
meet the requirement of the application. Hence, the NSF 
method could expand experimental data accurately so as 
to further investigate the structural working behavior of 
RC beams.

3  Experiment of RC Beams
3.1  Configuration of the RC Beams
He conducted the experiment of six RC beams with 
the same section labeled B1, B2, B3, B4, B5 and B6 (He 
2016). As shown in Fig. 3, the experimental RC beam is 
2300  mm in length, 4:1 in shear span ratio, 150  mm in 
width and 500  mm in height. In addition, the effective 
length is 2000  mm with two ends simply supported. 

(10)δ̄i =
1

N

N
∑

j

δij

Fig. 2 The comparison between experimental and interpolated 
strain of CFRP-strengthened RC beam B3.

a b
Fig. 3 The geometric configuration of the experimental RC beam (units: mm): a geometric shape and sizes of the RC beam; b the reinforcement 
distribution, shape and sizes of cross-section.
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Figure 3b shows the section dimension and the configu-
ration of the reinforcement. The tensile strength and 
elastic modulus of the CFRP sheet are 3512 MPa and 246 
GPa. And the thickness of the single-layer CFRP sheet is 
0.167 mm. Table 1 lists the detailed parameters of these 
experimental CFRP-strengthened RC beams.

3.2  Measuring Point Arrangement
Strains of two layers of longitudinal reinforcement and 
CFRP are recorded at the mid-span and 5L/12 cross-sec-
tion and strains of concrete are recorded at the mid-span 
cross-sections. In addition, the concrete strain gauges are 
evenly distributed along the side of the beam at a distance 
of 90 mm. Figure 4a shows the arrangement of measuring 
points for the entire section of the RC beam. Figure 4b, 
c show the strain gauge arrangement of CFRP and rein-
forcements respectively.

3.3  Loading Scheme
As shown in Fig. 5, the concentrated load (F0) is applied 
by jack at the mid-span of the experimental RC beam, 
then F0 is allocated at three diving points through dis-
tributing beam. By employing step loading, F0 increased 
10 kN at each load level before cracking load, and after 

cracking load F0 increased 5 kN at each load level until 
the RC beam reaches the limit state.

4  Stressing State Analysis of the RC Beam B3
4.1  GSED‑Based Structural Stressing State 

and Corresponding Characteristic Parameter
The GSED values of all measuring points on the 
mid-span cross-section are used to form a vector 
to represent the stressing state mode of RC beam, 
Sj = [eM1, eM2, . . . , eMi, . . . , eMN ]

T , in which ei is the 
GSED value of the i point among N measuring points at 
the mid-span cross-section of RC beam. The correspond-
ing characteristic parameter of  Sj proposed to reveal the 
RC beam’s stressing state features is expressed as the sum 
of the GSED values:

where eij is the GSED value of the i-th measuring point to 
the j-th load level; N is the number of measuring points 
of the mid-span section. Therefore, based on the GSED 
values, the structural stressing state is modeling by  Sj and 
the corresponding characteristic parameter Ej at each 
load level is proposed to characterize the change of struc-
tural performance. Then, the E–Fj curve can be utilized 
to investigate the leap features of RC beam’s stressing 
state.

4.2  Investigation into the E–Fj Curve
Here, the sum of GSED values (E) under each load 
can be calculated by Eq.  (2), then the E–Fj curve can 
be plotted to reflect the changing characteristics of the 
structural stressing state. And two characteristic points 
P (100 kN) and Q (200 kN) in the E-Fj curve are dis-
tinguished using the M–K criterion, as shown in Fig. 6. 
Accordingly, the structural stressing state during the 

(11)Ej =
N
∑

i=1

eij

Table 1 The detailed parameters of  experimental CFRP-
strengthened RC beams.

Specimen 
number

Layer 
number

Concrete 
strength

Bottom 
reinforcement 
configuration

B1 0 C30 4C10

B2 1 C20 4C10

B3 1 C30 4C10

B4 1 C30 4C12

B5 1 C30 4C14

B6 1 C40 4C10

a c

b

Fig. 4 The testing arrangement and layout of strain gauge: a the strain measurement of concrete on the mid-span cross-section; b the strain 
measurement of longitudinal reinforcements; c the strain measurement of CFRP.
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whole loading process can be divided into three stages 
by the two characteristic loads: (1) before the load P, 
the E-Fj curve is basically in the stage of linear slow 
growth, signifying that the B3 RC beam is basically in 
quite stable linear-elastic stressing state. (2) from P to 
Q, the curve increases still slowly and steadily, but it 
shows nonlinear growth, which could be indicated that 
the B3 RC beam enters stable elastic–plastic stress-
ing state due to the development of concrete crack. (3) 
After the load Q, the curve increases sharply probably 
due to the further plastic development of the B3 RC 

beam, implying that the beam turns into an unstable 
stressing state from the stable stressing state.

Therefore, the characteristic load P can be seen as the 
demarcation point from an elastic working state to a plas-
tic working state. Although a part of the concrete or rein-
forcement has been in the plastic working state, the sum 
of GSED value E of the beam is still in a relatively stable 
growth state. Thus, the tested RC beam still has stable 
performance. After the characteristic load Q, it is appar-
ent that the stressing state of the tested RC beam appears 
mutation due to the continuous accumulation of plastic 
deformation, according with the natural law from quanti-
tative change to qualitative change of a system. Therefore, 
the characteristic load Q is defined as the failure load, 
which could be seen as the termination of the previous 
stable stressing state. Moreover, it could also be regarded 
as the beginning of the structural failure process. Accord-
ingly, load Q is defined as the failure load of the RC beam, 
which is updated the existing failure load (ultimate load) 
and reflects inherent mutation characteristic of the struc-
tural stressing state. That is to say, the mutation load of 
the structural stressing state is determinate and could be 
taken as the reference to the determination of structural 
design load.

4.3  Analysis of Structural Stressing State Mode Based 
on the Measured Strain

The trend changing curves of strain-based stressing 
state modes are plotted in Fig. 7a, b to detect the chang-
ing features of stressing state mode. It can be seen from 

F0

Pressure distribution beam

CFRP sheet
Bottom view of test beam

Fig. 5 The simplified model of experimental RC beam and loading mode.
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the Fig. 7 that the curves are divided into three different 
developing trends. Before the load P, the Strain-Fj curves 
almost keep linear growth, and bottom reinforcements, 
upper reinforcements and CFRP are in elastic stage with-
out yield, indicating that the stressing state of B3 RC 
beam stays in a stable elastic stressing state. After that, 
the curves increase slowly and begin to separate, reflect-
ing that B3 RC beam turns from linear-elastic state to 
elastic–plastic state. More specifically, From P to Q, the 
strain increases faster than the previous stage with the 
change of structural stressing state caused by the plastic 
deformation of sections. In addition, it is evident from 
Fig.  7a that the bottom reinforcements and upper rein-
forcements of section A are basically the same in the early 
stage of elastic–plastic state, but all the curves separate as 
the load increases. As shown in Fig. 7b, the development 
trend of bottom reinforcements, upper reinforcements 
and CFRP in elastic–plastic stage is basically the same. 
After load Q, all the curves mutate and the strain further 
increases rapidly with the load, manifesting that B3 RC 
beam begins to enter the unstable stressing state. It can 
be found in Fig.  7a that the strain of bottom reinforce-
ments increases sharply and gradually reaches the yield 
strain caused by the yielding of upper reinforcements. 
Therefore, the stressing state modes reveal the leap char-
acteristic at load P and load Q consisted with that distin-
guished by the M–K method in Fig. 6.

Meanwhile, the strain-based stressing state modes can 
be expressed through the other form as well. As shown in 
Fig. 8, the mutations of structural performance can also 
be confirmed, which is consistent with the law revealed 
in Fig. 8. More specifically, after the load Q (dashed lines), 
the strains increase sharply than previous stage, implying 

the structural stressing state mode occurs mutation at 
failure load determined by the M–K criterion. There-
fore, the increment of strain values with the increasing 
load can also reveal the leap features at the characteristic 
load Q. In addition, the increment of strain values can be 
regarded as the corresponding characteristic parameter 
of the strain-based stressing state mode.

4.4  Characteristic of Stressing State Mode 
for Plane‑Section

Here, in order to investigate the changing process of 
RC beam‘s sectional working features, the strains of 
concrete along the height of mid-span cross section 
are constructed the sectional stressing state mode, 
Sj =

[

s1j , s2j , s3j , s4j , s5j , s6j
]T , in which j is load step and 

the s1j, s2j, s3j,s4j, s5j and s6j are the strains of measuring 
points under the j-th load. It is evident from Fig. 9 that 
the strain growth rate of the lower section is much faster 
than that of the upper section. As Fig.  9 shows, before 
100 kN, the strain values of these six measuring points 
are basically in a straight line and all of them do not 
reach the εy = 330 με (the cracking strain of concrete), 
manifesting that the mid-span cross section of RC beam 
maintains flat state during this load-bearing stage. After 
100 kN, the concrete strains at the bottom of RC beam 
increase sharply on account of the intensive development 
of concrete crack. It can be seen from the Fig. 9 that the 
flat state of the section begins to embody a slight non-
linear state caused by the elastic–plastic deformation of 
the RC beam but still keeps the basic flat state. Then, the 
flat state change of the mid-span cross section emerges 
at load Q, indicating that the plastic deformation will 
gradually develop to other locations. After the load Q, 

a b
Fig. 7 The strain-based stressing state mode with the increasing load: a the Strain-Fj curves at the L/2; b the Strain-Fj curves at the 5L/12.
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the concrete strains at the bottom of RC beam increased 
very sharply, signifying that the stressing state mode of 
the RC beam begins to change from the elastic–plas-
tic state into plastic state and the concrete almost loses 
its bearing capacity due to the sufficient development 
of concrete cracks. The structural stressing state of RC 
beam changes from stable to unstable. Therefore, it is 
reasonable to define the load Q as the failure load of the 
RC beam, revealing the leap characteristic of the stress-
ing state mode.

4.5  Change Characteristics Reflected by Strain Fields
Certainly, the performance features of RC beams around 
the updated failure load Q and their respective working 
behavior characteristics under loading can be reflected 
on the basics of experimental strain data in some extent. 
However, these limited data could only reflect the dis-
tribution and the development of strains of each meas-
ured point, that is, the local structural working features. 
Therefore, the NSF method is applied to the mid-span 
section of B3 RC beam, so as to obtain the strains at 
unmeasured points of the cross section. The change 
characteristics of the B3 RC beam’s structural stressing 
state can be described more intuitively by constructing 
the strain fields of the cross section. It is apparent from 
Fig. 6 that three stressing state stages of the B3 RC beam 
are divided by the two characteristic loads, respectively, 
the elastic, and failure one. Therefore, the strain fields of 
B3 RC beam around the characteristic load Q are plot-
ted to investigate the changing characteristics of the 
cross section. Additionally, in the contour maps with the 
same color scale, the separatrix of 330 με (ultimate tensile 
strain), 880 με and 3080 με are marked with red, blue and 
brown dotted lines respectively to intuitively observe the 
distribution characteristics of strain area.

As depicted in Fig.  10, it can be seen that the region 
beyond ultimate tensile strain expands largely before 
and after 200 kN, indicating a qualitative leap at failure 
load Q. Besides, after the failure load 200 kN, the area of 
strain concentration expands continuously and rapidly. 

Fig. 8 The changing features of strain-based stressing state mode.

Fig. 9 Location-strain curves of mid-span cross section.
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Therefore, the failure load 200 kN was a boundary for the 
RC beam, implying that the RC beam is in a quite unsta-
ble stressing state with potential risk and not suitable for 
continued loading from then on. In addition, it is obvious 
that there is a local strain reduction area in the lower part 
of the RC beam cross section. Hence, it could be specu-
lated that the local strain reduction area may be caused 
by the strengthening effect of CFRP. Hereafter, with the 
increase of load, the area of the local strain reduction area 
gradually shrinks and then disappears. Thus, the strain 
fields expanded by the NSF method could reveal the sec-
tional changing characteristics under loading, such as the 
detection of location strain concentration, etc., which can 
help researchers deeply understand the working behavior 
of the RC beam.

5  Investigation into RC Beams with Different 
Concrete Strength

5.1  The E–Fj Curves of RC Beams with Different Concrete 
Strength

From the perspective of GSED, this paper investigates 
the effects of different concrete strength on the perfor-
mance of RC beams strengthened by CFRP, the E–Fj 
curves of these four specimens (B1, B2, B3 and B6) are 
plotted in the same graph, as shown in Fig.  11. A com-
parative analysis of the four results reveals that there is 
almost no difference among all the E–Fj curves before 70 

kN, indicating the strengthening performance of CFRP 
is not sufficiently exerted and the behavior of tested 
concrete beam strengthened with CFRP has few differ-
ences with the contrast concrete beam without wrap-
ping CFRP. Subsequently, after 70 kN, the E–Fj curves of 
these four specimens appears bifurcation, demonstrating 
the strengthening effect of CFRP become obvious due 
to the development of concrete cracks and the yield of 
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Fig. 10 The strain fields around characteristic loads Q.
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steel bars with load increase. In addition, the failure loads 
of B1, B2, B3 and B6 are determined by following the 
same method as proposed in Sect. 3, as listed in Fig. 11. 
Generally, these results indicate that the failure loads of 
RC beam strengthened with CFRP (B2, B3 and B6) are 
apparently enhanced than that of B1. Through compar-
ing failure load and ultimate bearing capacity of the three 
different concrete strength, some research results can be 
concluded as follows:

1. As can be seen from the E–Fj curves of RC beam 
strengthened with CFRP (B2, B3 and B6) in Fig. 11, 
the GSED values increase sharply after the failure 
load, which can be attributed to the rapid develop-
ment of plastic deformation. Furthermore, the failure 
load can be considered as the characteristic load of 
the reinforcement effect. That is, although the RC 
beams can still bear load after the failure load, the 
CFRP is unable to provide enough reinforcement 
effect for the RC beams to maintain a stable stressing 
state.

2. The elastoplastic boundary load of B1 is the same as 
that of B2 and B3, but the elastoplastic boundary load 
of B6 is much larger, manifesting that the RC beam 
with higher concrete strength has longer elastic stage. 
The failure load of RC beams strengthened with 
CFRP (B2, B3 and B6) are significantly higher than 
that of the contrast RC beam (B1) and the failure 
load increases uniformly with the increasing concrete 
strength. In addition, the variation law of the ultimate 
load for B1, B2 and B3 is the same as the failure load 
but the ultimate load of B6 is significantly higher than 
that of B3. Moreover, the difference between ultimate 
load and failure load of B6 is 70  kN, while that of 
other specimens is 50 kN. In summary, the B6 com-
pared with the remaining RC beams not only has the 
largest elastoplastic boundary load, failure load and 
ultimate load, but also has the best bearing capacity 
after failure load. That is, CFRP can play a better role 
in strengthening performance of high strength con-
crete.

5.2  Investigation into the Stressing State Modes of RC 
Beams with Different Concrete Strength

As shown in Fig. 12, the dash line corresponds to the fail-
ure load of the RC beams. It can be seen that the strain 
modes of concrete vividly show the stressing state char-
acteristics of the RC beams strengthened by CFRP with 
different concrete strength. Through comparing these 
four graphs, several apparent conclusions can be summa-
rized. Firstly, after the failure load (dash lines), the strains 
of these four RC beams present a sharp increase trend. 

Hence, the strain modes of concrete also well reflect the 
mutation characteristics at failure load. Secondly, the 
strain growth rate of the contrast beam (B1) after fail-
ure load increases rapidly with the continuous expansion 
of concrete cracks and the yield of steel bars. However, 
after the failure load, the strain growth of these tested 
beams (B2, B3 and B6) is relatively uniform and the strain 
growth rate is relatively stable. Furthermore, through 
comparing B2, B3 and B6, it is apparent from Fig. 12a–c 
that the strain growth of B6 is the most uniform, and it 
still has good performance after the failure load. There-
fore, the comparison of these four beams reveals that 
CFRP can manifest superior reinforcement performance 
in beams with high concrete strength.

Meanwhile, in order to investigate the strain charac-
teristics of two layers of steel and CFRP, the strain-based 
stressing state modes are plotted, as shown in Fig.  13. 
These strengthened beams (B2, B3 and B6) show that 
the strain growth of the two layers of reinforcement and 
CFRP before the failure load increases slowly, but the 
strain of all three increases sharply after the failure load. 
In addition, it is obvious that the strain of CFRP of three 
beams is much smaller than that of two-layer steel bars 
in the early stress state, but the strain of CFRP gradually 
increases significantly with the increase of load. More 
specifically, in the early stress stage of the strengthened 
beam, the strain value of CFRP is very small due to its 
large elastic modulus. However, as the main stress part, 
the strain value of CFRP increases rapidly due to the 
development of concrete cracks and the yield of steel 
bars with load increases. Besides, it is apparent that the 
strain values of B3 and B6 are larger than that of the rein-
forcement, but the strain values of B2 beam are smaller 
than that of the reinforcement. That is, CFRP couldn’t 
fully exert its superior reinforcement properties on low 
strength concrete beams.

5.3  Stress Fields of the RC Beams with Different Concrete 
Strength

Here, in order to reveal the sectional variation character-
istics of the RC beams with different concrete strength, 
their strain fields around the characteristic load Q are 
plotted in Fig. 14. It can be seen that the lower sections 
of RC beams strengthened with CFRP (B2, B3, B6) all 
have local strain reduction regions, manifesting that the 
strengthening effect of CFRP restricts the strain devel-
opment of the RC beam’s lower part. Moreover, with 
the increase of load, the local strain reduction region 
will gradually shrink and then disappear, implying that 
the strengthening effect gradually disappears due to the 
stripping of CFRP from the concrete. Through compar-
ing B2, B3 and B6, the local strain reduction region’s area 
of RC beams strengthened with CFRP under failure load 
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increases with the increase of concrete strength, which 
could be implied that high strength concrete with high 
elastic modulus can give full play to the strengthening 
effect of CFRP. From the perspective of the strain concen-
tration area, the development degrees of strains are inves-
tigated, and it is found that the strain concentration area 
of the contrast RC beam (B1) without CFRP developed 
rapidly inward, while that of RC beams strengthened with 
CFRP (B2, B3, B6) gradually and slowly expanded upward 
along the side. That is to say, the strengthening effect of 
CFRP can also restrain the expansion of the strain con-
centration area. Therefore, the CFRP strengthening effect 

of high strength RC beam (B6) is better than that of low 
strength RC beams (B2, B3).

5.4  Internal Forces of the RC Beams with Different 
Concrete Strength

After applying the NSF method to construct the strain 
fields, the sectional internal forces can also be obtained 
to further investigate the damage characteristics of 
the RC beams with different concrete strength. Equa-
tions  (11) and (12) are proposed to calculate sectional 
internal forces of axial force (N) and bending moment 
(Mj), respectively:

a b

c d
Fig. 12 Location-strain curves of RC beams’ mid-span cross section with different concrete strength: a location-strain curves of the contrast beam 
(B1); b location-strain curves of CFRP-strengthened beam B2; c location-strain curves of CFRP-strengthened beam B3; d location-strain curves of 
CFRP-strengthened beam B6.
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where Nj is the axial force at jth load step, σij is the longi-
tudinal stress of the ith element at j-th load step, Ai is the 
area of the ith element, Mj is the bending moment at jth 
load step, yi is vertical distances of the i-th element from 
the neutral axis.

It can be seen in Fig. 15a, b that the bending moment 
and axial force of the contrast beam (B1) are much 
smaller than that of the CFRP-strengthened beam under 
the whole loading process. That is to say, CFRP can 
effectively improve the bearing capacity of RC beams. 
In addition, compared with other CFRP-strengthened 
beams (B2 and B3), B6 beam can still bear large bending 
moment and axial force after the failure load Q, which 
also indicates that high-strength concrete can give full 
play to the strengthening performance of CFRP. Hence, 
in the design of CFRP reinforcement and maintenance, it 
is necessary to fully consider that the effect of concrete 
strength on the performance of CFRP reinforcement.

6  Investigation into RC Beams with Different 
Reinforcement Ratio

6.1  The E–Fj Curves of Beams with Different Reinforcement 
Ratio

As shown in Fig. 16, the E–Fj curves of these three speci-
mens (B3, B4 and B5) with the same concrete strength 
and different reinforcement ratio are plotted in the 

(12)Nj =
∫

A

σdA =
∑

A

σijAi

(13)Mj =
∫

A

σydA =
∑

A

σijyiAi

same graph, so as to investigate the effects of different 
reinforcement ratio on the performance of RC beams 
strengthened by CFRP. It is apparent that there is basi-
cally no difference between the four E–Fj curves before 
90 kN, manifesting that the reinforcement effect of 
CFRP is not sufficiently exerted and the behavior of the 
contrast RC beam without wrapping CFRP has few dif-
ferences with tested RC beam strengthened with CFRP. 
Then, after 90 kN, the bifurcation of E–Fj curves become 
obvious with load increase, signifying CFRP gradually 
begins to be effective owing to the development of con-
crete cracks and the yield of local steel bars. Additionally, 
the failure loads of B1, B3, B4 and B5 are also determined 
through following the same path as proposed in Sec-
tion, as listed in Fig. 16. Overall, it is apparent from these 
results that the failure loads of concrete beam strength-
ened with CFRP (B3, B4 and B5) are significantly higher 
than that of B1. Through comparative analysis of failure 
load and ultimate bearing capacity of the four specimens, 
some research results can be concluded as follows:

1. From the E–Fj curves of RC beam strengthened 
with CFRP (B3, B4) in Fig. 16, it can be seen that the 
GSED value increases sharply after the failure load, 
which may be caused by the rapid development of 
plastic deformation. More specifically, the failure 
load can also be regarded as the characteristic load 
of the reinforcement effect. In other words, although 
the RC beams (B3, B4) can still bear a certain load 
after the failure load, the CFRP cannot provide 
enough reinforcement to keep the RC beams in a 
stable stressing state. In addition, it can be seen from 
Fig. 16 that the E–Fj curve of B5 RC beam is still in 

a b c

Fig. 13 The changing characteristics of strain-based stressing state modes: a the strain-based stressing state mode of CFRP-strengthened beam B2; 
b the strain-based stressing state mode of CFRP-strengthened beam B3; c the strain-based stressing state mode of CFRP-strengthened beam B6.
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a relatively stable growth state after the failure load. 
Then the brittle failure of the B5 RC beam occurred 
suddenly, which could be implied that the concrete 

in the compression area was crushed suddenly due to 
over-reinforcement.

2. By comparison, the failure load and ultimate load of 
RC beams strengthened with CFRP (B3, B4 and B5) 
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are significantly higher than that of the contrast RC 
beam (B1) and the failure load increases uniformly as 
the reinforcement ratio increases. However, with the 
reinforcement ratio increases, the increase of failure 
load and ultimate load is less and less.

6.2  Investigation into the Stressing State Modes of RC 
Beams with Different Reinforcement Ratio

As shown in Fig. 17, the dashed line represents the char-
acteristic loads Q of the RC beams. Obviously, the strain 
modes of concrete can vividly reveal the stressing state 
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characteristics of the RC beams strengthened by CFRP 
with different reinforcement ratio. Hence, several appar-
ent conclusions can be obtained by comparing these four 
graphs. After the failure load (dash lines), the strains 
of B1 and B3 RC beams present a sharp increase trend 
whether the over-reinforcement beams (B4, B5) are 
strengthened by CFRP or not. As shown in Sect.  4, the 
strain growth rates of B1 and B3 have been analyzed in 
detail. After the failure load, the strain growth of these 
tested beams (B3, B4 and B5) is relatively uniform and 
the strain growth rate is relatively stable. In addition, 
the strengthening effect of CFRP is more obvious in the 

over-reinforcement beams (B4, B5) than in balanced-
reinforced beam (B3). More specifically, through com-
paring B4 and B5, it can be seen that the strengthening 
effect of these two beams is basically similar, signifying 
that the brittle failure occurs to the upper concrete of the 
RC beams due to over reinforcement. Therefore, reason-
able reinforcement is very necessary to make full use of 
the reinforcement performance of CFRP.

As shown in Fig.  18, the strain-based stressing state 
modes are plotted to investigate the strain character-
istics of two layers of steel and CFRP. As for the strain-
based stressing state modes of the over-reinforcement 
beams (B4, B5), before and after the failure load Q, the 
strain growth of the upper reinforcement, bottom rein-
forcement and CFRP still increases uniformly. Here, the 
change characteristics of the strain-based stressing state 
modes are similar to those shown in Fig.  17. Hence, all 
the different forms of strain modes can reflect a similar 
change pattern of RC beams with different reinforcement 
ratios vividly.

6.3  Stress Fields of the RC Beams with Different 
REINFORCEMENT Ratio

To investigate the common sectional damage charac-
teristics of the RC beams with different reinforcement 
ratio, their strain fields around their respective charac-
teristic load Q are plotted in Fig.  19. The variation of 
B1 and B3 beams before and after the failure load has 
been described in Sect.  4. Through comparing B3, B4 
and B5, it can be found that the crack area of balanced-
reinforced beam (B3) expands upward with the increase 

a b
Fig. 15 The internal forces of the different RC beams: a the bending moments of the RC beams with different concrete strength; b the axial forces 
of the RC beams with different concrete strength.
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of load, while the cracked area of over-reinforcement 
beams (B4, B5) and contrast RC beam (B1) is basi-
cally unchanged, which indicating that the compres-
sion zone height of B1, B4 and B5 beams reaches the 
limit height and the strengthening effect of CFRP of B4 
and B5 beams begin to take effect before and after the 
failure load. From the perspective of the strain concen-
tration area, it can be seen that The strain fields devel-
opment of B4 and B5 beams are different from B3, that 
is, the excessive reinforcement of B4 and B5 beams 
causes the strengthening of CFRP to take effect before 
and after the failure load. Therefore, it is necessary to 

allocate reasonable reinforcement to give full play to 
the strengthening effect of CFRP.

6.4  Internal forces of the RC beams with different 
reinforcement ratio

As mentioned above, based on the NSF method, the 
internal bending moment and axial force could be 
obtained to further investigate the damage characteris-
tics of the RC beams with different reinforcement ratio. 
It is apparent from Fig. 20 that CFRP can efficaciously 
improve the bearing capacity of RC beams with differ-
ent reinforcement ratio. More specifically, compared to 
the contrast beam, the CFRP-strengthened beams (B3, 

a b

c d
Fig. 17 Location-strain curves of RC beams’ mid-span cross-section with different reinforcement ratios: a location-strain curves of the contrast 
beam (B1); b location-strain curves of CFRP-strengthened beam B3; c location-strain curves of CFRP-strengthened beam B4; d location-strain curves 
of CFRP-strengthened beam B5.
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B4 and B5) still have a larger plastic development after 
the failure load Q. Additionally, the maximum axial 
force and bending moment appear on the balanced-
reinforced beam (B3), reflecting that too much rein-
forcement has no obvious effect on the strengthening 
performance of CFRP. Therefore, it is very important 
to allocate reasonable steel bars in CFRP reinforcement 
and reconstruction.

7  Conclusions
An experimental investigation is carried out on one unre-
inforced RC beam and five CFRP-strengthened RC beams 
with different concrete strength and reinforcement 
ratio. With the application of structural stressing state 
theory and methodology, the changing characteristics 
and unseen knowledge of tested RC beams are revealed. 
The M–K criterion is adopted to detect the qualitative 
leap characteristics and the stressing state of the beam 
is divided into three stages, respectively elastic, elas-
tic–plastic and failure stage. The characteristic load Q is 
defined as the updated failure load, implying the begin-
ning of the beam’s failure process. And the effectiveness 
and rationality of the M–K criterion are verified through 
analyzing the changing trends and distribution patterns 
of stressing state modes.

Due to the limited strain data, which could not reflect 
the whole structure’s working behavior clearly, the NSF 
method with clear physical meanings is proposed to rea-
sonably interpolate the strains at unsampled locations. 
The obtained strain fields and internal forces of cross-
sections can describe the stressing state of RC beam 
accurately and reflect the qualitative leap characteristics 
at failure load vividly.

By comparison of the RC beams with different con-
crete strength, these results indicate that CFRP-
strengthened RC beams with high concrete strength 
can better exert the strengthening properties of CFRP. 
In addition, comparing the results of the RC beams 
with different reinforcement ratios, it can be seen that 
balanced-reinforced beams strengthened by CFRP have 
a better reinforcement effect.

Applying the stressing state theory to the measured 
experimental data, the achieved results reveal stressing 
state characteristics of RC beams and accurately predict 
the failure load for RC beams. Furthermore, the analysis 
of the RC beams’ stressing state explores a new way to the 
working behavior and the unseen knowledge could pro-
vide an appropriate reference for structural design and 
practice of CFRP reinforcement and maintenance, which 
could considerably promote the benefits in saving mate-
rial, structural safety, and structural working rationality.

a b c

Fig. 18 The changing characteristics of strain-based stressing state modes: a the strain-based stressing state mode of CFRP-strengthened beam B3; 
b the strain-based stressing state mode of CFRP-strengthened beam B4; c the strain-based stressing state mode of CFRP-strengthened beam B5.
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