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Abstract 

Detailed finite element (FE) models are often employed to predict the impact responses of reinforced concrete (RC) 
columns. However, they always require substantial investments of time and effort in modeling and analysis so that 
they are not widely used in practice, particularly in preliminary designs. Moreover, although some simplified models 
have been established for beams and slabs under impact loading, few attempts have been made on modeling RC 
columns. For these reasons, this paper proposes a simplified modeling method to accurately capture the impact-
induced response and damage of circular RC columns. In the proposed method, a two-degree-of-freedom (DOF) 
system was used to describe the interaction between the impactor and the impacted column. The formulas, and 
procedure to estimate the force–deformation relationship with strain-rate effects were presented according to the 
section-based analysis. The influence of the unloading stiffness on the residual deformation was addressed, and the 
method to determine the unloading stiffness of circular columns was proposed. Furthermore, a fiber-based beam-
column element modeling method was developed to estimate the force–deformation relationship of the columns 
with strain-rate effects. The proposed simplified method was demonstrated by the drop-hammer impact tests to be 
capable of predicting the impact response of RC columns well. Its accuracy in the residual deformation is superior to 
that of the detailed FE simulation. Parametric studies were performed to investigate the damage characteristics of 
axially-loaded circular RC columns under various impact scenarios.
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1  Introduction
Circular reinforced concrete (RC) columns are widely 
used in bridge and building structures as primary mem-
bers to carry axial loads. In addition to service loads 
(AASHTO LRFD Bridge Design Specifications 2015; 
Deng et  al. 2019), these circular columns should be 
designed to resist extreme loads such as lateral impacts 
from vehicle, vessel, falling rock, and so on (Davidson 
et al. 2012; Sha and Hao 2013; Liu et al. 2017; Do et al. 
2018; Gholipour et al. 2018; Fan et al. 2015, 2016, 2018, 

2019). A high number of column collapse accidents 
owing to impact loads have been documented around the 
world (Harik et al. 1990; Wardhana and Hadipriono 2003; 
Buth et al. 2010; Fan 2012). Hence, it is crucial to accu-
rately predict the impact-induced responses of circular 
RC columns in the design of infrastructure.

Flexural-dominated and shear-dominated failures 
in circular RC columns may be caused by impact loads 
(Fujikake et al. 2009). Since shear-dominated failures are 
brittle (non-ductile), they should be avoided by some 
measures (e.g., increasing transverse reinforcement ratios 
and the size of cross-section) in the design process. In 
contrast to shear-dominated failures, a certain level of 
flexural-dominated damages caused by impact loading is 
acceptable considering the low frequency of occurrence 
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and the high intensity of loading. Therefore, it is crucial 
to reasonably evaluate flexural damage of circular RC 
columns under impact loading during the performance-
based design of infrastructure. The residual axial load-
carrying capacity has been widely used to identify the 
damage levels of RC columns after impact loading. The 
previous study (Fan et al. 2019) showed that the residual 
axial load-carrying capacity is primarily dependent on 
residual deformation rather than the maximum deforma-
tion. Hence, it is essential to accurately predict the resid-
ual deformation in impact analysis.

With the maturity of nonlinear finite element (FE) 
codes (e.g., ABAQUS 2009 and LS-DYNA 2014), detailed 
finite element (FE) modeling methods were widely 
employed to investigate the performance and damage of 
RC members under impact loading in the past two dec-
ades (Gholipour et al. 2018; Consolazio and Cowan 2003; 
Thilakarathna et al. 2010; Yuan and Harik 2010; Fan and 
Yuan 2014; Abdelkarim and ElGawady 2017; Do et  al. 
2018; Cao et al.  2019; Chen et al. 2016). In this approach, 
three-dimensional solid elements were used to model 
concrete, while beam or truss elements were used to 
simulate reinforcing steel bars. Contact algorithms were 
defined to capture the interaction between impactors and 
RC members. However, since the method requires sub-
stantial investments of time, efforts, and computational 
resources in modeling and analysis, it was seldom used 
in practice, particularly in the preliminary design itera-
tions (Consolazio and Cowan 2005; Fan et al. 2011, 2019; 
Wang and Morgenthal 2018). More importantly, because 
of the limitations of material models in general-purpose 
contact-impact nonlinear FE codes, the accuracy of this 
approach was shown to be barely satisfactory for some 
key impact-responses such as the residual deformation of 
the impacted RC columns. Liu et al. (2017) indicated that 
the typical detailed FE models had low accuracy in the 
prediction of the residual deformation of axially-loaded 
circular RC columns after impact loading. Although an 
improved FE modeling method was given in (Liu et  al. 
2017) to improve the accuracy, its coarse approxima-
tions and assumptions (e.g., specifying different RECOV 
parameters in the concrete material model to consider 
the influence of crack closure) would place some difficul-
ties in practical applications.

In addition to the detailed FE modeling methods, some 
empirical formulas were derived to estimate the residual 
deformation of RC beams after impacts based on the 
experimental data from drop-hammer impact tests (Kishi 
and Mikami 2012; Kishi et al. 2002; Tachibana et al. 2010; 
Adhikary et  al. 2016). These empirical formulas were 
based on the input energy, the static load-carrying capac-
ity, and the maximum deformation. The influences of 
impact mass and velocities on the residual deformation 

were omitted. However, the physical experiments con-
ducted by Zhao (2017) indicated that the impact-induced 
deformation of RC beams increased with the increase of 
the impactor’s mass for the same impact energy. On the 
other hand, the use of these empirical formulas derived 
from RC beams for axially-loaded RC columns is also 
questionable. In the context, some simplified models with 
a single- or two-degree-of-freedom (DOF) system were 
developed to estimate the impact-induced responses of 
RC beams and plates with a rectangular cross-section 
(Fujikake et al. 2009; Fan and Yuan 2014; Zhao et al. 2018; 
Bertrand et al. 2015; Lee and Kwak 2018). Although simi-
lar in some aspects, the circular RC columns have some 
unique characteristics such as the reinforcement layout 
in circular cross-section and the presence of axial load. 
Hence, the applicability of the simplified models devel-
oped for beams and plates needs to be examined for 
RC columns. More importantly, few simplified models 
placed emphasis on the accurate prediction of the resid-
ual deformation. The residual deformation predicted 
by the simplified model often had lower accuracy than 
the maximum one (Fujikake et  al. 2009). As mentioned 
above, the residual deformation is critical for the damage 
evaluation of RC columns under impact loading.

This study aims to develop a simplified modeling 
method to accurately predict both the peak and resid-
ual responses of axially-loaded circular RC columns 
under impact loading. In the developed model, a two-
DOF system was employed to capture the interac-
tion between the impactor and the impacted column. 
Two different methods were developed to estimate the 
force–deformation relationship with strain-rate effects 
based on the section-based analysis and the fiber-based 
element model, respectively. Different approaches to 
determine the unloading stiffness of the impacted col-
umns were discussed for accurately predicting the 
residual deformation. The drop-hammer impact tests 
on axially-loaded circular RC columns were used to 
validate the proposed model. Parametric studies based 
on the simplified model were also performed to inves-
tigate the damage characteristics of axially-loaded cir-
cular RC columns under various impact scenarios. The 
iso-damage curves of the impacted columns were pre-
sented to examine the damage characteristics.

2 � Development of the Simplified Model
The simplified model is developed in this section to 
predict the response of axially-loaded circular RC col-
umns under impact loading. First, the dynamic equa-
tion of the simplified model is presented. Subsequently, 
the estimations of structural resistances are discussed 
in detail.
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2.1 � Dynamic Equation of the Simplified Model
Figure 1 presents the simplified model that is used to esti-
mate the responses of axially-loaded RC columns under 
impact loading. Like (Fujikake et al. 2009), a two-degree-
of-freedom (DOF) mass-spring system was employed to 
represent the impacting object and the impacted column. 
As illustrated in Fig.  1, the mass (m1) of the impacting 
object is assumed to link the equivalent mass (m2) of the 
impacted column by compression-only macro-elements 
that describe the contact stiffness (k1) and damping ( c1 ). 
The mass m2 is connected to ground by discrete spring 
and damping elements that represent the structural 
resistance during impact loading. The equations govern-
ing the motions of the 2-DOF system can be written as

where u1 , u̇1 and ü1 are the displacement, velocity, and 
acceleration of the impactor, respectively; u2 , u̇2 , and ü2 
are the displacement, velocity, and acceleration of the 
equivalent mass m2 , respectively; c2 is the damping of the 
impacted column, which can be assumed to be omitted 
because the influence of damping on the response to a 
single pulse excitation is usually not significant unless it 
is highly damped (Chopra 2007; Fan and Yuan 2012; Fan 
et al. 2016); Rs is the equivalent resistance of the axially-
loaded column. Equation (1) can also be expressed in the 
matrix form (after omitting the damping c2):

where k2(t) = Rs

(

u2, signu̇2
)

/u2 , which is equivalent 
stiffness corresponding to the force–deformation rela-
tionship of the axially-loaded column. The solution of 

(1)
{

m1ü1(t)+ c1[u̇1(t)− u̇2(t)]+ k1[u1(t)− u2(t)] = 0

m2ü2(t)+ c2u̇2(t)+Rs

(

u2, signu̇2
)

= k1[u1(t)− u2(t)]+ c1[u̇1(t)− u̇2(t)]

(2)

[

m1

m2

]{

ü1

ü2

}

+

[

c1 −c1

−c1 c1

]{

u̇1

u̇2

}

+

[

k1 −k1

−k1 k1 + k2(t)

]

{

u1

u2

}

=

{

0

0

}

Eq. (2) can be readily obtained by using the step-by-step 
numerical integration when the mass and stiffness matri-
ces are known. The following sections will present the 
details on determining the parameters required for the 
solution of Eq. (2).

2.2 � Load‑Deformation Relationship Derived from Section 
Analysis

It is essential to reasonably estimate the load-deformation 
relationship of an RC column in the solution of Eq.  (2). 
Much research has been devoted to determining the 
load-deformation relationship of rectangular RC beams 
and plates (Fujikake et al. 2009; Carta and Stochino 2013). 
However, few studies were conducted for axially-loaded 

RC columns with a widely-used circular cross-section 
under impact loading. Some additional considerations 
are required for circular RC columns due to the circular 
arrangement of longitudinal reinforcement, which is dif-
ferent from that of rectangular members.

2.2.1 � Material Models of Concrete and Reinforcing Steel
The concrete cover was modeled by the unconfined 
material model, and the core concrete was simulated by 
the confined material model proposed by Mander et  al. 
(1988). The stress–strain relationship (Fig.  2a) of the 
confined material model can be written as (Mander et al. 
1988)

where σc is the compressive stress of concrete; εc is the 
compressive strain of concrete; f ′co is the uniaxial com-
pressive strength of the unconfined concrete; Ec is the 
elastic modulus of concrete; εc0 is the strain correspond-
ing to the ultimate compressive strength (typically, 
εc0 = 0.002 ); fco is the ultimate compressive strength of 
the concrete. fco = f

′

co for the unconfined concrete, while 
fco = f

′

cc for the confined concrete, as shown in Fig. 2a.
The typical elastic–plastic relationship (Fig.  2b) was 

employed to model reinforcing steel bars, which can be 
expressed as

(3)σc =
fcoεcr

[

r − 1+ (εc
/

εcc)r
]

εcc

(4)
r = Ec

/

(Ec − Esec), Esec=fco
/

εcc, εcc=
[

1+ 5
(

fco
/

f ′co − 1
)]

εco

(5)σs=

{

Esεs εs < εy

fy+Eb(εs − εy) εs ≥ εy

m1 V0
u1

k1c1

u2

k2

m2

m2

P
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e
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Fig. 1  Simplified Two-DOF model of axially-loaded circular RC 
columns
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where σs is the reinforcement stress; εs is the reinforce-
ment strain; εy is the yield strain of reinforcing steel; fy 
is the yield strength of reinforcing steel; Es is the elastic 
modulus of reinforcing steel; Eb is the secant modulus of 
the reinforcing bars after yielding.

The dynamic behaviors of concrete and reinforcing steel 
bars are sensitive to strain-rate effects when RC members 
are subjected to impact and impulsive loads. Therefore, in 
addition to the constitutive model of the confined concrete 
given in Eqs. (3) and (4), Mander et al. (1988) presented the 
strain-rate effects on the dynamic behavior of confined con-
crete. For consistency, the following equations suggested by 
Mander et al. (1988) were employed in this study:

where ε̇ is the strain rate; fco,d is the compressive 
strength corresponding to the strain rate ε̇ ; Ec,d is the 
dynamic modulus corresponding to the strain rate ε̇ . For 

(6)

fco,d

fco
=

(

1+

[

ε̇

0.035f 2co

]
1
6

)/(

1+

[

0.00001

0.035f 2co

]
1
6

)

(7)

Ec,d

Ec
=

(

1+

[

ε̇

0.035f 3co

]
1
6

)/(

1+

[

0.00001

0.035f 3co

]
1
6

)

reinforcing bars, the following equation recommended 
by the Japan Society of Civil Engineers (JSCE) (1993) was 
adopted:

where fy,d are the static and dynamic yield strength of 
reinforcing bars, respectively.

2.2.2 � Moment–Curvature Analysis of Circular Column 
Section

Figure  3 shows the moment–curvature relationships of a 
typical rectangular RC beam section and circular column 
sections, which were calculated with the software XTRACT 
(Chadwell and Imbsen 2004). The stress states of the longi-
tudinal reinforcement and the neutral axis corresponding 
to the yielding moment ( My ) in the circular column sec-
tions were largely dependent on the axial load ratio and the 
reinforcement layout. The circular geometry and the cor-
responding reinforcement layout complicates the way to 
determine the stress distribution in comparison with the 
rectangular sections. Importantly, similar to the rectangu-
lar cross-section, the moment–curvature curves of the cir-
cular cross-sections are bi-linearized as shown in Fig. 3. In 
static analysis, the moment–curvature curves can be read-
ily determined by the use of the existing software. Differ-
ent from the static analysis, the strain-rate effects should be 
taken into account by using Eqs. (6) to (8) in impact analysis. 
The explicit expressions for predicting the moment–curva-
ture relations of the circular column sections are required 
to include the influence of strain-rate effects on the material 
properties readily.

Generally, the preliminary yield and failure states can 
be estimated by the moment–curvature analysis using 
the software (e.g., XTRACT) when omitting the strain-
rate effects. Based on these states, the expressions of the 
moment–curvature curves can be written in an explicit 
form. Subsequently, the moment–curvature relation-
ship considering the strain-rate effects can be obtained 
by incorporating Eqs.  (6) to (8) into these explicit 
expressions. Assuming that the equivalent yielding state 
corresponds to the yielding of the longitudinal rein-
forcements in the j-th layer (see Fig. 4), and the neutral 
axis lies between the k-th layer and the k + 1th layer 
of the longitudinal reinforcements, the location of the 
neutral axis xy and the equivalent yielding moment My 
can be determined based on the equilibrium equations 
in the cross-section. It is very complicated to determine 
the layer number ( j ) of the yielding reinforcements cor-
responding to the yielding state by iterative analysis. For 
simplification, the value of j can be determined from the 
preliminary cross-section analysis using the software 
XTRACT. The trial analysis showed that the strain-rate 

(8)fy,d
/

fy = 1.202+ 0.040 log10 ε̇

yε
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Fig. 2  a stress and strain relationship for concrete and b reinforcing 
steel
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effects have a limited influence on the value of j , indi-
cating the applicability of the simple method. In addi-
tion, computational efficiency can be improved as a 
result of this treatment. The axial load ( Nc,y) supported 
by the concrete can be written as

where εy,j is the yielding strain of the longitudinal rebars 
in the j-th layer; de is the effective height of the RC col-
umn; D is the diameter of the RC column; sj is the dis-
tance from the j-th rebars to the rebars at the bottom, as 
illustrated in Fig.  4; y is the coordinate value along the 

(9)

Nc,y =

xy
∫

0

f ′coεy,jr
(

xy − y
)/(

de − xy−sj
)

[

r − 1+
(

xy−y

de−xy−sj
·
εy,j
εcc

)r]

εcc

√

Dy− y2dy

circular cross-section, as shown in Fig. 4. The axial load 
carried by the reinforcing bars is

(10)

Ns,y =

k
∑

i=1

[

min

(

de − xy − si

de − xy − sj
εy,j , εy,i

)

As,iEs

+max

(

de − xy − si

de − xy − sj
εy,j − εy,i, 0

)

Eb

]

−

n
∑

i=k+1

[

min

(

si − (de − xy)

de − xy − sj
εy,j , εy,i

)

As,iEs

+max

(

si − (de − xy)

de − xy − sj
εy,j − εy,i, 0

)

Eb

]

Fig. 3  Moment-curvature diagram of RC member: a rectangular RC beam; b circular column with axial load ratio of 7%; c circular column with an 
axial load ratio of 14%; d circular column with an axial load ratio of 28%
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where As,i is the area of the reinforcing bar in the i-
th layer. When the axial load ( N  ) is given, the neutral 
axis can be estimated from the following equilibrium 
equation.

Similarly, the bending moment Mc,y carried by the con-
crete can be expressed as

The bending moment Ms,y resisted by the reinforcing bar 
is

(11)N = Nc,y + Ns,y

(12)

Mc,y =

xy
∫

0

Nc,y =

xy
∫

0

xy−y

de−xy−sj
f ′coεy,jr

[

r − 1+

(

xy−y

de−xy−sj
·
εy,j
εcc

)r]

εcc

·

√

Dy− y2 ·

(

D

2
− y

)

dy

(13)

Ms,y =

k
∑

i=1

[

min

(

de − xy − si

de − xy − sj
εy,j , εy,i

)

As,iEs

+max

(

de − xy − si

de − xy − sj
εy,j − εy,i , 0

)

Eb

](

D

2
− ds − si

)

+

n
∑

i=k+1

[

min

(

si − (de − xy)

de − xy − sj
εy,j , εy,i

)

As,iEs

+max

(

si − (de − xy)

de − xy − sj
εy,j − εy,i , 0

)

Eb

]

(

si −
D

2
+ ds

)

Based on Eqs. (12) and (13), the yielding moment My can 
be determined by

According to the plane cross-section assumption, 
the corresponding curvature θy can be derived by

The location of the neutral axis xu and the moment 
Mu corresponding to the ultimate (or failure) state 
can be obtained based on the sectional equilibrium. 
The ultimate state is defined as the loading point with 
spalling of cover concrete, rupture of longitudinal 
rebars, and crushing of core concrete. With the rupture 
of the longitudinal rebars, the axial loads Nc,u and Ns,u 
as well as the bending moments Mc,u and Ms,u carried 
by the concrete and the reinforcement, respectively, 
can be written as

(14)My = Mc,y +Ms,y

(15)θy =
εy,i

de − xy − si

(16)

Nc,u =

xu
∫

0

xu−y
de−xu−ds

fccεusr
[

r − 1+ (
xu−y

de−xu−ds
·
εus
εcc

)r
]

εcc

√

(D − 2ds)y− y2dy

(17)

Ns,u =

q
∑

i=1

[

min

(

de − xu − si − ds

de − xu − ds
εus, εy,i

)

As,iEs

+max

(

de − xu − si − ds

de − xu − ds
εus − εy,i, 0

)

Eb

]

−

n
∑

i=q+1

[

min

(

si − (de − xu − ds)

de − xu − ds
εus, εy,i

)

As,iEs

+max

(

si − (de − xu − ds)

de − xu − ds
εus − εy,i, 0

)

Eb

]

(18)

Mc,u =

xu
∫

0

xu−y
de−xu−ds

fccεusr
[

r − 1+ (
xu−y

de−xu−ds
·
εus
εcc

)r
]

εcc

√

(D − 2ds)y− y2 ·

(

D

2
− ds − y

)

dy

(19)

Ms,u =

q
∑

i=1

[

min

(

de − xu − si − ds

de − xu − ds
εus , εy,i

)

As,iEs

+max

(

de − xu − si − ds

de − xu − ds
εus − εy,i , 0

)

Eb

](

D

2
− ds − si

)

−

n
∑

i=q+1

[

min

(

si − (de − xu − ds)

de − xu − ds
εus , εy,i

)

As,iEs

+max

(

si − (de − xu − ds)

de − xu − ds
εus − εy,i , 0

)

Eb

](

si −
D

2
+ ds

)
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Fig. 4  Section analysis of circular column: a yield state; b failure state
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Consequently, Nc,u,Ns,u,Mc,u and Ms,u corresponding 
to the crushing of core concrete can be expressed as

(20)

Nc,u =

xu
∫

0

xu−y
xu

fccεucr
[

r − 1+ (
xu−y
xu

·
εuc
εcc

)r
]

εcc

√

(D − 2ds)y− y2dy

(21)

Ns,u =

q
∑

i=1

[

min

(

de − xu − si − ds

xu
εuc , εy,i

)

As,iEs

+max

(

de − xu − si − ds

xu
εuc − εy,i , 0

)

Eb

]

−

n
∑

i=q+1

[

min

(

si − (de − xu − ds)

xu
εuc , εy,i

)

As,iEs

+max

(

si − (de − xu − ds)

xu
εuc − εy,i , 0

)

Eb

]

(22)

Mc,u =

xu
∫

0

xu−y
xu

fccεucr
[

r − 1+ (
xu−y
xu

·
εuc
εcc

)r
]

εcc

√

(D − 2ds)y− y2
(

D

2
− ds − y

)

dy

(23)

Ms,u =

q
∑

i=1

[

min

(

de − xu − si − ds

xu
εuc , εy,i

)

As,iEs

+max

(

de − xu − si − ds

xu
εuc − εy,i , 0

)

Eb

](

D

2
− ds − si

)

−

n
∑

i=q+1

[

min

(

si − (de − xu − ds)

xu
εuc , εy,i

)

As,iEs

+max

(

si − (de − xu − ds)

xu
εuc − εy,i , 0

)

Eb

](

si −
D

2
+ ds

)

Correspondingly, the ultimate curvature θu can be writ-
ten as

Once the key points 
(

θy,My

)

 and (θu,Mu) are obtained, 
the equivalent bilinear moment–curvature relationship 
can be determined.

In order to account for the strain rate effects, the rela-
tionship between the deflection rate ( ̇u2 ) of the RC col-
umn and the curvature rate ( ̇θ ) of the section is required. 
In the elastic range, the relationship between the mid-
span deflection ( u2,el) and the curvature ( θe) of the fixed-
end column can be given as

where EI =
√

My/θy and k =
√

Nθy/My . In the plastic 
range, concentrated plastic hinges would be formed at 
the impacted section and the ends, as illustrated in Fig. 5. 
In this case, the curvature ( θp) can be estimated by

where lp is the length of the plastic hinge (usually, 
lp ≈ de ). Based on Eqs.  (27) and (28), the curvature rate 
θ̇ at the mid-span section of the impacted RC column can 
be estimated by

(26)

θu =







εus
�

(de − xu − dc) for the rupture of reinforcement

εuc
�

xu for the crush of core concrete

(27)

θel =
2k3

(

l

8
+ NA

4k3EI

)

(

sin
(

kl
/

2
)

−
1−cos (kl/ 2)
sin (kl/ 2)

cos
(

kl
/

2
)

+
1−cos (kl/ 2)
sin (kl/ 2)

− kl

2

)u2,el

(28)θp = θy +
ϕp

lp
= θy + 4

u2 − u2,y

l

1

lp

Similarly, when the axial load ( N  ) is given, xu can be 
predicted based on the equilibrium equation as follows:

The ultimate moment Mu can be determined based on 
Eqs. (18) and (19) or Eqs. (22) and (23) as follows:

(24)N = Nc,u + Ns,u

(25)Mu = Mc,u +Ms,u

(29)θ̇ =















2k3
�

l
�

8+ NA
��

4k3EI
��

�

sin
�

kl
�

2
�

−
1−cos (kl/ 2)
sin (kl/ 2)

cos
�

kl
�

2
�

+
1−cos (kl/ 2)
sin (kl/ 2)

− kl
2

� u̇2 0 ≤ u2 ≤ u2,y

4u̇2
��

llp
�

u2,y < u2 ≤ u2,u

By using Eq.  (29), the strain rates of concrete ( ̇εc ) and 
tensile ( ̇εst,i ) and compressive ( ̇εsc,i ) rebars are calculated 
through the following formulae:

(30)ε̇c =

{

θ̇ · xy for the yield point

θ̇ · xu for the ultimate state
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where ddi is the distance from the i-th layer steel bars to 
the outermost layer bars in tension; dupi is the distance 
from the i-th layer steel bars to the outermost layer bars 
in compression. The material properties with the strain-
rate effects can be obtained by using Eqs.  (30) to (32) 
and Eqs.  (3) to (8) when predicting the moment–curva-
ture relationship of a circular column section. Similar 
to the reinforcing steel bars, the equation suggested by 
Fujikake et  al. (2009) can be used to consider the influ-
ence of the location of concrete fiber on the strain-rate 
effect. Numerical analyses indicated that the location 
of concrete fiber has a limited influence on the impact 
response. This is primarily attributed to the fact that 
the dynamic increase factor of concrete is not very sen-
sitive to the change of the strain rate in low-velocity 
impacts because of the functional relationships between 
the dynamic increase factors and the strain rates of con-
crete (see Eq.  (6)). For this reason, Eq.  (30) recommend 
by Carta and Stochino (2013) was used in this study to 
reduce the analysis time.

2.2.3 � Load–Deformation Relationship
Since the yielding point corresponds to the translation 
from linear to nonlinear behaviors, the yield load Py is read-
ily estimated from the yield bending moment My by means 
of the linear elastic theory of columns:

(31)

ε̇st,i =

{

θ̇ · (de − xy − ddi) for the yield point

θ̇ · (de − dc − xu − ddi) for the ultimate state

(32)

ε̇sc,i =

{

θ̇ · (xy − ds − dupi) for the yield point

θ̇ · (xu − rs − dupi) for the ultimate state

(33)Py =
My

l
/

8+ NA
/(

4k3EI
)

(34)u2,y =
PyB

2k3EI

where

Similarly, the ultimate load Pu can also be determined 
from the ultimate bending moment Mu by means of 
equilibrium conditions. Since the P-delta effects would 
become dominant with increasing the impact-induced 
displacement, there are two different cases for the deter-
mination of the ultimate load Pu. Generally, the ultimate 
load Pu can be expressed as

where

when 2Mu > Nu2,u , Pu = 8(Mu − 0.5Nu2u)/l and 
u2,m = u2,u . On the contrary, when 2Mu ≤ Nu2,u , Pu = 0 . 
In the case, the maximum displacement u2,m correspond-
ing to the ultimate load Pu can be determined by

where

During impact loading, the velocity u̇2 of the 
impacted section varies with time. According to 
Eq. (29), the corresponding curvature rate θ̇ and strain-
rate ε̇ changes with time. Hence, the force–displace-
ment relationship should be updated step-by-step 
to account for the influence of strain-rate effects in 
the solution of Eq.  (1). Similar to the previous stud-
ies (Consolazio and Cowan2005; Fan et  al. 2016), the 

(35)

B = sin
(

kl
/

2
)

−
1− cos

(

kl
/

2
)

sin
(

kl
/

2
) · cos

(

kl
/

2
)

+
1− cos

(

kl
/

2
)

sin
(

kl
/

2
) −

kl

2

(36)Pu = max

[

8(Mu − 0.5Nu2,u)

l
, 0

]

(37)u2,u = u2,y + 0.25(θu − θy)lpl

(38)u2,m = u2,y + 0.25(θm − θy)lpl

(39)θm=θy +
Nu2,y

(

Mu −My

)/(

θu − θy
)

− Nlpl
/

4

egnihcitsalPegnihcitsalP

Plastic hinge

pϕ

2
pϕ

2
pϕ

2
pϕ

2
pϕ

pl

2, pu

a b
Fig. 5  a Plastic deflections of clamped column with plastic hinge and b Schematic of the plastic hinge
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central difference method was employed in this study 
to solve the dynamic equation of the two-DOF system 
for simplification. Accordingly, when the vertical dis-
placement u2,I and the corresponding velocity u̇2,I are 
derived at the I-th time step, the force–displacement 
relationship can be updated as follows:

1.	 Determining θI and θ̇I based on the u2 − θ and u̇2 − θ̇ 
relationships;

2.	 Using an iterative routine to estimate xy,I and xu,I 
considering the influence of strain-rate effects;

a)	 Substituting θ̇I , x(J−1)
y,i  , and x(J−1)

u,i  into Eqs. (30) to 
(32) to estimate the strain rates of concrete and 
steel reinforcement (where, x(0)y,I  is the initial value 
estimated from the static section analysis without 
strain-rate effects when J = 1);

b)	 Using Eqs.  (6) to (8) and the strain rates calcu-
lated in Step a) to determine the material prop-
erties of concrete and steel reinforcement with 
strain-rate effects;

c)	 Obtaining x(J )yi  and x(J )ui  for the j-th iteration by 
solving Eqs. (11) and (24);

d)	 Checking if xy,I and xu,I reach the results of con-
vergence as follows: 

where ξ is the tolerance, which is set to be 10−8 in 
this study.

e)	 Obtaining the convergent xy,I and xu,I when 
Eq.  (40) is met; otherwise, Step a) to d) need to 
repeat until getting the results of convergence.

3.	 Using Eqs.  (14) and (25) to estimate My and Mu 
with the influence of strain-rate effects based on the 
obtained xy,I and xu,I , respectively;

4.	 Using Eqs. (15) and (26) to determine θy and θu cor-
responding to My and Mu , respectively;

5.	 Obtaining the updated force–deformation relation-
ship from the updated moment–curvature relation-
ship based on Eqs. (33) and (36).

During the numerical solution of the simplified two-
DOF system, the column resistance can be determined 
for a given displacement at the I-th time step. As a 
part of the numerical solution, the above procedure is 
summarized in Fig. 6 to update the force–deformation 
relationship of the impacted column.

2.3 � Contact Stiffness and Damping
When the ratio of the contact stiffness ( k1 ) to the struc-
tural stiffness ( k2 ) ranged from 0.5 to 200, the contact 

(40)
∣

∣

∣
x
(j)
i − x

(j−1)
i

∣

∣

∣

/

x
(j−1)
i ≤ ξ

stiffness ( k1 ) primarily affected the peak impact force but 
had a limited influence on the maximum displacement of 
the RC members (Fujikake et  al. 2006, 2009). The peak 
impact force is primarily related to the shear damage of 
the RC members rather than the flexural damage. Thus, 
considering the main objective of this study, the approxi-
mate method suggested by (Fujikake et  al. 2006, 2009) 
was employed to estimate the contact stiffness. Accord-
ing to (Fujikake et al. 2006, 2009), the contact force-local 
deformation relation is assumed to be linear elastic for 
simplicity, and trial analyses using the simplified model 
can be performed with various contact stiffness for a 
typical impact case. The contact stiffness ( k1 ) can be 
determined based on the magnitude of the impact load 
measured or estimated from the empirical contact model 
(Fujikake et al. 2006, 2009).

As mentioned above, the damping of the impacted 
members ( c2 ) can be omitted for simplification. In con-
trast, the contact damping between the impactor and the 
RC members should be included to consider the energy 
dissipation in the local contact zone (e.g., local dam-
age and friction between the impactor and the impacted 
member) (Fan and Yuan 2014). According to the rec-
ommendation given by (Fujikake et  al. 2006, 2009), the 
contact damping ( c1 ) can be assumed to be one-half of 
critical damping, which can be written as

2.4 � Equivalent Mass of the Impacted Column
Biggs (1964) pointed out that the kinetic energy of the 
simplified two-DOF system is required to equal that of 
the real system. Accordingly, the equivalent mass of the 
impacted column can be determined by

where m̄c(z) is the distributed mass along the column 
length; φ(z) is the shape function of the impacted col-
umn. Biggs (1964) suggested that the deformation shape 
from the static application of impact loads can be used 
to define the shape function. Actually, the equivalent 
mass should be various at different impact phases (e.g., 
initial contact, loading phase, unloading phase Fan et al. 
2019), and different deformation stages (e.g., elastic, and 
elastic–plastic). The equivalent mass of the impacted col-
umns would be changed significantly at the initial contact 
phase, which would primarily affect the shear response. 
It is beyond the scope of this study and worth explor-
ing in the future. For the flexural responses emphasized 

(41)c1 =

√

m1m2k1
/

(m1 +m2)

(42)m2 =

L
∫

0

m̄c(z)φ
2(z)dz
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in this study, the equivalent mass is primarily dependent 
upon the behavior of the impacted column at the loading 
phase. In this case, the equivalent mass of the impacted 
column can be estimated for two typical shape functions 
(i.e., the simplified deformation shape shown in Fig.  5, 
and the static application of an impact load). Tiny differ-
ences of the equivalent mass obtained from two assumed 
shape functions were observed for the regular columns. 
Hence, the simplified deformation shape (as shown in 
Fig. 5) was suggested to estimate the equivalent mass of 
the impacted column for convenience.

3 � Model Validations and Discussions
Figure  6 summarizes the calculation flowchart of the 
simplified two-DOF system for the impact responses 
of circular RC columns. The software MATLAB was 
employed in this study to implement the numerical algo-
rithm of the two-DOF system. The proposed simplified 
model was validated by the drop-hammer impact tests on 
axially-loaded circular RC columns in this section. The 
impact tests on RC columns were briefly introduced. The 
approaches to determine the unloading stiffness were 
discussed in detail.

3.1 � Impact Tests on Axially‑Loaded Circular RC Columns
Compared with the impact tests on rectangular RC 
beams, few impact tests had been carried out on axially-
loaded circular RC columns. In this context, Liu et  al. 
(2017) recently performed the drop-hammer impact 
tests on circular RC columns. One of the particular 
characteristics was the axial loads were exerted simul-
taneously in the impact tests, as shown in Fig. 7. Table 1 
presents the information about the column specimens 
and the experimental results. Primary varied param-
eters included impact energy (low and high) with dif-
ferent drop heights, axial load ratio (0%, 14%, and 28%), 
and reinforcement ratio ( ρL = 1.92%, ρT = 1.3% and 
ρL = 0.96%, ρT = 0.72% ). Figure 7b presents the two dif-
ferent reinforcement layouts of the test columns. More 
details about the impact tests can be found in (Liu et al. 
2017). All impact cases reported in (Liu et al. 2017) were 
used to validate the rationality of the developed simpli-
fied two-DOF model. The material properties of con-
crete and steel bars derived from the material tests were 
employed to define the parameters of the column in the 
simplified two-DOF model. The parameters (e.g., the 
force–deformation relationship of the column) were 

Initial conditions
V0, m1, m2, k1, c1, c2, and 
material properties of RC 
column

Determining the initial value of 
k2 using Eqs. (9) to(14) and (33) 
to (35)

Solving the dynamic equation to 
determine the displacements, 
velocities, and acceleration of 
m1 and m2

u2,I>=u2,m Column failure

u2,I>=max(u2,1:u2,I

-1)

Obtaining the impact-induced 
response histories of m1 and m2

Going into the 
unloading phase, and 
determining the 
unloading stiffness of 
RC columns according 
to the suggested 
methods 

END
Determining and based on 
the 2 and 
relationships

Using an iterative routine to 
estimate and considering 
strain-rate effects

Substituting , , and 

into Eqs. (30) to (32) to 
estimate the strain rates

Using Eqs. (6) to (8) and the 
strain rates to determine the 
material properties with strain-
rate effects

Obtaining and for the 
J-th iteration by solving Eqs. (11) 
and (24)

Obtaining the convergent 
and 

Using Eqs. (14) and (25) to 
estimate and with strain-
rate effects

Using Eqs. (15) and (26) to 
determine and 
corresponding to and 

Obtaining the updated force-
deformation relationship from 
the updated moment-curvature 
relationship based on Eqs. (33) 
and (36)

Fig. 6  Flowchart to determine impact responses of axially-loaded RC columns based on the simplified two-DOF model
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determined by the above-suggested approaches. In addi-
tion to the force–deformation relationship of the column 
(e.g., as shown in Fig. 8), the equivalent mass of the col-
umn was 36.60 kg and the value of k1 was 2.4 × 108 N/m 
according to the methods provided in (Fujikake et  al. 
2006, 2009).

3.2 � Unloading Behaviors and Discussions
The previous experimental studies (Liu et  al. 2017; Fan 
et  al. 2019) indicated that the interactions between the 
impactor and the impacted column usually experienced 
four different phases, i.e., initial contact phase, load-
ing phase having the approximate speeds of both the 
impactor and the RC column, unloading phase, and free 
vibration phase. The above procedure only determines 
the force–deformation relationship of the RC columns 
during loading phases, as shown in Fig.  8. If there is 
only the loading behavior of the RC column, the impact 
response from zero to the maximum displacement can 

be estimated. However, residual displacement cannot be 
calculated because of the absence of unloading behav-
iors. Actually, the previous experimental studies (Fan 
et  al. 2019) demonstrated that the residual deformation 
is more critical for estimating the damage severity and 
the collapse risk of the impacted column. Accordingly, 
the unloading behavior of the RC columns was carefully 
examined herein.

As illustrated in Fig.  8a, the complete force–defor-
mation relationship (i.e., hysteretic model) needs to be 
defined to capture the entire interaction process between 
the impactor and the impacted column. In seismic anal-
yses, many hysteretic models have been developed to 
capture the cyclic behavior of the RC beam and columns 
under earthquake excitations (Chopra 2007; Priestley 
et al. 1996). The characteristics of impact loads (e.g., uni-
directional loading with high intensity) are significantly 
different from those of earthquake excitations (e.g., rel-
atively long duration and cyclic loading) (Fan and Yuan 

Sliding 
support

Disc 
spring Load 

cell
Jack

Steel support

Support

Pre-load base

Anchor
 nut

Load- transfer tuber

Displacement 
gauge

Specimen

Drop 
hammer

a  Drop-hammer impact test setup

I

I

II

II

 b Rebar arrangement

L12S055

L06S100

Fig. 7  Drop-hammer impact tests on axially-loaded circular RC columns: a test setup; b reinforcement layouts (Liu et al. 2017)



Page 12 of 24Liu et al. Int J Concr Struct Mater           (2020) 14:32 

Ta
bl

e 
1 

Co
lu

m
n 

sp
ec

im
en

s 
an

d 
re

su
lt

s 
ob

ta
in

ed
 fr

om
 e

xp
er

im
en

ts
 a

nd
 s

im
pl

ifi
ed

 m
od

el
s

Fo
r t

he
 n

om
en

cl
at

ur
e 

of
 th

e 
te

st
 c

as
e,

 th
e 

le
tt

er
 E

 is
 u

se
d 

to
 re

pr
es

en
t t

he
 im

pa
ct

 e
ne

rg
y,

 a
nd

 it
s 

su
bs

eq
ue

nt
 n

um
be

rs
 (i

.e
., “

1”
 a

nd
 “2

”)
 d

en
ot

e 
th

e 
lo

w
-e

ne
rg

y 
im

pa
ct

 (5
19

8.
5J

), 
an

d 
th

e 
hi

gh
-e

ne
rg

y 
im

pa
ct

 (1
3,

36
4.

9 
J)

, 
re

sp
ec

tiv
el

y.
 T

he
 le

tt
er

 F
 m

ea
ns

 th
e 

ap
pl

ic
at

io
n 

of
 th

e 
ax

ia
l l

oa
d 

ra
tio

, a
nd

 it
s 

su
bs

eq
ue

nt
 n

um
be

rs
 (“

1”
, “

2”
, a

nd
 “3

”)
 d

en
ot

e 
th

e 
ax

ia
l l

oa
d 

ra
tio

s 
of

 0
%

, 1
4%

, a
nd

 2
8%

, r
es

pe
ct

iv
el

y.
 T

he
 le

tt
er

 L
 is

 e
m

pl
oy

ed
 to

 re
pr

es
en

t t
he

 
lo

ng
itu

di
na

l r
ei

nf
or

ce
m

en
t, 

an
d 

its
 fo

llo
w

ed
 v

al
ue

s 
of

 “1
2”

 a
nd

 “0
6”

 d
en

ot
e 

th
e 

nu
m

be
rs

 o
f t

he
 lo

ng
itu

di
na

l s
te

el
 b

ar
s 

us
ed

 in
 th

e 
sp

ec
im

en
s. 

Th
e 

le
tt

er
 S

 d
en

ot
es

 th
e 

tr
an

sv
er

se
 (s

tir
ru

p)
 re

in
fo

rc
em

en
t, 

an
d 

its
 fo

llo
w

ed
 

nu
m

be
rs

 (“
10

0”
 a

nd
 “0

55
”)

 m
ea

ns
 th

e 
pi

tc
h 

of
 s

pi
ra

l s
tir

ru
ps

. T
he

 n
om

en
cl

at
ur

e 
is

 th
e 

sa
m

e 
as

 th
e 

pr
ev

io
us

 s
tu

dy
 (L

iu
 e

t a
l. 

20
17

) f
or

 c
on

si
st

en
cy

Te
st

 c
as

e
Sp

ec
im

en
Re

in
fo

rc
em

en
t r

at
io

A
xi

al
 lo

ad
V 0

E 0
Pe

ak
 im

pa
ct

 fo
rc

e
M

id
sp

an
 d

is
p.

Re
si

du
al

 d
is

p.

Lo
ng

. (
%

)
St

ir
ru

p 
(%

)
Va

lu
e 

(k
N

)
Ra

tio
 (%

)
(m

/s
)

(J
)

Te
st

 (k
N

)
A

na
ly

si
s 

(k
N

)
Te

st
 (m

m
)

A
na

ly
si

s 
(m

m
)

Te
st

 (m
m

)
A

na
ly

si
s 

(m
m

)

E1
F1

L1
2S

05
5

1.
92

1.
3

0
0

4.
85

51
98

.5
48

0.
3

43
8.

2
33

.3
32

.5
21

17
.0

E2
F1

L1
2S

05
5

1.
92

1.
3

0
0

6.
86

13
,3

64
.9

56
3.

2
62

4.
7

79
.2

79
.4

61
.3

60
.5

E1
F2

L1
2S

05
5

1.
92

1.
3

20
0

14
.3

4.
85

51
98

.5
51

5.
3

43
8.

1
21

.3
24

.7
8

10
.0

E2
F2

L1
2S

05
5

1.
92

1.
3

20
0

14
.3

6.
86

13
,3

64
.9

67
1.

7
62

4.
2

62
.5

64
.8

45
.5

47
.8

E1
F3

L1
2S

05
5

1.
92

1.
3

40
0

27
.7

4.
85

51
98

.5
51

1.
7

44
0.

3
20

.3
21

.8
5.

6
6.

7

E2
F3

L1
2S

05
5

1.
92

1.
3

40
0

27
.7

6.
86

13
,3

64
.9

61
7.

4
62

8.
3

58
.8

59
.0

42
.1

42
.1

E1
F3

L6
L0

6S
10

0
0.

96
0.

72
40

0
28

.6
4.

85
51

98
.5

51
9.

0
44

0.
8

27
.1

29
.9

10
.1

15
.4

E2
F3

L6
L0

6S
10

0
0.

96
0.

72
40

0
28

.6
6.

86
13

,3
64

.9
69

5.
5

62
9.

8
−

−
−

−



Page 13 of 24Liu et al. Int J Concr Struct Mater           (2020) 14:32 	

2014). Like blast-induced responses, the impacted col-
umn always reaches its maximum deformation at the first 
positive cycle, as shown in Fig.  8b. Hence, refer to the 
multi-linear curve model for blast analysis suggested by 
(Krauthammer et al. 1988), Fig. 8a presents the hysteretic 
model for RC columns under impact loading. In the hys-
teretic model, the initial loading curve (“o-r-a” curve) was 
obtained from the procedure mentioned in Sect.  2.2.3. 
The sequences of unloading and re-loading (i.e., “a–b”, 
“c–d”, “d–e”, and “e–f”) were linearized for simplification.

To discuss the influence of the unloading stiffness 
( kun ) on the impact responses of circular RC columns, 
four impact tests on axially-loaded circular RC col-
umns were used herein, and the remaining four tests 
were adopted to validate the proposed approach in the 
following section. As a straightforward treatment, the 
unloading stiffness is usually assumed to equal the ini-
tial loading stiffness ( kel ) of RC members in the elastic 

range. For example, the treatment has been used in the 
impact analysis of the rectangular RC beam (Fujikake 
et  al. 2006, 2009; Krauthammer et  al. 1988). However, 
it was observed from Fig.  8c, d that the numerically-
obtained residual deformations of the impacted col-
umns were much larger than the experimental data 
when kun = kel . It means that the initial elastic stiffness 
is not appropriate for the circular RC column. This is 
due to the fact that there are differences between rec-
tangular RC beams and circular RC columns in terms 
of the reinforcement layout, the boundary condition, 
and including axial loads or not. For example, the rein-
forcing steel bars in the rectangular RC beams yield 
together because of the identical distances to the neu-
tral axis for these reinforcing steel bars. However, the 
reinforcing steel bars in the circular RC column yield 
gradually.
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From the point of view of energy, the unloading phase 
can be characterized by the release of elastic strain energy 
( Sel ) that is accumulated in the loading phase. As shown 
in Fig. 8a, kun can be readily estimated from the release of 
elastic strain energy and the column resistance Pun at the 
loading to unloading point (a). For Fig.  8b, the point (a) 
means that the column displacement is maximum, and the 
velocity of the column and the impactor is approximately 
zero. For the impact tests in (Liu et  al. 2017), the gravity 
of the hammer is less than 4% of the column resistance. 
Hence, the experimentally-measured impact force versus 
displacement data in the unloading phase (Fig.  9) can be 
used to approximate the force–deformation relationship of 
the column during unloading and to estimate kun as follows

where Pun is the impact force corresponding to the criti-
cal point from loading to unloading (Fig.  9). Based on 
the experimental data and Eq. (43), the values of kun are 
presented in Table  2 for the tested columns. As shown 
in Fig.  8c, d, good agreements were achieved between 

(43)kun = 2Sel

/

P2
un

the experimental data and the numerical results when 
using these values of kun . This means that the approach 
using Eq. (43) to estimate kun is reasonable. However, the 
method requires the experimental data, which would 
block its applicability in practices because tests cannot 
always be performed due to high economic and time 
costs. Therefore, it is evident to develop a simple method 
independent of experimental data to reasonably estimate 
the unloading stiffness.

The critical implication from the above analysis is 
that the unloading stiffness is dependent upon the elas-
tic strain energy. As mentioned above, it is simple for 
the rectangular beam to determine the status transition 
from elasticity to plasticity because almost all the rein-
forcing steel bars in the tension part began to yield at the 
same time. Distinct to the rectangular beam, although 
the steel bars at the bottom yield in the circular cross-
section member, many steel bars are in the elastic range. 
It implies that the elastic strain energy is still accumu-
lated after the steel bars at the bottom yield. It is one of 
the crucial reasons why the initial loading stiffness is not 
appropriate to approximate the unloading stiffness in the 
circular cross-section member. Similar to the rectangu-
lar beam, the nominal critical point can be defined when 
all the reinforcing bars below (or above) the neutral axis 
ultimately yield in the circular cross-section. Accord-
ingly, the equivalent unloading stiffness (kun,eq ) can be 
defined as

where Peq is the column resistance at the nominal criti-
cal point; u2,eq is the column deformation at the crucial 
point. As shown in Fig.  10 and Table  2, the equivalent 
unloading stiffnesses using Eq.  (44) are close to those 
estimated from Eq.  (43) and the experimental data. The 
numerical results obtained using Eq.  (44) also have a 
good agreement with the test results. In contrast to the 
above approach, the method using Eq. (44) is independ-
ent of the experimental data. Therefore, the method 
using Eq. (44) was recommended for circular columns to 

(44)kun,eq = Peq
/

u2,eq
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Fig. 9  Typical impact force–displacement curve of axially-loaded RC 
circular column

Table 2  Determination of unloading stiffness

where kun-1
* is the unload stiffness calculated from the fiber-based element model

Impact case Released energy 
Sel (kJ)

Pun(kN) kel (MN/m) kun (MN/m) kun, eq (MN/m) kun-1
* (MN/m)

E1F2 908 176 58.2 17.1 18.7 21.7

E2F2 775 162 59 16.9 18.9 19.7

E1F3 961 203 79.8 21.4 16.7 19.1

E2F3 749 152 81.3 15.4 16.6 16.5

E1F3L6 713 140 68 13.7 11.3 7.34
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estimate the unloading stiffness, particularly in the lack 
of physical experiments.

3.3 � Results and Discussions
Figure 1l presents the impact force–time histories and the 
midspan displacement obtained from the simplified two-
DOF models along with the experimental data. The pri-
mary peak responses obtained from the simplified models 
are shown in Table 1 for comparison with the experimen-
tally-measured results. Generally, good agreements were 
observed between the results obtained from the two-DOF 
model and the experimental data for all impact cases, indi-
cating the rationality of the developed two-DOF model. 
In addition to the results of the two-DOF model, the FE 
results obtained using the conventional modeling method 
are given in Fig. 11 for comparison. Apparently, compared 
with the FE results obtained from the detailed model, 
the simplified model provided much better accuracy in 
the prediction of the impact-induced responses, particu-
larly for the durations of impact forces, the residual and 
maximum deformations, as shown in Fig.  11. Although 
the improved FE modeling method was provided in the 
previous study (Liu et  al. 2017) to improve the accuracy 
in the prediction of the residual deformation, its coarse 
approximations and assumptions (e.g., specifying different 

RECOV parameters in the concrete material model to 
consider the influence of crack closure) due to the limita-
tion of the concrete material model would place some dif-
ficulties in practical applications. Also, the computational 
efficiency was improved when using the simplified model 
instead of the detailed FE model. About 11  h per an FE 
run were reduced to a couple of hours using the simplified 
model with the force–deformation relationship derived 
from sectional analysis.

4 � An Efficient Method to Obtain Structural 
Resistances

In the above analysis procedure, the sectional analysis 
was used to estimate structural resistance. Meanwhile, 
because the strain-rate effects were taken into account 
step-by-step, the iteration process (as shown in Fig.  6) 
was required to update the force–deformation relation-
ship of the column. For this reason, although the com-
putational time is reduced by the use of the simplified 
model, computational efficiency is expected to be fur-
ther improved. On the other hand, coding to implement 
the section analysis would place some difficulties in the 
application of the simplified two-DOF model. In the 
context, fiber-based beam-column element models were 
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developed to determine the force–deformation relation-
ship of the column efficiently.

4.1 � Fiber‑Based Beam‑Column Element Model
For the impact tests on circular RC columns in (Liu et al. 
2017), Fig.  12 shows the fiber-based beam-column ele-
ment model that was created by using OpenSees (Maz-
zoni et  al. 2006). In the nonlinear beam-column model, 
the column was fixed at the left end, and the axial degree 
of the column at the right end was released. The preload 
in the axial direction was exerted at the right end of the 
column. The material model Concrete04 in OpenSees 
was used to simulate the concrete, and reinforcing steel 
bars were modeled by Steel02. Similar to the treatment 
in the section-based analysis, the Mander’s model was 
employed to describe the behavior of the concrete core. 
Also, the material properties (e.g., concrete strength, 
the stress versus strain curve of steel bars) listed in (Liu 
et  al. 2017) were used to define these material models. 
The force–deformation relationship of the column was 
obtained by gradually increasing the lateral displacement 
at the impact point (i.e., displacement-based loading).

4.2 � Approximation of Strain‑Rate Effects
If the strain-rate effects were accurately considered, 
the user’s development of the FE code and the iteration 
process still could not be avoided in spite of the use of 
the fiber-based beam-column element model. Figure  13 
shows the changes in the velocities of m1 and m2 with 
time during the impact analyses. It was found that the 
speeds of the column at the impact point were usually 
approximate to those of the impactor except the initial 
contact phase, and their speeds varied on a relatively 
small range during the impact analyses. More impor-
tantly, due to the logarithmic relationship between the 
dynamic increase factors and the strain rates of concrete 
and reinforcing steel, the dynamic increase factors of 
concrete and steel bars are not sensitive to the change of 
velocity in low-velocity impact analyses. For convenience, 
the average impact velocity (i.e., V0

/

2 ) was employed to 
estimate the influence of strain-rate effect approximately. 
Accordingly, the average curvature rate ( ̇θav ) for the test 
column can be determined by

The average curvature rate ( ̇θav ) was substituted into 
Eqs.  (30) to (32) to estimate the equivalent strain rates 

(45)θ̇av=2V0

/(

llp
)
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Fig. 11  Impact forces and mid-span displacements obtained from the experiments and the simplified model
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of concrete and steel bars. Since the neutral axial depth 
changed slightly after the initial yielding of steel bars, 
the values of xy and xu in static analyses were adopted 
for simplification. Once the strain rates of concrete and 
steel bars were determined, the material properties of 
concrete and steel bars with strain-rate effects (Eqs.  (6) 
to (8)) could be obtained for the material definitions in 
the fiber-based beam-column element models. It is worth 
mentioning that the approximation of strain-rate effects 
can also be used in the section-based resistance analysis 
to avoid the iteration and to improve the computational 
efficiency further.

4.3 � Structural Resistances Derived from Fiber‑Based 
Element Models

Figure  13 presents the force–deformation curves 
obtained from the fiber-based element models with the 
approximate strain-rate effects along with the above 
section-based analysis results with iteratively-updat-
ing strain-rate effects. Suitable matches were observed 
between the results obtained from the fiber-based ele-
ment model and the section-based analysis results. It 
implies that the suggested approximation of strain-rate 
effects is reasonable and acceptable in the determination 
of the force–deformation relationship of the impacted 
column.

In addition to the loading portion of the force–deforma-
tion relationship, the unloading behavior of the impacted 

column needs to be further investigated based on the fiber-
based element model, as discussed in Sect. 3.2. According 
to the inspiration of Sect.  3.2, the influence of the maxi-
mum deformation in the loading phase is worth exploring 
in the fiber-based analyses. Figure 14 presents the unload-
ing stiffness ( Kun ) versus the maximum deformation 
curves. Since the nonlinear behavior (e.g., concrete crack-
ing and yield of steel bar) occurred, the unloading stiffness 
of the column rapidly decreased with the increase of the 
maximum deformation in the initial stage. Subsequently, 
the unloading stiffness tended to a stable value after the 
maximum deformation was relatively large (e.g., higher 
than 0.02  m). Slightly increases in kun were observed for 
the column with axial loads after the minimum value of 
kun . It is because that the presence of an axial load plays a 
positive role in reverse unloading, and its lateral support-
ing role becomes more remarkable with the increase of 
the lateral displacement. For the impact cases reported in 
(Liu et al. 2017), the maximum displacements and the cor-
responding values of kun were marked out by the dashed 
line in Fig. 14. It was found that the values of kun were close 
to the results obtained from Eqs. (43) or (44). The change 
(gradual decrease) in kun at the initial stage was consistent 
with the observation from Fig.  10 when the deformation 
of the column is not beyond the nominal critical point of 
complete yield. As shown in Fig. 14, the explicit formulas 
were derived from fitting the numerical data to apply them 
in the analysis of the simplified two-DOF model.
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Figure  11 presents the results of the simplified two-
DOF models when using the force–deformation relation-
ships derived from the fiber-based models instead of the 
section-based analysis. The simplified model using the 
fiber-based method is named as the proposed model in 
Fig.  11 to distinguish it from the simplified model with 
iterations. Similarly, the simplified two-DOF models 
were shown to have excellent accuracy in the prediction 
of the dynamic responses of the circular axially-loaded 

RC columns under impact loading. These results con-
firmed the applicability of the fiber-based element model 
to obtain the force–deformation relationship, including 
loading and unloading portions. Because of the approxi-
mation of strain-rate effects and the avoidance of itera-
tion, the computational time per one run of the two-DOF 
model was reduced from 2 h to just ~ 30 s. Indeed, com-
pared with the section-based analysis, an additional 
fiber-based beam-column element model needs to be 
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developed. Extra energy and time are required for the 
development of the fiber-based beam-column element 
model.

The proposed simplified method is expected to be 
used in the prediction of column responses under lat-
eral impacts from falling rock, vehicle, and vessel. Ber-
trand et  al. (2015) pointed out that the falling rock can 
be regarded as a rigid body like the drop-hammer impact 
tests. Hence, the proposed simplified method can be used 
directly in rockfall impacts except that the impact point is 
adjusted based on the actual impact. For vehicle and ves-
sel impacts, the nonlinear behavior of the impactor can-
not be omitted, and some particular SDOF models with 
the inelastic springs have been developed in current stud-
ies (e.g., Cao et al. 2019; Chen et al. 2016; Consolazio and 
Cowan2005; Fan et  al. 2011) to describe the vehicle or 
vessel behavior during collisions. In this case, these par-
ticular SDOF models would be used to replace the elastic 
contact model of the drop hammer in this study, and the 
modeling method of the impacted column developed in 
this study is still suitable.

5 � Impact Damage Evaluation of Axially‑Loaded RC 
Columns

Because of the high efficiency of the simplified two-DOF 
model, the damage of RC columns can be quickly evaluated 
under different impact scenarios, particularly in the prelim-
inary design phase. The iso-damage curves are presented in 
this section for the RC columns under various impacts.

5.1 � Analysis Matrix
A parametric study was performed using the devel-
oped two-DOF models described previously to obtain 
the iso-damage curve of a column subjected to vari-
ous impacts. For the two kinds of RC columns studied 
previously, parameters that were varied in this section 
included axial load ratio ( α = 7%, 14%, and 28% ), ini-
tial impact velocity ( V0 = 2 to 18  m/s), and impact mass 
( m1 = 200to 1800kg) . A total of 6534 analysis cases were 
run to obtain the iso-damage curve of these two kinds of 
RC columns.

5.2 � Damage Index
Bridge or building columns are usually designed to sup-
port substantial axial loads. For RC columns that have been 
subjected to lateral impact loads, it is essential to evaluate 
the residual axial load-carrying capacity ( Presi ) that rep-
resents the damage severity and the risk of collapse. For 
this reason, much research has chosen the damage index 
based residual strength in the damage evaluation of col-
umns after impact or blast loading. Hence, the remaining 
strength of columns after impact was used to describe the 
impact-induced damage extent. Because of the presence of 
the axial preload, the damage index DI based on residual 
strength can be defined by

where Nm is the axial capacity of the undamaged column; 
N0 is the preload in the axial direction. A formula was 
developed in the previous study based on a high number 

(46)DI = 1− (Nresi − N0)
/

(Nm − N0)
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Fig. 14  Unloading stiffness versus midspan displacement
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of FE results and multivariable regression analysis to 
predict the residual strength of circular RC column with 
impact-induced flexural damage as follows (Fan et  al. 
2019):

where u2,resi is the residual deformation of the column 
after impact; ρg is the longitudinal reinforcement ratio; 
ρv is the transverse reinforcement ratio. Substituting 
Eqs. (47) to (49) into (46) yields

where α = N0/Nm . According to Eqs.  (47) to (50), the 
damage severity can be estimated by the residual defor-
mation obtained from the simplified two-DOF model. It 
is worth mentioning that the FE analyses used for devel-
oping Eqs.  (47) to (49) are different from the detailed 
FE simulations for impact analysis. Considering the 
limitations of the detailed FE impact simulations, an 
approximate method was alternatively developed in the 
previous study (Fan et  al. 2019) to predict the residual 
axial strengths of the impact-damaged RC columns. In 
the developed method, the residual deformation shape 
of the impact-damaged column was first approximated 
by the displacement-based push loading on the impact 
point before the simulation of the residual axial perfor-
mance. This method, based on the approximation of the 
postimpact state (e.g., residual deformation), has been 
demonstrated by the compression after impact (CAI) 
tests on the impact-damaged columns (Fan et  al. 2019). 
to predict the residual axial capacity well. Extensive para-
metric studies were performed based on the validated 
method. Based on the analysis results, Eqs.  (46) to (49) 
were derived through multivariable regression analysis. 
Good agreements were achieved between the developed 
formula (i.e., Eqs.  (47) to (49)) and the numerical and 
experimental results. In addition, it should be noted that 
the required residual deformations in Eq. (47) were esti-
mated by the proposed 2-DOF models rather than the 
detailed FE models.

5.3 � Results and Discussions
Figure  15 plots the iso-damage curves of the axi-
ally-loaded circular RC columns subjected to vari-
ous impact scenarios. For comparison, the iso-impact 

(47)Nresi

/

Nm = β = a ln(u2,resi
/

l)+ b

(48)

a = 1.771ρg − 3.181ρv − 0.012
l

D
+ 0.190

N

Nm
− 0.1304

(49)

b = 6.438ρg + 6.229ρv − 0.04648
l

D
+ 1.003

N0

Nm
− 0.2054

(50)DI = 1− (β − α)
/

(1− α)

energy curves are shown in Fig. 15 by the dotted lines. 
In Fig.  15, the color portions show different damage 
severity under various impact mass and velocity. The 
empty area in the lower-left means that the column has 
negligible damage, while the blank space in the upper 
right indicates that the column has wholly lost the 
axial-load carrying capacity.

Although the iso-damage curves and the iso-impact 
energy curves have a similar trend with impact mass 
and velocity, some differences between them were 
observed, as shown in Fig.  15. In other words, the 
impact-induced damages of the columns were dif-
ferent at the same impact energy with varying com-
binations of mass and velocity. It is attributed to the 
influence of the strain-rate effect of concrete and steel 
bars so that the impact resistance of the column exhibit 
some differences. By comparing with the results in 
Fig. 15a–c or d–f, the axial load ratio had an essential 
influence on the impact-resistant performance of the 
columns. Under the same energy impacts, the dam-
age of the column decreased with the increase in axial 
load ratios (from 7 to 28%). Apparently, the empty area 
in the lower-left enlarged with increasing axial load 
ratios. As shown in Fig.  16, the presence of the axial 
load increased the bending resistance of the columns. 
Hence, when the impact energy was relatively low, 
and the impact-induced responses were also small, the 
axial load played a positive role in the impact-resistant 
performance of the column. However, the empty area 
in the upper right also increased with increasing axial 
loads. It implies that the energy dissipation capacity of 
the column under lateral impacts reduced with increas-
ing axial loads. Distinct to the low-energy impacts, the 
presence of the axial load had a negative influence on 
the impact-resistant performance of circular RC col-
umns. It is attributed to the fact that the P-Delta effect 
becomes significant with the increase of the impact-
induced deformation. By comparing with the results 
in Fig.  15a, d with the same axial loads, the impact-
resistant performance of the RC column can be sig-
nificantly improved by increasing reinforcement ratios 
because it improved the bending resistance of the RC 
column. Notably, the static axial load-carrying capacity 
of the column with the higher reinforcement ratio was 
22% higher than that of the column with the relatively 
smaller reinforcement ratio, while the energy dissipa-
tion capacity of the column with higher reinforcement 
ratio was twice as much as that of the latter one.

6 � Conclusions
For circular RC columns, a simplified modeling method 
was developed to efficiently predict the impact responses. 
Two different approaches were presented to obtain the 
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Fig. 15  Iso-damage curves of axially-loaded circular RC columns under various impact scenarios
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force–deformation relationship of the impacted columns, 
and the influence of the unloading stiffness on impact-
induced responses was discussed in detail. The proposed 
simplified method was validated by the impact tests 
on circular RC columns. The main conclusions can be 
drawn as follows:

1.	 The developed two-DOF model was demonstrated 
to be capable of predicting the responses of axially-
loaded circular RC columns under impact loading. 
Also, the computational efficiency using the two-
DOF model would increase by three orders of mag-
nitude in comparison with the typical detailed FE 
simulations. Therefore, the proposed method is espe-
cially suited for the preliminary design phase.

2.	 For the column with a circular cross-section, the 
formulas and procedure for the force–deformation 
relationship with strain-rate effects were presented 
according to the section-based analysis. Two simple 
methods to determine the unloading stiffness of cir-
cular columns were provided and validated for the 
complete definition of the hysteretic model in the 
impact analysis. Among them, the method based on 
Eq. (44) can be readily applied to impact studies inde-
pendent of the experimental data.

3.	 The fiber-based beam-column model was developed 
to determine the force–deformation relationship 
of columns considering strain-rate effects. The pro-
posed approximation of strain-rate effects was dem-

onstrated to be reasonable and acceptable. In addi-
tion to the loading portion, the developed fiber-based 
beam-column model is able to reasonably capture the 
change of the unloading stiffness with the increase of 
the impact-induced maximum deformation.

4.	 The damage characteristics of axially-loaded circular 
RC columns were widely investigated by using the 
proposed modeling method under various impact 
scenarios, and the corresponding iso-damage curves 
were plotted for two kinds of RC columns. It was 
found that the impact-induced damages of the col-
umns were different at the same impact energy with 
varying combinations of mass and velocities due to 
strain-rate effects.

5.	 The presence of axial loads had a significant influ-
ence on the impact-induced damage of axially-loaded 
circular RC columns. Under the low-energy impact, 
the axial load usually plays a positive role in the 
impact resistance of the RC column. On the contrary, 
increasing axial loads would reduce the energy dis-
sipation capacity of the column because the P-delta 
effect becomes significant with the increase of the 
column’s deformation.

Similar to most of the simplified models, the devel-
oped method in this paper is only applicable to evaluat-
ing the flexural responses of circular RC columns under 
impact loading. The shear damage (failure) should be 
avoided by increasing the transverse reinforcement 
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ratio of the column. Indeed, the advanced analytical 
model is worth developing in the future to capture both 
the flexural and shear-dominated damage of columns 
under impact loading. In addition, the rigid impactor 
was assumed to strike the center zone of the specimen 
in the impact test used for validations in this study. 
However, impact positions are often uncertain in real 
collision events. Because of the differences between the 
impact test and the real collision event, further stud-
ies should be performed to experimentally investigate 
the influence of impact position and column aspect 
ratio and improve the developed simplified method for 
applicability in the future.

Abbreviation

Nomenclature
m1: Mass of impactor; m2: Equivalent mass of RC column; u1, u̇1, ü1: Displace-
ment, velocity, and acceleration of t impactor, respectively; u2, u̇2, ü2: Displace-
ment, velocity, and acceleration of RC column, respectively; c1, k1: Contact 
damping and stiffness between impactor and RC column, respectively; c2, k2
: Equivalent damping and stiffness of RC column, respectively; Rs: Equivalent 
resistance of RC column; σc , εc: Compressive stress and strain of concrete, 
respectively; fco , εco: Compressive strength of concrete and the correspond-
ing strain, respectively; f

′

co , f
′

cc: Compressive strength of the unconfined and 
confined concrete, respectively; r , Esec , εcc: Parameters of concrete constitutive 
model (see Eq. (4)); Ec , Es: Elastic modulus of concrete and rebar, respectively; 
σs , εs: Stress and strain of reinforcing steel, respectively; fy: Yield strength of 
reinforcing steel; ε̇: Strain rate; Eb: Hardening modulus of reinforcing steel; N,M
: Axial force and bending moment of the cross-section; xy , xu: Location of the 
neutral axis at yield and ultimate points (see Fig. 4), respectively; D: Diameter 
of RC column; de: Effective height of the cross-section; ds: Distance from the 
rebars at the bottom to the edge of the column (see Fig. 4); dc: Thickness of 
concrete cover; rs: Radius of steel rebar (see Fig. 4); sj: Distance from the rebars 
at the jth layer to the rebars at the bottom (see Fig. 4); y: Coordinate value 
along the circular cross-section (Fig. 4); As: Area of steel rebar; A: Areas of RC 
column; θ ,ϕ: Curvature and rotation of RC column, respectively; EI: Flexural 
rigidity; k: Stiffness parameter defined in Eq. (27); l : Length of RC column; lp: 
Length of plastic hinge; P: Lateral load of RC column; ddi: Distance from the i-th 
layer bars to the outermost layer bars in tension; dupi: Distance from the i-th 
layer bars to the outermost layer bars in compression; m̄c(z): Distributed mass 
along the column length; φ(z): Shape function of RC column; Sel: Elastic strain 
energy accumulated in the loading phase; Pun: Impact force corresponding 
to the critical point from loading to unloading; kun: Unloading stiffness of RC 
column; kun,eq: Equivalent unloading stiffness of RC column; α: Axial load ratio; 
DI: Damage index; ρg , ρv: Longitudinal and transverse reinforcement ratios, 
respectively; β: Nresi

/

Nm.

Subscripts
d: Dynamic loading; y: Yied state; u: Ultimate state; c: Concrete; s: Steel rebars; 
el: elastic; p: Plastic; m: maximum; eq: Equivalent; un: Unloading; i, j: Layer 
number of steel bars; I: Timestep; J : Number of iterations; us: Ultimate state 
with rebar rupture; uc: Ultimate state with concrete crushing; av: Average; resi: 
Residual.
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