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Preface

The new Appendix A of ACI 318-2002 on strut-and-tie models provides
an excellent tool for the design of structural concrete where sectional design
procedures for flexure and shear do not apply. This is the case in discontinuity
regions (D-regions), which if not properly detailed, may exhibit structural
damage or even brittle failure. This special publication presents examples for
the use of strut-and-tie models following Appendix A of ACI 318-2002 for
designing D-regions such as corbels, deep beams with and without openings,
dapped beam ends, beams with indirect supports, anchorage zones of
prestressed members, shear walls with openings, bridge pier tables, and pile
caps.

The contributions and the examples were prepared by members of ACI
Subcommittee 445-A Shear and Torsion: Strut-and-Tie Models and were
presented at two sessions at the ACI Fall Convention in Phoenix, October 27 —
November 1, 2002, co-sponsored by the technical committee ACI-ASCE
Committee 445: Shear and Torsion and ACI Subcommittee 318E: Shear and
Torsion. The papers of this special publication were reviewed in accordance
with American Concrete Institute policies. The cooperation of the authors in the
preparation of the manuscripts and their revision considering comments by
reviewers is greatly appreciated.

In addition, the efforts of the reviewers and of the ACI Headquarters
staff, especially Mr. Todd Watson, Manager of Technical Documents, are
appreciated.

The editor also acknowledges the efforts of several individuals at ILEK,
University of Stuttgart, including Elfriede Schnee, Ali Daghigni, Hussein
Coskun, and Angela Siller for their assistance in producing the document.

The editor finally wishes to thank Cathy French, Chair of ACI-ASCE
Committee 445, and Jim Wight, former Chair of ACI Subcommittee 318E, for
their continuous support of the work of ACI Subcommittee 445-A and of this
special publication.

Karl-Heinz Reineck
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Part 1

Introduction

Karl - Heinz Reineck

Karl-Heinz Reineck received his Dipl.-Ing. and Dr.-Ing. degrees from the Uni-
versity of Stuttgart. He is involved in both research and teaching at the Institute for
Lightweight Structures Conceptual and Structural Design (ILEK), University of
Stuttgart, and he is head of two research groups and managing director of the insti-
tute. His research covers the shear design of structural concrete, the design with
strut-and-tie models and detailing of structural concrete and the design of high-
performance concrete hot-water tanks. He is member of ASCE-ACI Committee
445 "Shear and Torsion" and chairs two subcommittees and also is a member of
fib Task Group 1.1 "Practical Design".
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Part1: Introduction

1 Historical remarks

The last fifteen years has brought a major breakthrough in design methods for con-
crete structures which reflected in the terminology used. The term “structural
concrete” was proposed as a unifying term for all kinds of applications of concrete
and steel in order to overcome the traditional divisions between reinforced con-
crete, prestressed concrete and partially prestressed concrete and even externally
prestressed concrete or unreinforced concrete. These differentiations were identi-
fied as artificial, leading to confusion in codes and in teaching as well as to unnec-
essary restrictions in practice, as pointed out at the [IABSE Colloquium “Structural
Concrete” April 1991 in Stuttgart [[ABSE (1991 a, b)]. Shortly thereafter the
American Concrete Institute renamed the ACI 318 code accordingly.

The limitations of purely empirical design procedures has been increasingly real-
ized, driving the demand for the development of clear design models. The theory
of plasticity was applied to the design of members under shear and torsion, espe-
cially by Thiirlimann (1975, 1983) and Nielsen (1978, 1984) and their co-workers.
This also formed the basis for strut-and-tie models after the works of Schlaich et
al. (1987, 2001). Strut-and-tie models are a valuable design tool used since the
beginning of reinforced concrete design, as demonstrated by the use of truss mod-
els for the shear design e.g. by Ritter (1899), Mérsch (1909, 1912,1922), Rausch
(1938, 1953) and others. This is especially true for discontinuity regions
(D-regions), which have been poorly addressed in codes, even though improper
design and detailing of D-regions led to structural damages including some fail-
ures [Breen (1991), Podolny (1985)]. The development of strut-and-tie models has
brought the unique chance toward gaining consistency in the design concept cov-
ering D-regions and B-regions with similar models. Furthermore, the application
of strut-and-tie models emphasizes the essential role of detailing in design. All
this was pointed out in the State-of-the-Art Report on shear by the ASCE-ACI
Committee 445 (1998).

The Appendix A of ACI 318-2002 consequently reflects this international devel-
opment in research and thus is in line with some codes like the CEB-FIP Model
Codes 1990, EC 2, Canadian Code and AASHTO, as well as the recent FIP Rec-
ommendations (1999) and the new German code DIN 1045-1 (2001-07).
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2 Dimensioning procedures according to the present codes

The principles for the design are clearly defined in most codes, and they address
the whole structure and not only sections when defining the requirements and
principles for the design. Contrary to the principles, however, the dimensioning
procedures and the checking procedures focus on sections, and separate checks are
carried out for the different actions, such as moments and shear forces. In addition,
the detailing rules given finally in codes are meant to ensure the overall safety of
the structure.

The danger of a sectional design approach is that the overall flow of forces may be
overlooked and that critical regions are not covered. Especially the regions with
discontinuities due to the loading or/and the geometry, the D-regions, are not di-
mensioned but left to be covered by detailing rules, apart from some special cases
(e.g. frame corners or corbels). All these considerations triggered discussions at
the TABSE Colloquium “Structural Concrete” in 1991 and to the conclusions pub-
lished thereafter [TABSE (1991 a, b)]. The demand for developing clear models,
like strut-and-tie models, was expressed by Schlaich (1991) and Breen (1991).
Most of these ideas were taken up by the FIP Commission 3 “Practical Design”,
chaired by Julio Appleton, and one of its Working Groups developed the FIP Rec-
ommendations "Practical design of structural concrete” published in 1999 by fib.
These recommendations are fully based on strut-and-tie models and show the di-
rection for future developments. However, most codes still keep to the traditional
concepts and only added a new chapter or appendix without integrating the new
concept throughout the code. One exception is the case of the shear design where
a truss model has been used for steel contribution for many years.

3 Aim and contents of this Special Publication

The implementation of strut-and-tie models in ACI 318-2002 with Appendix A is
an important step in direction towards a more consistent design concept. Even
more, it is a major achievement for the engineers in practice and should trigger
efforts to apply strut-and-tie models in daily practice. Therefore, the main objec-
tive of this Special Publication is to show with design examples the application of
strut-and-tie models according to the Appendix A of ACI 318-2002.

This Special Publication contains five parts. After the introduction (Part 1), Part 2
gives an insight into the development of Appendix A of ACI 318-2002 and of the
discussions in ACI Committee 318 E “Shear and Torsion®. The scope and aim of
the Appendix A is described and extensive explanations are given in addition to
those already presented in the Commentary of Appendix A.

Part 3 presents a summary of important tests, which justify the use of strut-and-tie
models for the design of structural concrete. Among the tests are the classical ex-
amples for D-regions like deep beams, corbels and dapped beam ends.
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Part 4 forms the major part of this Special Publication presenting nine different
examples designed with strut-and-tie models using Appendix A of ACI 318-2002.
Most of these examples were taken from practice:

- The Example 1 (deep beam), Example 2 (dapped beam end) and Example 3
(double corbel and corbel at column) are classical D-regions, which have been
designed with strut-and-tie models since long, and for which even tests were car-
ried out, as described in Part 3.

- The Example 5 (beam with indirect supports) and Example 6 (prestessed beam)
deal with well known D-regions of beams, which so far have mostly been dealt
with in codes by rules for the shear design.

- The Examples 7 (pier table) and Example 9 (pile cap) deal with D-regions of
3D-structures, for the design which most codes give only rare information.

Some examples were selected to demonstrate the potential of strut-and-tie models
to solve uncommon design problems, such as like Example 4 (deep beam with
opening) and Example 8 (high wall with two openings).

All examples show the approach of finding a model, which is the first and an im-
portant step in a design with strut-and-tie models. The examples also point out
where problems in dimensioning or in detailing and anchoring the reinforcement
occur and how the design could be improved.

Part 5 gives a summary and discusses some issues which are either common for all
examples or turned up in several examples. After a brief review of the procedures
for finding a model, the uniqueness of a model is discussed and why different
models may be selected by several engineers. The other issue addresses the transi-
tion between D- and B-regions of beams and is of general importance for many
examples, because many D-regions are part of a larger structure and have to be
"cut out" of it, i.e. the correct actions and forces have to be applied at the border of
the D-region. Finally in Part 5 the importance of detailing is pointed out as it was
demonstrated in several examples.
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Part 2

Derivation of strut-and-tie models for the
2002 ACI Code

James G. MacGregor

Synopsis

This paper documents the decisions made by ACI Committee 318 to introduce strut-
and-tie models into the 2002 ACI Code. Sections 3 and 4 of this paper review code
statements concerning the layout of strut-and-tie models for design. The format and
values of the effective compression strength of struts are presented in Sec. 5. The first
step was to derive an effective compression strength which gave the same cross-
sectional area and strength using Appendix A as required by another code for the
same concrete strength and same unfactored loads. The final selection of design val-
ues of the effective compression strength considered test results, design values from
the literature, values from other codes, and ACI Code design strengths for similar
stress situations. A similar derivation of the effective compression strengths of nodal
zones is summarized in Sec. 6 of the paper. The description of the geometry of nodal
zones in code language proved difficult. The design of ties is described in Sec. 7 of
this paper and requirements for nominal reinforcement are in Sec. 8. Nominal rein-
forcement is provided to add ductility, to improve the possibility of redistribution of
internal forces, and to control cracks at service loads.

James G. MacGregor received a B.Sc. in Civil Engineering from the University of
Alberta, Canada in 1956, and a Ph.D. from the University of Illinois in 1960. He
joined the Department of Civil Engineering at the University of Alberta in 1960, em-
ployed there until 1993. Dr. MacGregor serves on ACI technical committees on shear
and torsion, columns, and the ACI Code committee. He chaired Canadian code com-
mittees on reinforced concrete design, and structural design. In 1992-93 he was presi-
dent of ACL. Dr. MacGregor is an Honorary Member of ACI, a Fellow of the Royal
Society of Canada, and a Fellow of the Canadian Academy of Engineering. In 1998
he received an honorary Doctor of Engineering degree from Lakehead University, and
in 1999, an honorary Doctor of Science degree from the University of Alberta.
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1 Introduction

The 2002 ACI Code (2002) includes a new Appendix A, "Strut-and-Tie Models" and
changes to a number of code sections to allow the use of strut-and-tie models (STM)
in design. In developing Appendix A, concepts were drawn from the AASHTO LRFD
Specification (1998), the CEB/FIP Model Code (1993) as interpreted in the FIP Rec-
ommendations (1999), and the Canadian concrete design code, CSA A23.3-94
(1994). Research reports [ACI Committee 445 (1997)] also provided some of the ba-
sis for the appendix This paper, in combination with the ACI 318 Commentary for
Appendix A [ACI (2002)] explains the decisions and assumptions made in the devel-
opment of Appendix A.

2 Research significance

This paper documents major decisions made in the development of Appendix A,
"Strut-and-Tie Models" in the 2002 ACI Code.

3 What are strut-and-tie models?

3.1 B-Regions and D-Regions

Concrete structures can be divided into beam-like regions where the assumption of
the straight line strain distribution of flexure theory applies, and disturbed regions,
adjacent to abrupt changes in loading at concentrated loads and reactions; or adjacent
to abrupt changes in geometry such as holes or changes in cross section. In the latter
regions the strain distributions are not linear. These different portions are referred to
B-regions and D-regions, respectively.
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P
Bottle-shaped 1
strut~\ T Nodal zone
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-

T T

Fig. 1. A strut-and-tie model for a deep beam.

The traditional theory of flexure for reinforced concrete, and the traditional (V¢ + V)
design approach for shear apply in B-regions. In D-regions, on the other hand, a major
portion of the load is transferred directly to the supports by in-plane compressive
forces in the concrete and tensile forces in reinforcement and a different design ap-
proach is needed. D-regions may be modeled using hypothetical trusses consisting of
concrete struts stressed in compression, steel ties stressed in tension, joined together
at joints referred to as nodes. These trusses are referred to as strut-and-tie models
(STM's).The strut and tie model of a single span deep beam shown in Fig. 1 is com-
posed of two inclined struts, and a horizontal tie joined together at three nodes [ACI
318 (2002)]. The nodes are enclosed within nodal zones which transfer forces from
the struts to the ties and reactions. Strut-and-tie models are assumed to fail due to
yielding of the ties, crushing of the struts, failure of the nodal zones connecting the
struts and ties, or anchorage failure of the ties. The struts and the nodal zones are as-
sumed to reach their capacities when the compressive stresses acting on the ends of
the struts or on the faces of the nodal zones, reach the appropriate effective compres-
sive strength, f,.
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De St. Venant's principle and elastic stress analyses suggest that the localized effect of
a concentrated load or a geometric discontinuity will die out about one member depth
away from the load or discontinuity. For this reason, D-regions are assumed to extend
approximately one member depth from the load or discontinuity. The words "about"
and "approximately" are emphasized here because the extent of D-regions can vary
from case to case (see ACI Sec. A.1.).

If two D-regions each of length d or less, come together and touch or overlap, they are
considered in Appendix A to act as a combined D-region. For a shear span in a deep
beam the combined D-region has a depth of d and a length up to 2d one way or two
ways from the disturbance. This establishes the smallest angle between a strut and a
tie attached to one end of the strut as arctan (d / 2d) = 26.5°, rounded off to 25° (see
ACI Sec. A.2.5)

Figure 2, reproduced from “Prestressed Concrete Structures” [Collins and Mitchell
(1991)], compares the experimental shear strengths of simply supported beams with
various shear-span-to-depth ratios, a/d, from 1 to 7. B-region behavior controlled the
strengths of beams with a/d greater than 2.5 as shown by the approximately horizontal
line to the right of a/d = 2.5. D-region behavior controlled the strengths of beams with
a/d ratios less than about 2.5 as shown by the steeply sloping line to the left of a/d =
2.5in Fig. 2.

ACI Committee 318 limited the maximum lengths of isolated D-regions to d, and to
2d for overlapping D-regions. Strut-and-tie models can also be used in the design of
B-regions [Marti (1985)]. However, the V term in the traditional ACI shear strength
equation is not included.

Two-dimensional strut-and-tie models are used to represent planar structures such as
deep beams, corbels and joints. Three-dimensional strut-and-tie models are used for
structures such as pile caps for two or more rows of piles.
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Fig. 2: Strengths of concrete beams failing in shear for various a/d ratios.

3.2 Decisions necessary to develop design rules for strut-and-tie
models

To codify strut-and-tie models for design, the major items to be defined and specified
are:

(a) the geometric layout of strut-and-tie models,

(b) what effective concrete strengths and ¢ factors should be used,
(c) the shape and strength of the struts,

(d) the arrangement and strength of the nodal zones,

(e) the layout, strength, and anchorage of the ties, and

(f) the detailing requirements.
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The definitions of these items differ considerably in various codes and other design
documents. The effective concrete strength and the strength reduction factors in Ap-
pendix A were originally derived using the load and resistance factors in Chapter 9 of
the 1999 ACI Code. The changes necessitated by the new load and resistance factors
in the 2002 ACI Code are presented briefly.

3.3 Geometric layout of strut-and-tie models

A strut-and-tie model is a hypothetical truss that transmits forces from loading points
to supports. The selection of STM's, the calculation of the forces in the struts and ties,
and the design of reinforcement in the ties are discussed, with examples, in "Toward
a Consistent Design of Structural Concrete" [Schlaich, Schifer and Jennewein
(1987)] “Prestressed Concrete Structures” [Collins and Mitchell (1991)], ., and "Ba-
sic Tools of Reinforced Concrete Beam Design" [Marti (1985), and [Reinforced Con-
crete. Mechanics and Design, MacGregor (1997)].

Appendix A is formulated on the assumption that strut-and-tie models will be used in
design. It is not intended that design be reduced to equations for the shear resisted by
struts and web reinforcement. The selection of the model and the production of a
drawing of the model are integral parts of

Commentary RA.2.1 in Appendix A [ACI(2002)] gives a step-by-step procedure for
laying out a strut-and-tie model. Various authors have suggested methods of doing
this [ACI (1999)], Collins and Mitchell (1991), Schlaich, Schifer and Jennewein
(1987) and MacGregor (1997). The starting point is usually the computation of the
reactions for the structure and loads. Generally speaking, a strut-and-tie model which
minimizes the amount of reinforcement approaches the ideal model. For two-
dimensional structures some researchers [Schlaich, Schifer and Jennewein (1987)]
recommend using a finite element analysis to determine the stress trajectories for a
given load case. The struts are then aligned within + 15° of the resultant compression
forces from such an analysis, and the ties within + 15° of the resultant tensile forces.

On the other hand, the Canadian code [CSA(1994)] requires that finite element analy-
ses be checked by independent analyses satisfying equilibrium, and suggests using
strut-and-tie models for this check.

In developing a strut-and-tie model for a given application it is frequently useful to
select initial trial locations for the nodes and use these in the initial cycle of calcula-
tions of the member forces. If pictures of the cracking pattern in similar structures are
available, the location of the struts and ties can be arranged within the structure such
that struts fall between cracks. Struts should not cross cracked regions.
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Section A.2 of the 2002 ACI presents several major requirements that must be satis-
fied by a strut-and-tie model:

1. First and foremost, the strut-and-tie model must be in equilibrium with the fac-
tored applied loads and factored dead loads (ACI Sec. A2.2). The calculation of
the reactions and strut and tie forces satisfies statics. It therefore produces a
statically adnissible force field.

2. The strengths of the struts, ties, and nodal zones must equal or exceed the forces in
these members. (ACI Sec. A.2.6). If the strength at every cross section equals or
exceeds the strength required by the analysis in item I, the structure is said to
have a safe distribution of strengths.

3. Inthe early stages in the design of a D-region it may be sufficient to consider only
the axes of the struts and ties when laying out a strut-and-tie model. It is gener-
ally necessary, however, to consider the widths of the struts, ties, and nodal zones
and support regions when laying out a strut-and-tie model (Sec. A.2.3).

4. Struts must not cross or overlap each other (Sec. A.2.4). The widths of struts are
chosen to carry the forces in the struts using the effective strength of the concrete
in the struts. If struts overlapped, the overlapping parts of the struts would be
overstressed.

5. Ties are permitted to cross struts or other ties. (Sec. A.2.4)

6. The smallest angle between a strut and a tie that are joined at a node is set at
25°. (Sec. A2.5).

A structural design that is both statically admissible and safe, satisfies the require-

ments of a lower bound solution in the theory of plasticity. This implies that the fail-

ure load computed by a strut-and-tie model underestimates the actual failure load.

For this to be true, the structure must have enough ductility to accommodate any

needed redistribution of forces.
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4 Forces in struts and ties, and strength reduction factors, ¢

After the initial strut-and-tie model has been selected, the reactions to the applied
loads and self weight loads are computed. Once the reactions have been computed,
the forces, F,, in all the struts, ties, and nodal zones loads are computed using truss
analysis. The struts, ties and nodal zones are then proportioned based on:

9Fn>Fy ey
where F, is the force in the member (strut, tie, or nodal zone) due to the factored
loads, F, is the nominal strength of the member, and ¢ is a strength reduction factor.

The nominal strengths of struts, ties, and nodal zones are Fpg, Fyt, and Fpn, respec-
tively.

Equation 1 includes the factored resistance ¢F,. In the CEB/FIP Model Code (1993)
the Canadian Code [CSA(1994)], and the FIP Recommendations (1999), material
strength reduction factors, ¢ and ¢s, or Y, and ys, are applied to the concrete and steel
strengths, f.' and f,. The 1999 ACI Code used different strength reduction factors for
each type of structural resistance, ¢r= 0.9 for flexure and ¢ = 0.85 for shear in
beams, corbels, and deep beams. (Subscripts have been added to the ¢ factors in this
paper to indicate the structural action corresponding to the various ¢ factors.)

In the 2002 ACI Code, the load combinations and ¢ factors in Appendix C of ACI
318-99, were interchanged with those in Chapter 9 of ACI 318-99. In the 2002 Code,
Oy and dsTM Were changed to 0.75 for the design of strut-and-tie models using the
load factors and strength reduction factors in Chapter 9 of the 2002 ACI Code. A re-
evaluation of the ¢ factor for flexure indicated ¢f could remain equal to 0.90.

ACI 318-99 included a new Sec. 18.13 on the design of post-tensioned tendon an-
chorage zones, based in part on strut-and-tie models. That code specified ¢pg = 0.85
in the design of post-tensioned anchorage zones to be used with a load factor of 1.2
(Sec. 9.2.8) on the prestressing force. Strut-and-tie models of prestress anchorage
zones retain this ¢ factor and load factor because the tendon forces and the load factor
on the tendon forces are unchanged.
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5 Struts

5.1 Types of struts

Struts vary in shape. In strut-and-tie models, they are generally idealized as prismatic
or uniformly tapered members as shown by the straight sides of the idealized pris-
matic struts in the shear spans of the deep beam shown in Fig. 1. In that strut-and-tie
model, the concrete in the beam webs adjacent to a strut is stressed by the lateral
spread of the strut stresses into the adjacent concrete in the shear spans. If there is
room for this spread to occur, the struts are said to be bottle-shaped. Most struts in
two-dimensional strut-and-tie models will be bottle-shaped.

5.2 Design of struts

Struts are designed to satisfy Eqgs. 1 to 4. The factored strength of a strut is computed
as:

Fns = feuAc )]

where fy, is the effective compressive strength of the concrete in a strut, taken equal
to:

feu=vf 3)
or:

ofcu=0 v fe' = dsTm oty Bs fe' 4

where v (nu) is called the effectiveness factor, A is the end area of the strut acted on
by fou. Ostum is the value of ¢ for struts, ties, and nodal zones in strut-and-tie models,
o is the 0.85 factor in ACI Sec. 10.2.7.1 and J3; is the effectiveness factor for a strut.
If £y is different at the two ends of a strut, the strut is idealized as being uniformly
tapered. The term v is introduced as an intermediate step in the derivation of Eq. 4
because different codes and researchers include different factors in their definitions of
the effective compressive strength.
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5.3 Effective compressive strength of struts, f¢y
5.3.1 Factors affecting the effective concrete strength of struts

The stress acting in a strut is assumed to be constant over the cross-sectional area at
the end of the strut. Three major factors that affect the effectiveness factor are given
in the following paragraphs. Depending on the emphasis placed on each factor when
deriving values of the effectiveness factor, the values of ., differ from code to code.

(a) Load Duration Effects. The effective strength of the struts is given by Egs. 1 and
4 where v = 0, Bs, and o is the 0.85 factor defined in ACI Sec. 10.2.7.1, explained in
various references as accounting for load duration effects, or accounting for different
stress regimes in the cylinders and the flexural stress blocks, or accounting for the
vertical migration of bleed water. In Eq. 4, o; was taken equal to 0.85 from ACI Sec.
10.2.7.1. This factor probably should be a function of f.', decreasing as f.' increases
[Ibrahim and MacGregor (1997)]. Recently, several relationships have been suggested
as replacements for the oy = 0.85 in ACI Sec. 10.2.7.1. In the event that one of these
proposed revisions is accepted, the o in Eq. 4 would be modified to agree. The sub-

script "s" in (B refers to strut.

(b) Cracking of the struts. Typically, the struts develop axial, diagonal, or transverse
cracks. The resulting reduction in the compressive strength of the struts is explained
in the following paragraphs.

(i) Bottle-shaped struts. Struts frequently are wider at midlength than at their ends
because the width of concrete that the strut stresses can spread into is greater at
midlength than at the ends of the strut. The curved, dashed outlines of the struts in
Fig. 1 represent the effective boundaries of a typical strut. Such a strut is said to be
bottle-shaped. In design, bottle-shaped struts are idealized as the prismatic struts
shown by the straight, solid-line boundaries of the struts in Fig. 1.

The divergence of the forces along the length of the strut tends to cause longitudinal
splitting near the ends of the strut as shown in Fig. 3. In the absence of reinforcement
to confine this splitting, these cracks may weaken the strut. Schlaich et al. (1987)
have analyzed this type of cracking and predict that it will occur when the compres-
sive stress on the end of the strut exceeds approximately 0.55f;". Schlaich et al. and
Breen et al. (1994) suggest that a the diverging struts in Fig. 3 have a slope of 1:2 as
shown.

(i1) Cracked struts. The strut may be crossed by cracks which will tend to weaken the
strut [Schlaich, Schafer and Jennewein (1987)]. The effective compressive strengths
given in Appendix A and Sec. 5.3.5 of this paper reflect this concept.

(iii) Transverse tensile strains. Tensile strains perpendicular to the axis of a cracked
strut connected to a tie may reduce the compressive strength of the strut [Vecchio and
Collins (1982)]. In the Canadian Code [CSA(1994)] and the AASHTO Specifications
(1998) it is assumed that the strength of a strut is a function of the transverse tensile
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strain in the strut due to the tie attached to one or other end of the strut, computed as a
function of the angle between the axis of the strut and the axis of the tie. Tests of uni-
formly-stressed, square concrete panels by Vecchio and Collins (1982) have given
rise to the values of f,, given by Eqs. 11 and 12 in Sec. 5.3.3.

(c) Confinement from surrounding concrete. In three-dimensional concrete structures
like pile caps, the compressive strength of a strut may be increased by the confine-
ment resulting from the large volume of concrete around the strut. Adebar and Zhou
(1993) have proposed equations for the effective compressive strength for use in de-
signing pile caps.

7
Width used to compute A,
(a) (b)

Fig. 3: Splitting of a bottle-shaped strut.
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5.3.2 Effective compressive strength of struts—from tests and literature

Various researchers have proposed values of the effectiveness factor v. A few
comparisons are made here. Many more references are listed in a Bibliography on
Strut-and-Tie Models, collected by the ACI-ASCE committee on Shear and Torsion
[ACI 445(1997)].

- Based on tests of 24, one- and two-span deep beams, Rogowsky and MacGregor
(1986) proposed f.,, = v f;' = 0.85f;". They observed that the selection of an
appropriate truss was more important than the choice of v.

- Ricketts (1985) reported ratios of test to calculated strengths of six two-span
continuous deep beams. The failure loads predicted using strut-and-tie models,
had a mean ratio of test / calculated strengths of 0.96 for v = 1.0. When v was
taken as 0.6, the mean test to calculated strength ratio increased to 1.13. This
indicates that v was closer to 1.0 than to 0.6.

- Rogowsky (1983) stated that v = 1.0 conservatively predicted the strengths of
the corbels tested by Kriz and Raths (1965). Virtually all of the corbel tests had
effectiveness factors, v, between 1.0 and 1.3.

- Ramirez and Breen (1991) proposed a relationship between v and \/f_c' with v
ranging from 0.55 to 0.39 for f;' ranging from 3000 to 6000 psi.

Bergmeister et al. (1991) related v and f¢' with v ranging from 0.77 to 0.69 for
concrete strengths ranging from 3000 psi to 6000 psi.

- Schlaich et al. (1987) recommended values of v similar to those given in
Section 5.3.5 of this paper.

Marti (1985) suggested a constant value of v = 0.6.

5.3.3 Effective concrete strength of struts—from other codes

The values of 5 from other codes cannot be used directly in Appendix A because
other codes have different load factors, different resistance factors, and different ways
of specifying the concrete strength. A further complication is introduced by the fact
that the load and resistance factors in Chapter 9 of the 2002 ACI Code differ from
those in Chapter 9 of the 1999 ACI Code.

Initial values of dsTMm] Bs corresponding to the 1999 ACI Code load factors and the
ACI definition of f.' were derived by calibration to the FIP Recommendations
(1999).The cross-sectional areas of struts required by the FIP Recommendations, for
example, were computed for the axial forces in a hypothetical strut due to assumed
combinations of dead and live load, based on the load factors in the FIP Recommen-
dations and for the corresponding concrete strengths, f;'.
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The values of dsTnm 1 Bs needed in the ACI Code so that the strut area from the two
codes givethe same load capacities were then computed using ..

dost™M = 0.85 and oy = 0.85.

FIP Recommendations. The FIP Recommendations (1999) give the cross-
sectional area of a strut required for a given set of loads as:

AcFIp = f"ﬂ )
cdeff

where Ac pp is the cross-sectional area of the strut computed using the FIP Recom-
mendations, Fy pip is the strut force due to the sum of the factored loads acting on the
strut., and fcq efr is the effective concrete strength from FIP. For unfactored strut loads
of 100 kips dead load and 50 or 200 kips live load, values of A pip were computed
using Eq. 5 for specified concrete strengths, f.' of 3000 psi and 6000 psi. These were
set equal to the corresponding areas, A¢ acr, from Appendix A:

F
Agacr= —2C— (6)
¢STM(X’IBsfc

where A¢ aci is the area of the strut or the compression stress block for a member
designed using the ACI Code, and Fy scy is the force in the strut due to ACI factored
loads on the strut-and-tie model.

Setting A¢ prp equal to A¢ ac, assuming that the unfactored loads are defined in the
same way in both the ACI and FIP, and rearranging, gives:

FuACI fcdeff (7)

dsT™ Bs = 2
(xlfCFuFIP

where  is the factor from ACI Sec. 10.2.7.1.

Load Factors and Loadings. The basic load case considered is dead load plus
live load (D + L), where D = 100 kips, with L either 50 kips (0.5D) or 200 kips
(2.0D). It is reasonable to assume that D and L are defined in a similar fashion in both
American and European codes.

In FIP, the basic load case is U= 1.35D + 1.5 L, where U stands for ultimate load. For
L=0.5D, U=2.10D (210 kips) and for L =2D, U = 4.35D (435 kips).

In Sec. 9.2.1 of the 1999 ACI Code, U =1.4D +1.7L. For L =0.5D, U = 2.25D (225
kips) and for L = 2D, U = 4.8D (480 kips).

In Sec. 9.2.1 of the 2002 ACI Code, the basic load combination changes to

U= 12D + 1.6L, giving U =200 kips and 440 kips for the two loading cases.

Concrete Strengths. Two concrete strengths were considered, 3000 and
6000 psi.
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3000 psi Concrete. Consider 3000 psi (20.7 MPa) concrete with a standard deviation
of 450 psi (3.1 MPa), and a coefficient of variation = 0.15. From ACI Sec. 5.3.2.1, the
required mean strength, f.;' = 3000 + 1.34 x 450 = 3600 psi. FIP defines concrete
strength using the characteristic or 5th %ile strength, f.x, which is a lower fractile
than used in ACI to define f;'. For concrete with an ACI specified strength of 3000
psi,

fek = 3600 (1 — 1.645 x 0.15) =2710 psi (18.7 MPa).

The design strength for uniaxial compression from FIP is:

f
fleg = ax— ®

where o = 0.85 is similar to the o; = 0.85 in ACI 10.2.7.1 and Eq. 4, and vy is a resis-
tance factor for concrete, equal to 1.5. For fc' = 3000 psi:

_ 0.85><52710 1540 psi

led
6000 psi Concrete. Consider 6000 psi (41.4 MPa) concrete with a standard deviation
of 600 psi (4.14 MPa), and a coefficient of variation = 0.10. From ACI Sec. 5.3.2.1,
the required mean strength, f;' = (6000 + 2.33 x 600) — 500 = 6900 psi. The FIP uses
the Sth % fractile strength, fo, = fr'(1 — 1.645 x 0.10) = 5760 psi (39.8 MPa). From
Eq. 8 the design strength for uniaxial compression from FIP is fjcq = 3260 psi.

In the FIP Recommendations, the strength of the concrete in a strut is taken as the
smaller of

fed,eff = V1 flcd )]

or

fcd,eﬂ’: v2 ficd (10)
where Eq. 9 is applicable only in the compression zones for beams or axially loaded
columns that are assumed to be uniformly stressed with foq ofr = v ficd acting over
the distance ¢ from the neutral axis to the extreme compression fiber. Because this
locates the resultant compression force at ¢/2 from the extreme compression fiber,
rather than at a/2 as assumed in the ACI Code rectangular stress block, values of
fcd,efr based on v; will not be considered.

FIP defines v in Eq. 10 using the following descriptions:

3.3.2(3) a) Uncracked struts with uniform strain distribution. v, = 1.00.

For 3000 psi concrete, foq efris 1.00 x 1540 psi = 1540 psi and, for ¢stm = 0.85, B
ranged from 0.76 to 0.83 for the 1999 load factors and ¢stv = 0.85. For the 2002 load
and resistance factors Bg ranged from 0.77 to 0.86 .
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3.3.2(3) b) Struts with cracks parallel to the strut and bonded transverse reinforce-
ment; The reduction in strut strength is due to the transverse tension and to the distur-
bances by the reinforcement and the irregular crack surfaces. FIP gives v = 0.80. For
the 1999 ACI load factors oy v Bs ¢ = 0.75, and the values of B¢ ranged from 0.61 to
0.63. For the 2002 load and ¢ factors, the range was 0.64 to 0.66.

3.3.2(3) ¢) Struts transferring compression across cracks with normal crack widths,
e.g. in webs of beams. FIP gives v = 0.60. For 1999 Code load and ¢ factors, B
ranged from 0.46 to 0.50. For the 2002 load and resistance factors, the range was 0.46
to 0.52.

3.3.2(3) d) Struts transferring compression across large cracks, as e.g. in members
with axial tension or in tension flanges. FIP gives v, = 0.45. For 3000 psi concrete,
the corresponding values of B ranged from 0.34 to 0.37 for the 1999 Code. For the
2002 Code the range is 0.35 to 0.39.

These values are listed in Table 1 for comparison with values of 5 derived from other
codes, and those proposed for Appendix A. Because the verbal descriptions used in
ACI Appendix A differ from those given in the FIP Recommendations, some FIP
cases and ACI cases overlap and are listed two or more times.

Canadian Concrete Design Code and AASHTO LRFD Specification. These two
codes define f,; based on transverse tensile strains in the struts. One definition of fy
is assumed to apply for all types of struts.

In the Canadian code [CSA(1994)] design is carried out using a factored concrete
strength ¢ f.' and a factored steel strength ¢ fy where ¢ = 0.60 and ¢; = 0.85. The
strength of concrete is defined in the same way as in ACI 318. The load factors in the
Canadian Code are U = 1.25D + 1.5L. The effective compressive strength of the con-
crete in struts is:

¢
fou= ——=—— <0.85f' 11
0 0.80+170¢, ¢ (b
where
€1 = & + (€ + 0.002) cot? O (12)

€ = tensile strain in the tie.

0, = the smallest angle between the axis of the compressive strut and the axis of the
tie attached to one end of the strut.

In the strut-and-tie model in Fig. 1, the strut is anchored by the longitudinal tie and is
crossed by stirrups or minimum reinforcement. Here, 6 is taken as the angle between
the axis of the strut and the tie which is limited in ACI Sec. A.2.5 to 25° and by im-
plication to to an upper limit of 90 — 25 = 65° relative to the tie. The stirrups and
minimum surface reinforcement are ignored when computing 65 and €.
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TABLE 1—Values of B; for Struts in Strut-and-Tie Models. ¢ fo. = Ostm 04 Bs £’

Case

Code

B, for ¢ =0.85, a, =

0.85, 1999 load factors

Ba for ¢ = 0.75,
a, = 0.85,
2002 loads factors

Values

Chosen

Values Chosen

A.3.2.1—Struts in which
the area of the mid-strut
cross section is the same
as that at the nodal zones,
such as the compression
zone of a beam.

 Uncracked strut with a
uniform strain distribution,
v, =1.00

» Compression zone in a
beam

* Compression zone in a
tied column

ACI App. A

FIP 5.3.2(3)a)

ACI10.2.7

ACI Chapter
10

0.76-0.83

1.06

0.82

1.0

1.0

0.77-0.86

1.20

0.87

A.3.2.2—Struts located
such that the width of the
mid-section of the strut is
larger than the width at
the nodal zones
(Bottle-shaped struts)
(a) with reinforcement
satisfying A.3.3

* Struts with cracks and
bonded transverse
reinforcement, v, = 0.80

* Struts transferring
compression across cracks
of normal width, v, =0.6

* Struts in STM's of post-
tensioned anchorage zones

* Struts crossed by
reinforcement at an angle
6 with the axis of the strut

* Back calculated from tests
of one and two span deep
beams

ACI App. A

FIP 5.3.2(3)b)

FIP 5.3.2(3)c)

ACI 18.13

CSA 8=60"
0 =45
6=130°

Ref. 21

0.61-0.66

0.46-0.50

0.82A

0.683
0.513
0.293

0.95

0.75

0.75

0.61-0.69

0.46-0.52
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TABLE 1—(Continued)

B, for = 0.85, o, = B for ¢ =10.75,

0.85, 1999 load factors | o = 0.85,

Case Code 2002 loads factors
Values Chosen | Values Chosen

(b) without
reinforcement ACI App. A 0.60 A 0.60 A
satisfying A.3.3

* Struts transferring

compression across cracks
of normal width, v, = 0.60

FIP 5.3.2(3)c) | 0.46-0.50 0.46-0.52

A.3.2.3—Struts
in tension members, or the| ACI App. A 0.40 0.40
tension flanges of membery

* Struts transferring FIP 5.3.2(3)d) | 0.34-0-0.37 0.35-0.39
compression across large
cracks

A.3.2.4—For all other ACI App. A 0.60 0.60
cases

For 65 = 60° and & = gy = 0.002, Eq. 11 from the Canadian Code [CSA(1994)] gives
fou = 0.73f;".

For 65 =45° and g5 = 0.002, Eq. 11 gives f,, = 0.55f;".
For 65 =30°., and 5= 0.002, f.,=0.31f.".

Assuming ¢ f_= ¢sTM & Bs fc', the values of B for these angles 6 are 0.68, 0.51, and
0.29 respectively, based on ¢; = 0.85 and ¢sy = 0.85.

For strut-and-tie models, the AASHTO LRFD Specification [AASHTO(2002)] gives
the following values of ¢:

+ for compression in strut-and-tie models ... 0.70
+ for compression in anchorage zones:
- normal weight concrete . .......... 0.80

- lightweight concrete . . ............ 0.65
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For strut-and-tie models of prestress anchorage zones AASHTO gives
fu=070f

except that, in areas where the concrete may be extensively cracked at ultimate due to
other force effects, or if large inelastic rotations are expected, the factored effective
compressive strength is limited to 0.6 ¢ f;'.

Setting ¢ foy equal to ¢ o P fo' and neglecting differences in the load factors gives P
=0.82 and 0.71 for ¢ f;,, = 0.7 ¢ f.' and 0.6 ¢ f', respectively, with o; = 0.85.

5.3.4 Effective Concrete Strength of Struts - From Other Sections of
ACI 31899

The effective concrete strength of a strut is given as the product ¢ fo, = 0sTM 0 Bs fe'.
It would be desirable that ¢ v f' agree with o1z 011 Bs fe' for the following three
cases to minimize the differences at the interface between B-regions designed using
the traditional flexure and shear design theory, and D-regions designed using strut-
and-tie models.

The Flexural Stress Block in Beams. For flexure by the 1999 ACI Code, ¢¢= 0.90,
and o, = 0.85, the flexural compressive force, C,, acting on the height, a = ;.c, of
the rectangular stress block is:

Cuflex=0ra f'ab (13)

If we assume the compressive force in a strut-and-tie model of the same beam is also
equal to Cy:

CusTM= dsTM 011 Bs ' a b (14)
Setting these equal and substituting ¢gTa = 0.85 we get B = d¢/ dsTm = 1.06.
For the same case using ¢sTMm = 0.75 and ¢¢= 0.90 from the 2002 ACI Code,
Bs =0.90/0.75 = 1.20.

The Flexural Stress Block in Columns Failing in Compression. The ¢ factor for tied
columns is ¢y= 0.70 and for spiral columns ¢sc = 0.75. For the 1999 ACI Code, ¢y
v f¢' = 0sTM & Bs fc". The corresponding value of f is 0.70/0.85 = 0.82 for tied col-
umns and 0.88 for spiral columns. This value for the compression zone in a tied col-
umn is lower than the value of Bs for the compression zone in a beam because the
ACI ¢ factors for columns were arbitrarily set below the ¢ for flexure to account for
the more serious and more brittle nature of column failures.

Prestressed Tendon Anchorage Zones--ACI 318-99 Section 18.13.4.2 In 1999, ACI
318 included a new Section 18.13 on tendon anchorage zones based in large part on
strut-and-tie models. This revision used fo, = 0.7 Af' and ¢ = 0.85. Rewriting the ex-
pression for foy as ¢ foy = dsTm 4 Bs fe' gives Bs=0.7 A 7 o = 0.824 A.
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5.3.5 Selection of fcy for Struts for Appendix A

The values of f,, presented in ACI Code Appendix A were chosen to satisfy four cri-
teria:

(a) Simplicity in application.

(b) Compatibility with tests of D-regions, such as deep beams, dapped ends or
corbels.

(c) Compatibility with other sections of ACI 318.
(d) Compatibility with other codes or design recommendations.

Because these four criteria lead to different values of f; for a given application,
judgement was required in selecting the values of f,.

Values of s are summarized in Table 1. The bold headings numbered A.3.2.1
through A.3.2.4 are the descriptions of the types of struts used in Appendix A of ACI
318-02. Values of B for related cases from other documents are also listed in each
section. Two different methods of specifying f., are given in the various codes cited:
(a) FIP uses descriptions of the cracking of the struts to select the applicable values of
v. (b) CSA and AASHTO base f, on Egs. 11 and 12 which require £ to be com-
puted. The first option depends on finding unambiguous descriptions of the state of
cracking in the member. The second, depends on being able to compute a poorly de-
fined strain in the web of the member. In Appendix A, the first option, verbal descrip-
tions was adopted. The italicized words in the following paragraphs are directly from
ACI 318-02.

A.3.2.1 For a strut of uniform cross-sectional area over its length, ... .Bs=1.0.

Table 1 lists values of B4 ranging from 0.76 to 1.20 for related cases. 35 was taken
equal to 1.0, or B = 0.85 has been proposed to correspond to the rectangular stress
block for flexure. In making this choice, evidence of 35 approaching 1.0 in tests was
also strongly weighted.

A.3.2.2 For struts located such that the width of the mid-section of the strut is larger
than the width at the nodes (bottle-shaped struts):

(a) with reinforcement satisfying A.3.3 .. ....... ... ... ..., Bs = 0.75.

Other codes give B ranging from 0.46 to 0.824. The CSA code values are based on a
different concept and will be disregarded. Experiments gave B as high as 0.94.
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(b) without reinforcement satisfying A.3.3. ... ........ . ..., Bs =0.60 A

The term A for cracking of lightweight concrete was included in the B value for
A.3.2.2(b) because the stabilizing effect of reinforcement transverse to the struts is
not present and failure is assumed to occur shortly after cracking.

A.3.2.3 For struts in tension members or tension flanges of members. Bs = 0.40.

The similar case from FIP corresponds to s = 0.34 to 0.37.

A.3.2.4 Forallothercases. .. .............c.c..coovi i iieiinae Bs = 0.60

The selected values of By are generally higher than those from other codes because
more weight was given to values of fg, corresponding to related design cases in the
ACI Code and values of f;,; from tests, than was given to i, from other codes.

6 Nodes and nodal zones

6.1 Classification of nodes and nodal zones

It is desirable to distinguish between nodes and nodal zones. Nodes are the points
where the axial forces in the struts and ties intersect, and nodal zones are the regions
around the joint areas in which the members are connected. For vertical and horizon-
tal equilibrium at a node, there must be a minimum of three forces acting on the node
in a planar structure like a deep beam.

Nodes are classified by the types of forces that meet at the node. Thus a C-C-C node
anchors three struts, a C-C-T node anchors two struts and one tie, a C-T-T node an-
chors one strut and two ties. Appendix A assumes the faces of the nodal zone that are
loaded in compression have the same width as the ends of the struts. The width of the
faces anchoring ties will be discussed more fully in Sec. 7.1.

6.2 Types of nodal zones and their use in strut-and-tie models

The literature on nodes in strut-and-tie models is based on two quite different
concepts.

Hydrostatic Nodal Zones. Originally, nodal zones were assumed to have equal stress
on all in-plane sides. Because the Mohr's circle for the in-plane stresses acting on
such nodal zones plots as a point, this class of nodes was referred to as hydrostatic
nodal zones. If the stresses were equal on all sides of the nodal zone, the ratio of the
lengths of the sides of a hydrostatic nodal zone, wy1: Wpo: W3 are in the same propor-
tions as the forces, Cy: C,: C3 acting on the sides.
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Hydrostatic nodal zones were extended to C-C-T or C-T-T nodes by assuming the ties
extended through the nodal zones to be anchored on the far side by hooks or bond on
the tie reinforcement beyond the nodal zone. This concept is represented using a Ay-
pothetical anchor plate behind the joint. The area of the hypothetical anchor plate is
chosen so that the bearing pressure on the plate was equal to the stresses acting on the
other sides of the nodal zone. The effective area of the tie is the tie force divided by
the permissible bearing stress for the struts meeting at a node. The requirement for
equal stresses on all faces of a hydrostatic nodal zone tends to complicate the use of
such nodal zones.

Extended Nodal Zones. These are nodal zones bounded by the outlines of the com-
pressed zones at the intersection of:

(a) the struts,
(b) the reactions, and

(c) the assumed widths of ties including a prism of concrete
concentric with the ties.

This is illustrated in Fig. 4(a) where the darker shaded area is the hydrostatic nodal
zone and the total shaded zone is the extended nodal zone. The extended nodal zone
falls within the area stressed in compression due to the reactions and struts. The com-
pression stresses assist in the transfer of forces from strut to strut, or strut to tie. In
general, Appendix A uses extended nodal zones in place of hydrostatic nodal zones.

Relationships between the dimensions of a nodal zone. Equations can be derived
relating the widths of the struts, ties, and bearing areas if it is assumed that the
stresses are equal in all three members meeting at a C-C-T nodal zone.

Wg = Wy 0SB + £, sinB (15)

where wy is the width of the strut, w; is the effective width of the tie, £}, is the length
of the bearing plate, and 8 is the angle between the axis of the strut and the horizontal
axis of the member. This relationship is useful for adjusting the size of nodal zones in
a strut-and-tie model. The strut width can be adjusted by changing w;or £y, one at a
time. Once this has been done, it is necessary to check the stresses on all the faces of
the nodal zone. The accuracy of Eq. 15 decreases as the stresses on the sides become
more and more unequal. Equation 15 was included in Fig. 4 (ACI Fig. RA.1.6), but
not in the code itself. Future code committees should consider adding such equations
to the Commentary.
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Resolution of forces acting on nodal zones. If more than three forces act on a nodal
zone in a two-dimensional structure, it is frequently necessary to resolve some of the
forces to end up with three intersecting forces. Alternatively, the nodes in the strut-
and-tie model acted on by more than three forces could be analyzed assuming that all
the strut and tie forces act through the node, with the forces on one side of the nodal
zone being resolved into a single resultant strut during the design of the nodal zone.

This concept is illustrated in ACI Commentary Fig. RA.2.3.
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(b) Distributed steel

Fig. 4: An extended nodal zone.
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6.3 Effective compressive strength of nodal zones
6.3.1 Effective compressive strength of nodal zones from tests

Very few tests of the strength of nodal zones are available. Tests of ten isolated
C-C-T and nine C-T-T nodal zones reported by Jirsa et al. (1991) indicate that

fou = 0.80f;' can be developed in such nodal zones if properly detailed For C-C-T
nodal zones the average test / calculated strengths were 1.17 with a standard deviation
of 0.14. For C-T-T nodal zones the mean test / calculated strength was 1.02. Assum-
ing ¢ = 1.0 for comparison with the strength of test specimens and ¢¢; = 0.85, this
corresponds to B, = 0.94.

6.3.2 Effective compressive strength of nodal zones from other codes
6.3.2.1 FIP Recommendations “Practical design of structural concrete”
The FIP Recommendations limit fc, on nodal zones to the following values:

+ for node regions anchoring one or more ties: 0.85 f]cq where f]cd is given by Eq. §.
For o = 0.85 and ¢srur = 0.85 this corresponds to B = 0.65 to 0.71.

« for biaxially- or triaxially-loaded C-C-C nodal zones anchoring only struts:
- biaxial stress state: up to 1.20 f1¢d (Bn = 0.91)
- triaxial stress state: up to 3.88 f1cd (B = 2.9)

6.3.2.2 Canadian Code and AASHTO LRFD Specification

The Canadian Code (1994) defines the effective compressive strength of nodal zones,
o fey, as:

* for nodal zones loaded by compressive struts and bearing areas: 0.85 ¢ f.'
« for nodal zones anchoring only one tie: 0.75 ¢¢ f¢'
+ for nodal zones anchoring more than one tie: 0.65 ¢ fc',
where ¢c = 0.60 in the Canadian code.

The By, values are intended to reflect the weakening effect of the discontinuity of
strains introduced when ties stressed in tension are anchored in a node stressed in

compression. The values from the Canadian code are equivalent to B, equal to 0.80,
0.70 and 0.61 in ACI.

The AASHTO LRFD Specification uses similar values of ¢ f.y,.
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6.3.3 Selection of the Effective Compression Strength of Nodal Zones, f;,,.
The values of f¢y for nodal zones from other codes are summarized in Table 2.

For the 1999 Code, the strength reduction factor for nodal zones was taken as

dsT™M = 0.85. The effective compressive strength, f.,,, will be based on the AASHTO
and CSA values, modified to agree with the ACI load factors, the o factor, and ¢sTMm
= 0.85 using Eq. 4.

The following values were selected for inclusion in the 2002 ACI Code:
+ for C-C-C nodal zones bounded by compressive struts and bearing areas = 1.0
+ for C-C-T nodal zones anchoring only one tie Bn=10.80

» for C-T-T or T-T-T nodal zones anchoring ties in more than one direction P, =
0.60.

Table 2 shows these are a reasonable fit to the (3, values for each type of nodal zone.

7 Ties

7.1 Ties in strut-and-tie models

In strut-and-tie models based on hydrostatic nodal zones, the tie reinforcement is
spread over the height of the tie computed as

E,/

L (16)

fCll bW
The tie is assumed to consist of the reinforcement and a hypothetical prism of con-
crete concentric with the axis of the tensile force. Thus, ACI Sec. A.4.2 requires the
tie reinforcement to be distributed approximately uniformly over the width of the tie,
wt. This may entail putting the reinforcement in several layers as shown in Fig. 4(b),
rather than concentrating it near the tension face of the beam as shown in Fig. 4(a).

If extended nodal zones are being used, the lower extreme value of the height of the
tie corresponds to the steel being placed in one layer with w; taken equal to the diame-
ter of the bars plus twice the cover to the bars as in Fig. 4(a). (See also Section

RA 4.2 of the Commentary to Appendix A.)
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7.2 Strength of ties
A non-prestressed tie is assumed to reach its capacity when the force in the tie reaches
Ta= Ay (17)

A second term is added for prestressed ties, ACI Eq.A—6 assumes Af}, equals

60 ksi. This is a reasonable approximation to the change in stress in the prestressed
reinforcement as a member is loaded to failure. Generally the major problem in the
design of ties is the anchorage of a tie in a nodal zone. The hypothetical concrete
prism concentric with the tie does not resist any of the tie force. In serviceability
checks the reduced strain in the tie due to this concrete may reduce the elongation of
the tie, leading to less deflection of the member.

Table 2: Recommended values of By, for nodal zones in strut-and-tie models,
0 =10.85 and 1999 load factors and ¢=0.75 and 2002 load factors

ofcu=¢ oy Pn '

Case Code Range of Bn | Bn' Range of By, | Bn’
and and
1999 Load 2002 Load
Factors Factors
C-C-C Nodal zones | CSA A23.3 | 0.79-0.80 1.0 0.76-0.83 1.0
« Nodal zones FIP 0.91-1.00 0.92-1.03

anchoring only
compression struts.

C-C-T Nodal zones | CSA A23.3 | 0.70-0.71 0.80 0.67-0.73 0.80
« Nodal zones FIP 0.65-0.71 0.65-0.73

anchoring one or

more ties.
C-T-T Nodal zones | CSA A23.3 | 0.61 0.60 0.58-0.63 0.60
* Nodal zones FIP 0.65-0.71 0.65-0.73

anchoring one or

more ties.
Tests of Nodal zones | Ref. 15 0.94

¢ = 1.0 for tests.

Notes: ' The first set of recommended values of B, are for use with the 1999
load factors assume o = 0.85 and ¢stv = 0.85.
% The second set of recommended values of B, are for use with the
2002 load factors assume o = 0.85 and dsty = 0.75.
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7.3 Anchorage of ties

ACI Secs. A.4.3.1, A4.3.2 and A.4.3.3 require that the anchorage of the tie forces
be achieved completely by the time the geometric centroid of the bars in a tie
leaves the extended nodal zone. This point is shown in Fig. 4. Hooks or mechani-
cal anchorages may be required. ACI Section A.4.3 itemizes other requirements
for anchoring ties. At nodal zones in beam-like structures where diagonal struts
are anchored by stirrups, the change in the tie forces at the truss node must occur
within the width of the nodal zone.

8 Reinforcing Requirements

8.1 Effect of minimum confinement reinforcement from tests

Grids of reinforcement are desirable in the side faces of D-regions to restrain the
splitting cracks near the ends of bottle-shaped struts, and to give some ductility to
the struts.

Three, two-span continuous deep beams tested by Rogowsky (1983) and Ricketts
(1985), with clear shear span to depth ratios of 0.8 with vertical stirrups giving a
stirrup reinforcement ratio, py, of 0.0015 and no horizontal web reinforcement,
failed after the positive moment (bottom) reinforcement yielded but before the top
steel did, and as a result, these two beams did not develop their full plastic load
capacity. This py did not allow adequate moment redistribution.

Three similar beams with vertical stirrup ratios in the order of 0.0035, again with-
out horizontal web reinforcement, had varying distributions of flexural reinforce-
ment. In these beams the relative amounts of top and bottom steel from an elastic
analysis of a slender beam were 4 top bars and 3 bottom bars. The three beams
varied the amounts of top and bottom bars from 2 top bars and 5 bottom bars, 4
top and 3 bottom bars in the second beam, and 5 top and 2 bottom bars in the
third. All three beams failed after both top and bottom steel yielded. This required
some moment redistribution. The trends from these tests and others with varying
web reinforcement ratios suggested that in beams with vertical stirrups only, the
full plastic capacity would be reached with a stirrup reinforcement ratio of 0.0025.

8.2 Minimum reinforcement required in bottle-shaped struts.

ACIT Secs. A.3.2.2(a) and (b) allow the use of B = 0.75 when computing the effec-
tive compression strength of bottle-shaped struts with reinforcement satisfying
ACI Sec. A.3.3. The value of 35 drops to 0.60 A if this reinforcement is not pro-
vided. ACI Sec. A.3.3 requires reinforcement transverse to the axis of the strut
proportioned to resist the tensile force lost when the strut cracks due to the lateral
spread of the strut forces. ACI Sec. A.3.3 allows the designer to compute the nec-
essary steel either from an assumed localized strut-and-tie model of the strut as
shown in Fig. 3(b), or, for beams with a concrete strength of 6000 psi or less,
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ACI Sec. A.3.3.1 allows the results of the strut-and-tie model to be approximated
using the empirical equation, Eq. A—4. This equation was derived assuming the
normal stress, 0, acting on the crack resulting from a layer of confinement steel is

s1¥ sl

o) = sin Y1 (l 8)

S

1

where A; is the area of the bars in one direction and the angle ¥, is the angle be-
tween the crack and the component of the force in the bar in question. The direc-
tion of the bar is chosen so that a tensile bar force in the bar causes a compressive
force in the concrete perpendicular to the crack. It has been written without the
term f;; to simplify the presentation.

A.3.3.1 allows this requirement to be satisfied using layers of steel crossing the
strut which satisfy

A
Z—Lsiny >0.003 (19)
bs !

i

where Ag; is the total area of reinforcement at a spacing s; in a layer of bars at an
angle y; to the axis of the strut. ACI Sec. A.3.3.1 states that this steel generally is
placed in grids in two orthogonal directions in each face, but allows it to be placed
in one layer in cases such as corbels.

8.3 Minimum shear reinforcement in deep beams

There is a major discontinuity in the amount of shear reinforcement required at the
limit between the deep beams and shallow beams in the 1999 and earlier codes.
The FIP Recommendations (1998) provide a transition from a D-region to a B-
region for a/d ratios close to the limit of 2. For shear spans with a/z between 0.5
and 2, where z = jd is the internal lever arm between the resultant tensile and
compressive forces in flexure, FIP requires that a portion, V5, of the total shear, V,
on the shear span be transferred to the supports by an inclined strut, and the rest,
V1, =V — V>, be transferred by vertical web reinforcement.

For a/z between 0.5 and 2.0, the amount V| is given by:

%]
V= V———z3—— (20)

At the limits, a/z = 0.5 and 2.0, this equation gives V| =0, and V| = V. Thus, for
a/z = 0.5, FIP recommends that all of the shear V be transferred by the inclined
strut, and for a/z = 2, FIP recommends that all the shear should be resisted by stir-
rups. This, or a similar provision, should be considered by ACI Committee 318
Sub E as a possible addition to Appendix A. Such a provision prevents strut-and-
tie models with struts which are at too small an angle with the longitudinal axis of
the member. ACI Sec. A.2.5 limits the angle to 25° for the same reason.
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8.4 Minimum web reinforcement from codes

» The 1994 CSA Code requires an orthogonal grid of reinforcing bars near each
face with a ratio of total steel area to gross concrete area in each direction of at
least 0.002. This is referred to as crack control reinforcement. The portion of this
reinforcement parallel to a tie and located within the assumed cross-sectional area
of the tie can be considered as part of the tie reinforcement.

« AASHTO (2002) has similar requirements to CSA but the minimum total rein-
forcement ratio is set at 0.003 in each direction. The Commentary to the AASHTO
LRFD Specification states that, in thinner members, there should be a grid of bars
at each face, while for thicker members it may be necessary to have multiple grids
throughout the thickness.

» The FIP Recommendations (1999) suggest that deep beams should have a mini-
mum reinforcement ratio of 0.001 in each direction, in each face, for a total of not
less than 0.002 each way.

* Sections 11.8.4 and 11.8.5 of ACI 318-99 require minimum ratios of vertical
and horizontal web reinforcement of 0.0015by,s and 0.0025bys, respectively in
deep beams.

These minimum amounts provide a considerable shear capacity. Each 0.0010by,s
of vertical web reinforcement corresponds to a shear stress resistance, Vg corre-
sponding to v = 60 psi, calculated using ACI Eq. 11-15. Horizontal web rein-
forcement is much less efficient in transferring shear. The additional capacity pro-
vided by the vertical web reinforcement is not implicitly included in the strength
calculation using ACI Egs. A-1 and A-2. It is accounted for by the increase in fs.

For some D-regions, such as those in a deep beam, it is feasible to provide or-
thogonal grids of steel near the side faces of the deep beam. In other cases, such as
corbels or dapped ends, it is easier to place the web steel in one direction, horizon-
tal in the case of a corbel. ACI Sec. A.3.3.2 allows uni-directional confining steel
in corbels or similar cases. If in one layer, the steel is placed in one direction at an
angle of at least 40° with the axis of the strut.

In some structures, such as pile caps for more than two piles, it is frequently not
feasible to place web steel in the three-dimensional strut-and-tie model. A reduced
strut strength is imposed by ACI Sec. A.3.2.2(b) in such cases.

8.5 Selection of minimum web reinforcement.

The two structural functions of minimum web steel in a D-region are to resist the
transverse tension in the bottle-shaped areas near the ends of the strut after split-
ting cracks occur, and to provide ductility to the struts and nodal zones by con-
finement. The minimum steel was given in Eq. A— 4 in terms of equivalent
amounts perpendicular to the axis of the strut.



Part 2: Derivation of strut-and-tie models for the 2002 ACI Code 35

In the Rogowsky (1983) and Ricketts (1985) tests quoted earlier, the full plastic
capacity was obtained with a ratio of vertical steel equal to 0.0035.

These beams did not have horizontal web steel. The strut-and-tie model of the
failure region indicated that the critical strut had a slope of about 55°. with the
vertical steel.

The critical web steel ratio taken perpendicular to the strut is pv sin y, where ¥ is
the angle between the reinforcement and the axis of the strut. In the Rogowsky and
Ricketts tests quoted above, Yy was 55°, and the steel area provided was equivalent
to

A4
Z—%siny =0.0029
bs, y

In design this crack restraint is achieved by providing minimum web steel satisfy-
ing:

= (pvi sinyi) > 0.003 21

where pyi is the reinforcement ratio for web reinforcement at an angle vy; to the
axis of the strut.

8.6 Comparison of strut-and-tie models to tests of deep beams.

A range of test results were considered in developing the ACI Code provisions for
strut-and-tie models as reported in Section 5.3.2 of this paper. In addition, the final
code statements were compared to tests of each end of six simple-span, deep
beams tested by Rogowsky and MacGregor (1986). These beams were relatively
large, having overall depths of 500 to 1000 mm, and spans of 2000 mm, and
a/dratiosof 1.03, 1.86 and 2.21.

Each beam was assumed to have five failure limit states, ranging from yield of the
ties, to crushing of each end of each strut, and crushing of the nodal zones at each
end of each strut. The strength of each shear span was taken to be the lowest of the
five shear strengths for that shear span. The ratios of the lowest test/calculated
shear strength ranged from 0.96 to 2.14, with an overall mean of 1.54, with a coef-
ficient of variation of 0.247. The mean test/calculated ratios decreased from 2.0
for beams with a/d = 1.06, to 1.32 for beams with a/d = 2.0 This is reasonable
agreement for shear test data. Further checks against test data are presented by D.
Mitchell in another paper in this symposium.
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9 Other details

9.1 Changes to 1999 ACI Code sections. 10-7.1 and 11-8

When strut-and-tie models were introduced, it was necessary to change the defini-
tions of deep beams in 1999 ACI Code Secs. 10.7.1 and 11.8.1. The new defini-
tions are based on the definition of deep beams in ACI 2002 Sec. A.1.

The 1999 and earlier ACI Code design equations for deep beams were based on
the (V¢ + Vg)approach to shear design. The 1999 Code Eqs. 11-29 and 11-30 for
V. and V; were deleted, without replacements in Chap. 11, because these equa-
tions did not reflect the true behavior of deep beams. This is especially true for
continuous deep beams where the moment approaches zero at the critical section
defined in ACI Sec. 11.8.5. As a result, the second term on the right-hand side of
ACI Eq. 11-29 for V approaches zero. In addition, there was a major discontinu-
ity in the magnitude of Vg from 1999 ACI Eq. 11 - 30. At £, /d = 5.0, the V; pro-
vided by horizontal stirrups dropped step-wise from 0.5 Ayfy at £, /d =4.99 to
zero at £, / d = 5.01. In the same region, the Vg provided by vertical stirrups in-
creased step-wise from 0.5 to 1.0 Ayfy.

ACI Sec. 11.8, "Deep Beams" was shortened by omitting the these sections and
design was permitted either by non-linear analysis or by strut-and-tie models.

9.2 Pile caps

Revisions were made to ACI Sec. 15.5.3 to allow the use of strut-and-tie models
in the design of pile caps. In a pile cap the strut-and-tie model is three-
dimensional. The nodal zones are also three-dimensional with the struts from the
various piles converging on the nodal zone at the base of the column. Section
A.5.3 is intended to simplify the design of three-dimensional strut-and-tie models
by requiring that the individual faces of the nodal zone have the areas computed
from Eq. A—7, but not requiring an exact match between the shape of the end of
the strut and the corresponding shape of the face of the nodal zone acted on by the
strut, provided that enough bearing area is provided.

9.3 Serviceability

The last paragraph of RA.2.1 mentions serviceability. Deflections can be esti-
mated using an elastic frame analysis of the strut-and-tie model. The axial stiff-
ness of the ties can be modeled as cracked regions with axial stiffnesses of AgEg/
£¢r and uncracked regions with axial stiffnesses of AcE¢ / Luncr, Where £¢r and
Luncr are the portions of the length of tie which can be assumed to have a cracked
section stiffness, and the fraction having an uncracked stiffness respectively. This
allows the elongation of the tie to be modelled in a simple manner. Further study
is needed in this area.
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10 Summary

The development of Appendix A of the 2002 ACI Code and the selection of the ¢
factors and effective concrete strengths is explained. The layout of strut-and-tie
models is reviewed.
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12 Notation

The following notation is used in this paper:

Wn1, Wn2, Wn3 = lengths of the sides of a nodal zone.

Ac = smaller end area of a strut.

Ay = area of vertical web reinforcement within a spacing s.
bw = width of the web of a beam.

' = specified concrete compressive strength.

Fed eff = strength of the concrete in a strut—FIP.
fou = effective compression strength of struts or nodal zones—ACI.
ficd = design concrete strength for uni-axial compression—FIP.

Fn, Fon, Fns, Fnt = nominal strength, the nominal strength of a nodal zone, the
nominal strength of a strut, and the nominal strength of a tie.

Fu = force in a strut, tie, or node due to the factored loads.

jd = internal lever arm between the resultant compressive and tensile
forces in a beam. from ACI Sec. 10.2.7.

s = spacing of vertical web reinforcement.
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Ve = shear strength provided by concrete.

Vi = shear strength provided by stirrups.

Wi = height of a tie and its surrounding concrete.

z = internal lever arm between the resultant compressive and tensile

forces in a beam.

o4 = ratio of the average stress in the rectangular stress block to the
concrete strength.

Bs, PBn = ratio of the design strength of the concrete in a strut or node to the

specified strength.
€] = principal tension strain in the concrete.
) = strain in a tie.

0, Of, Oy, 0sTM = strength reduction factor, strength reduction factors for flexure,
for shear, for strut-and-tie models.

Y = angle from axis of strut and axis of a layer of confining reinforcement.
A = correction factor for the strength of lightweight concrete.
Y = effectiveness factor.
A
Py = reinforcement ratio for vertical web reinforcement = b—vs

w
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Synopsis

Results of experiments on a corbel, deep beams and a beam with dapped ends are
presented to illustrate how strut-and-tie models are applied to these cases and to
provide some experimental verification of the accuracy of the predictions. Both
simple strut-and-tie models, as well as refined strut-and-tie models are presented.
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1 Introduction

Although truss models have been used since the turn of the century [Ritter (1899)
and Morsch (1909)], they have gained increased popularity in recent years. The
reason for this increased popularity is that they provide the designer with a simple,
yet powerful tool, for the design of complex regions in reinforced concrete. This
increased popularity is due to the fact that the designer can model the flow of the
forces with struts and ties, even for complex design situations. Thus, rather than
using empirically based design approaches, the designer can apply a strut-and-tie
model, which not only illustrates the flow of the forces, but also provides a clear
understanding of the various resisting elements. Design approaches using strut-
and-tie models have been codified in Appendix A of the 2002 ACI Code (2002),
as well as in the 1984 and 1994 CSA Standards (1984, 1994) and the

FIP Recommendations (1999). Design using strut-and-tie models provides an
alternative to the empirically based code approaches for disturbed regions, such as
brackets, corbels and deep beams. Empirically based approaches are not only
limited in their applicability, but do not provide the designer with insight into the
actual behavior. An additional advantage of using strut-and-tie models is that
sketching the flow of the forces within a member highlights the need for careful
details of the reinforcement in key regions. This paper illustrates some simple
strut-and-tie models and compares these predictions with experiments. In selecting
the experiments only well-instrumented, full-size tests were chosen. Walraven and
Lehwalter (1994) have summarized the importance of size effects not only for
slender beams, but for deep beams as well. The testing of geometrically similar
deep beams demonstrated that, compared to larger beams, smaller beams exhibit
less severe crack propagation and as a result exhibit higher stresses for the
crushing of the concrete near the bearing plates. Therefore, the response of small-
scale specimens may not be representative of the response of actual structural
elements.
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2 Corbel

Figure 1 illustrates the strut-and-tie model for a double-sided corbel tested by
Cook and Mitchell (1988). Figure 1(a) shows the details of the reinforcement and
the dimensions of the test specimen. During testing, the corbel was subjected to a
vertically applied load, V, and an outwards horizontal load that was kept equal to
0.2V. This horizontal force of 0.2V represented the minimum horizontal design
force required in the ACI Code (Clause 11.9.3.4), unless special provisions are
made to avoid tensile forces. The 50 mm-300 mm (2 in..11.8 in.) bearing plate was
25 mm (1 in.) thick and was welded to four No. 15 (16 mm dia. (0.63 in.))
weldable grade bars. The concrete strength at the time of testing was 40.4 MPa
(5860 psi). Figure 1(c) shows the strut-and-tie model for this corbel. This
simplified model used the conservative assumption that only the main tie
reinforcement contributed to the strength of the corbel. The forces shown in

Fig. 1(c) are those resulting from yielding of the four No. 15 bars. The total yield
force is Asfy = 4.200 mm>444 MPa = 355 kN (79.8 kips). In order to predict the
capacity, it was necessary to find the geometry of the strut-and-tie model. While
the ACI Code and CSA Standard do not recommend strut-and-tie models for
different cases, the FIP Recommendations (1999) provide guidance on suitable
strut-and-tie models for different types of regions. For a corbel, the inclined struts
are equilibrated by vertical struts with dimensions of a1 by b in the column and a
horizontal strut with dimensions of a by b near the bottom of the corbel (see Fig.
1(c)), where b is the width of the column and corbel. In solving for the geometry, a
uniform stress of 0.85 f.’ was assumed in the stress blocks. From equilibrium, a;
was calculated to be 39.2 mm (1.54 in.) and a; was 21.7 mm (0.85 in.). The
corresponding predicted capacity, V, was 471 kN (106 kips) which is 94% of the
measured failure load, V, of 502 kN (113 kips).
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Fig. 1. Double-sided corbel, tested by Cook and Mitchell (1988).
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A small bearing plate was intentionally chosen for this test specimen to determine
the crushing strength of the concrete under the bearing plate. In design, a larger
bearing plate would typically be used. As shown in Fig. 1(b) there was
considerable spalling of the concrete in the region around the bearing plate. At the
predicted failure load of 471 kN (106 kips) the compressive stress at the node
under the bearing plate was (471-1000)/(50-300) = 31.4 MPa (4550 psi), or 0.781;".
The 2002 ACI Code limits this stress to 0.85Baf.’ = 0.681.". The 1994 CSA Standard
and the FIP Recommendations (1999) limit the nodal zone stress to 0.75f;' and
0.80f', respectively, for this compression-tension node. It is clear that these limits
are somewhat conservative for this particular case because a bearing stress of 0.83f;
was reached at the failure load of 502 kN (113 kips).

In design, the main tie is often selected using such a simplified strut-and-tie model,
and then additional reinforcement is added to control cracking. Clause 11.9.4 of the
ACIT Code requires that this additional reinforcement, with an area equal to

0.5 (As-An) be provided by closed stirrups, uniformly distributed within two-thirds
of the effective depth adjacent to As. The area, A, is the total area of the tie and A,
is the area of tension reinforcement resisting the horizontal tension applied to the
corbel.

f

Figure 2 shows the measured strains obtained from a mechanical extensometer,
measuring change of length on strain targets glued to the reinforcing bars. The
measurements were taken on these targets through small access holes in the
concrete cover. First yielding occurred in the main tie at the face of the column at
aload, V, of 336 kN (75.5 kips) as shown in Fig. 2(a). Failure occurred by
yielding of the main tie, as well as yielding in the stirrups, followed by crushing of
the concrete under the bearing plate. Figure 2(b) shows the measured strains in the
horizontal reinforcement just before failure. It is interesting to note that at failure
the maximum strain in the main tie occurred close to the bearing plate. These
experimental results emphasize the need to properly anchor the main tie at its
ends. In this case, the loading plates were welded to the four No. 15 bars making
up the main tie, providing the necessary anchorage (see Fig. 1(a)).



Part 3: Experimental verification of strut-and-tie models 47

3 Deep beam subjected to concentrated load

Figure 3 illustrates the details and the strut-and-tie model for a deep beam tested
by Rogowsky, MacGregor and Ong (1986). This 200 mm (7.9 in.) thick beam was
supported on columns which were, in turn, supported on rollers. The shear span-
to-depth ratio, a/d, was 1.4. The concrete strength at the time of testing was

42.4 MPa (6150 psi). The main tie reinforcement consisted of six No. 15 bars

(16 mm dia. (0.63 in.)) having a total yield force,

Asfy = 6-200 mm®455 MPa = 546 kN (123 kips). On the left side of the beam, the
member contained additional reinforcement consisting of five sets of 6 mm (0.24
in.) diameter closed stirrups (see Fig. 3(a)). The reinforcement in the columns is
not shown in Fig. 3(a). The failure of the beam was governed by yielding of the
main tie reinforcement. The basic strut-and-tie model shown in Fig. 3(c) neglected
the presence of the additional stirrups on the left side of the beam. The two lower
nodes of the truss were located at the intersections of the centerlines of the support
reactions and the line of action of the main tie. The equivalent rectangular stress
block depth, a, required to equilibrate the yield force of the tie was 76 mm (3.0
in.). The top two nodes were located a distance of a/2 below the top surface of the
beam and in line with the resultant forces in the column (assumed to act at the
quarter points of the column). The predicted capacity of 586 kN (132 kips) is 97%
of the actual capacity of 606 kN (136 kips). As expected, failure took place on the
side without the stirrups. Figure 3(b) shows the crushing that took place in the
concrete after yielding occurred in the main tie. Figure 3(d) shows the strains
measured in the main tie reinforcement at two load levels. At a load of 550 kN
(124 kips) the tie had experienced yielding along most of its length. The hooks at
the ends of the tie reinforcement provided adequate anchorage of this steel. The
strut-and-tie model and the measured strains illustrate the need to adequately
anchor the tie yield force at the support reaction areas.
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Fig. 3: Deep beam subjected to concentrated load, tested by Rogowsky,
MacGregor and Ong (1986).

4 Deep beam subjected to uniform loading

Figure 4 shows a deep beam, loaded uniformly on the top, tested by Leonhardt and
Walther (1966). This 100 mm (3.9 in.) thick beam was supported on 160 mm

(6.3 in.) long bearing plates. The concrete strength (equivalent prism strength) at
the time of testing was 30.2 MPa (4380 psi). The main tie reinforcement consisted
of four 8 mm (0.32 in.) diameter reinforcing bars having a total yield force,

Asfy =4.50.26 mm”.428 MPa = 86.1 kN (19.4 kips). The center-to-center span was
1440 mm (56.7 in.) and the uniform loading applied to the top of the beam was
located over the clear span distance of 1280 mm

(50.4 in.). Figure 4(c) shows a simplified strut- and-tie model suitable for design.
In the strut-and-tie model, the uniform loading was replaced by two point loads at
the quarter points of the clear span.



Part 3: Experimental verification of strut-and-tie models 49

P=1172 kN
vV V¥V VYV

. & 260mn

1600

T, 7 i
4
L4160 B 460 -
1600 !
(a) Details
80+1280/4
. =400 P =372 kN Xy P =979 kN
0.5P 0.5P 0.5P 0.5P
4 y 4 4 -
. - [REEEEE 3 =3
' ! ' \
' ! ‘ \ ~
1
' 1 /) \ ©
1 ' / \
1 i £ \
e K E / 84.0 kN v
’ ‘ s ' i
’ N @ ' \
K N I i \ =
K * 5' ,l ' [
/ \ o 1 1
’ \ 1] [ '
‘ \ N t \
/ 86.1 kN \ i 86.1 kN '
* o [ —
=
| '
T L= 1440
(c) Simplified strut-and-tie model (d) Refined strut-and-tie model

Fig. 4: Deep beam subjected to uniform loading, tested by
Leonhardt and Walther (1966)

While the ACI Code and CSA Standard do not provide specific guidance on
suitable strut-and-tie models for different cases, the FIP Recommendations
provide suggested geometries for some standard disturbed regions. Following the
FIP Recommendations (1999), the distance from the centroid of the main tie to the
centroid of compression was taken as Z = 0.6L = 864 mm (34.0 in.). With the
geometry of the strut-and-tie model established, the capacity of the deep beam, in
terms of the resultant of the uniformly distributed load, was predicted to be

372 kN (83.6 kips). This predicted value is considerably below the measured
capacity of 1172 kN (263 kips).
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In order to provide a better estimate of the failure load the strut-and-tie model
shown in Fig. 4(d) was developed. This more refined model utilized the additional
horizontal reinforcement that was spread uniformly over the beam depth and
assumed that considerable redistribution of the tension and compressive resultants
occurred. The two top nodes were located a distance of a/2 down from the top face
of the beam. The horizontal tie, representing five 5 mm (0.20 in.) diameter
horizontal closed stirrups, was located at mid-depth of the beam and was assumed
to yield with Afy = 84.0 kN (18.9 kips). From equilibrium of the strut-and-tie
model shown in Fig. 4(d), the distance, x, was found to be 266 mm (10.5 in.) and
the resulting predicted capacity was 979 kN (220 kips), that is 84% of the actual
failure load. Although this provides a good prediction of the capacity it must be
emphasized that considerable redistribution was assumed and extremely large
strains would occur in the bottom horizontal tie. If the beam were designed using
this more refined model then unacceptably wide cracks might occur at service load
levels. The model illustrated in Fig. 4(c) would give a conservative design with
acceptable service load performance. The ACI Code, the CSA Standard, the FIP
Recommendations all require additional, uniformly distributed reinforcement in
the beam for crack control at service load levels.

It is noted that at the experimentally determined failure load of 1172 kN

(263 kips), the bearing stress was

(1172-1000)/(2-100.160) = 36.6 MPa (5310 psi) = 1.21 £.". This very high bearing
stress was achieved by providing special confinement reinforcement directly
above the bearing plates. This test demonstrates that high bearing stresses can be
attained with the use of confinement in the bearing areas.

5 Deep beam subjected to bottom loading

Figure 5 shows a deep beam tested by Leonhardt and Walther (1966) that was
bottom-loaded. The center-to-center span was 1440 mm (56.7 in.) and the
simulated uniform loading was applied to the top of the bottom ledge over the
clear span of 1280 mm (50.4 in.). This bottom loading was achieved by hanging
loads applied to a 400 mm (15.7 in.) wide bottom ledge as shown in Fig. 5(a). The
beam was supported on 160 mm (6.3 in.) long bearing plates and the thickness of
the deep beam above the ledge was 100 mm (3.9 in.). The concrete strength at the
time of testing was 30.2 MPa (4380 psi). The main tie reinforcement consisted of
eight 8 mm (0.32 in.) diameter reinforcing bars having a total yield force,

Asfy = 8-50.26 mm”.428 MPa = 172 kN (38.7 kips).
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Figure 5(c) shows the simplified strut-and-tie model suitable for design. For this
beam it was assumed that the bottom load was transferred to the beam by bond
stresses between the vertical stirrups, that hang-up the load, and the concrete. A
uniform stress transfer was assumed over the height of the beam and hence the
deviation in the struts was assumed to occur at mid-height of the beam as shown
in Fig. 5(c). The distance from the centroid of the main tie to the centroid of
compression was taken as 800 — 67.5 = 732.5 mm (28.8 in.). With the geometry of
the strut-and-tie model established, the capacity of the deep beam, in terms of the
total applied load, was calculated to be 630 kN (142 kips). This prediction is
considerably below the measured capacity of 1102 kN (248 kips).
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Fig. 5: Deep beam subjected to bottom loading, tested by Leonhardt and
Walther (1966)
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The refined strut-and tie model for this deep beam is shown in Fig. 5(d). This
model accounted for two of the horizontal, 5 mm (0.20 in.) diameter, closed
stirrups that were considered to yield in the tension zone. The additional
horizontal tie, representing these two stirrups, was located at their centroid. From
equilibrium of the truss, the distance, x, was found to be 231 mm (9.1 in.) and the
resulting predicted capacity was 696 kN (156 kips), which is also a conservative
prediction.

At the failure load of the beam of 1102 kN (248 kips), the concrete crushed in the
100 mm (3.9 in.) thick portion just above the bottom flange. At this load level, the
refined strut—and-tie model predicted a force of 614 kN (138 kips) in the strut just
above the reaction. From geometry, the angle of this strut was found to be

63.8° from the horizontal, giving a strut width,

ws =150 c0s63.8° + 160 sin63.8° = 210 mm (8.3 in.). Hence at failure, the stress
in the strut was 614-1000/(210.100) = 29.2 MPa (4240 psi) or 0.97f:". For the case
with parallel diagonal cracks in a web the 2002 ACI Code limits the stress in the
strut to 0.85f3sfc' = 0.85 * 0.60f;' = 0.51f.". The 1994 CSA Standard limits the strut
stress based on the amount of strain in the tie crossing the strut and on the angle
between the strut and the tie. For this case a strut stress of 0.76f;' would be
permitted. The FIP Recommendations (1999) limit the stress in the strut to 0.60f’
for the webs of beams. It is evident that these code requirements are conservative
in predicting the crushing of the struts, for this case.
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6 Deep beam with transverse reinforcement

Figure 6(a) shows a deep beam, containing transverse reinforcement tested under
monotonic loading by Uribe and Alcocer (2001). The 350 mm thick by 1200 mm
(13.8 by 47.2 in.) deep beam was supported on 400 mm (15.7 in.) long bearing
plates. The top loading was applied through two 400 mm (15.7 in.) long plates
centered 800 mm (31.5 in.) apart. The center-to-center span was 3600 mm

(141.7 in.) and the shear-span-to-effective depth ratio was 1.17. The concrete
cylinder compressive strength at the time of testing was 35 MPa (5075 psi). The
transverse reinforcement consisted of #4 closed stirrups (12.7 mm dia.) spaced at
140 mm (5.5 in.) in the clear shear span and the longitudinal reinforcement,
consisted of #8 bars (25.4 mm dia.). The actual yield stresses of the #4 stirrups
and #8 longitudinal bars were 429 and 445 MPa (62.2 and 64.5 ksi), respectively.
At the bottom of the beam, five bars were continuous over the span, having a total
measured yield force of 5.507 mm”>.445 MPa = 1128 kN (254 kips). Three
additional shorter #8 bars were placed at the bottom to resist the forces required by
the strut-and-tie model assumed. The total measured yield force of the 8-#8 bars
was 1806 kN (406 kips). A total of 12-#8 bars were placed at midspan (Fig. 6(2)).
The longitudinal reinforcement was anchored with 90° standard hooks following
ACI 318-02, To assess the effect of confinement along the bar anchorage, no
stirrups were placed along the bearing region at one end of the beam (see Fig.

6(2)).

Figure 7 shows the strut-and-tie model developed in accordance with the

FIP Recommendations (1999). It was assumed that, at each beam end, part of the
load is transferred from the loading plate directly to the support through an
inclined strut (i.e., direct strut mechanism). The remainder was assumed to be
carried by stirrups (tie) in a truss with two inclined struts at each beam end, which
were, in turn, superimposed onto the direct strut mechanism. In accordance with
the FIP Recommendations (1999), the part of the load resisted by the stirrups
depends on the shear span-to-internal lever arm ratio, a/z, as given by

1/3 (2 a/z — 1). For this beam, with a = 1400 mm (55.1 in.) and z = 942 mm (37.1
in.), the stirrups were predicted to carry 0.657 of the total load.
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In predicting the strength of this beam, it was assumed that stirrup yielding
controlled the failure mode. The FIP Recommendations (1999) require that the
part of the total load carried by the stirrups be provided along the length

aw = 0.85a — z/4. For this beam, a, = 0.85.1400 — 942/4 = 955 mm (37.6 in.) and
hence with a stirrup spacing of 140 mm (5.5 in.) seven stirrups were considered
effective. Figure 7(c) shows the predicted truss mechanism assuming that the
seven stirrups yielded.

This yield force is 7.2.127 mm’-429 MPa = 762 kN (171 kips).

Hence the predicted capacity of the truss mechanism is 762 kN. Therefore the
beam capacity is predicted to be 762 kIN/0.657 = 1160 kN (261 kips).

The load carried by the direct strut mechanism (see Fig. 7(b)) is thus

1160 kN — 762 kN = 398 kN (89.5 kips). In order to check the capacity of the
longitudinal reinforcement it is necessary to combine the direct strut mechanism
with the truss mechanism to give the complete strut and tie model (see Fig. 7(a)).
The force required in the 5-#8 bars is 409 kN + 646.5 kN = 1056 kN (237 kips)
and in the 8-#8 bars is 409 kN + (2 * 646.5 kN) = 1702 kN (383 kips). Because
both of these forces are less than the yield forces of the bars provided, it was
concluded that the correct yielding mechanism was chosen. The additional 4-#8
bars in the midspan region were not included in the strut-and-tie model because
they were not long enough to participate in the strut-and-tie model assumed.

The strength of the deep beam was predicted to be 1160 kN (261 kips), which is
less than the measured strength of 1578 kN (355 kips). The failure of the beam
was governed by yielding of the stirrup reinforcement, followed by wide cracking,
extending from the outer edge of the loading plate to a region near the inner edge
of the bearing plate, by concrete crushing, as well as by local bending of the
longitudinal reinforcement. Figure 6(b) shows the specimen after failure.

Figure 8(a) shows the strains measured in the stirrup reinforcement of the beam
when the maximum load was attained. Yielding was recorded in nearly all of the
stirrups. The largest strains were recorded in the second, third and fourth stirrups
from the inner edge of the bearing plates.

Figure 8(b) shows the predicted and measured stirrup forces as the applied load
increased. The actual contribution was calculated from strains recorded in the test,
which were converted to stresses using the measured stress-strain relation of the
steel reinforcement. The prediction was calculated assuming that all seven stirrups
participated and that the part of the load resisted by the stirrups (i.e., 0.657 times
the applied load) was constant throughout the tests. Although the stirrup
contribution followed the trend of the prediction, it had smaller values. This
implies that the assumed contribution of the direct strut (0.343 times the applied
load) was a little larger.
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7 Beam with dapped ends

Figure 9 shows a beam with dapped ends tested by Cook and Mitchell (1988). The
600 mm deep by 300 mm wide (23.6 by 11.8 in.) beam spanned 3200 mm (126
in.) between roller supports and was subjected to a concentrated load at midspan.
The dapped ends resulted in a 250 mm (9.8 in.) deep projection at each end. The
concrete strength at the time of testing was 29.8 MPa (4320 psi). The beam was
designed using the strut-and-tie model shown in Fig. 9(c). It was assumed that the
shear at the end of the beam collected at the bottom of the

full-depth beam (node C) and then was lifted by the main vertical tie B-C to the
top of the beam (node B). It was assumed that the shear in the end projection
flowed into the support reaction by means of the inclined concrete strut A-B.
Horizontal tie A-D was required to provide equilibrium at the node just above the
support reaction to equilibrate the outward thrust of strut A-B. The main vertical
tie B-C consisted of four No. 10 (11.3 mm (0.44 in.) dia.) closed stirrups. At node
A the horizontal tie, consisting of four No. 15 (16 mm (0.63 in.) dia) weldable
grade bars, was welded to a 75x75.6 mm (3.3.0.25 in.) steel angle to provide the
necessary end anchorage. These bars were extended well into the full-depth
portion of the beam to provide sufficient development length. Node D represented
the fanning compressive stresses resulting from bond stresses and was assumed to
be at a distance equal to one-half of the development length beyond the main
vertical tie. The struts represented the centerlines of the fanning compressive
stresses, assuming that uniform bond stresses were developed. The addition of
three No. 10 U-bars at the end of the horizontal tension tie at the bottom of the full
depth beam provided the additional force necessary to anchor the five No. 30
(29.9 mm (1.18 in.) dia.) bottom bars (see Fig. 9(a)). In the full-depth portion of
the beam, No. 10 U-stirrups spaced at 225 mm (8.9 in.) were provided.

The centroid of the top chord was assumed to be located at a distance of a/2 down
from the top surface and the bottom tie was located at the centroid of the tension
reinforcement. The failure of the test specimen was predicted to occur by yielding
of the main vertical tie B-C. The yield force of the main vertical tie was
Asfy=4.2.100 mm”.445 MPa = 356 kN (80.0 kips). The predicted reaction at
failure was 260 kN (58.5 kips). The actual failure load was 307 kN (69.0 kips). At
the predicted failure load none of the other ties reached yield and no nodal zones
or struts reached their limiting stresses.

Figure 10(a) and (b) show the strains in the reinforcement at first yielding and at the
maximum load level of 307 kN (69.0 kips), respectively. As can be seen from

Fig. 10(b) considerable yielding occurred in both the horizontal and vertical main
ties. The significant tensile strains in the horizontal tie at the bottom of the end
projection illustrate the need to anchor this tie at the bearing area.
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Figure 9: Beam with dapped ends, tested by Cook and Mitchell (1988).
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It is noted that in checking the stresses at node B, the spalling of the 40 mm
concrete cover on the vertical tie reinforcement must be taken into account and
hence the nodal zone stress is predicted to be

356-1000/(110.220) = 14.7 MPa (2130 psi) = 0.49f.". In order to provide adequate
bearing at this nodal zone, closed stirrups with 135°-bend anchorages were used
for the main vertical tie. A companion specimen, with four No. 10 open U-stirrups
instead of closed stirrups was constructed and tested. Because of this detail, the
nodal zone area at node B was effectively reduced and the specimen with open
stirrups failed at a lower load by crushing of the compressive strut at this node.
This emphasizes the need to provide closed stirrups for the main ties.

In using the strut-and-tie model shown in Fig. 9(c) for design, the number of nodes
may be reduced by shifting node D to location D', provided that the horizontal tie
extends beyond D’ by a distance of at least one-half the development length of the
bar. Other strut-and-tie models for the design of beams with dapped ends are given
by Jirsa et al. (1991) and in the FIP Recommendations (1999).
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Fig. 10: Measured strains in reinforcing bars of beam with dapped ends [Cook
and Mitchell (1988)].
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8 Conclusions

This paper presents the results of a number of experiments that have been carried
out on disturbed regions. The strut-and-tie design approach of the ACI Code
(2002), the CSA Standard (1984 and 1994) and the FIP Recommendations (1999)
were used to predict the capacities of these test specimens. The predicted
capacities were compared with the measured failure loads and it is concluded that
the strut-and-tie design approach for disturbed regions gives conservative
predictions. The FIP Recommendations (1999) provide useful guidance to the
designer for the strut-and-tie geometries of a number of different standard cases
such as deep beams and corbels. The paper also discusses some important
detailing considerations for disturbed regions. The strut-and-tie model provides a
conservative, simple tool enabling the designer to visualize the flow of forces and
to appreciate the need for careful detailing.
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Example 1 a: Deep beam design in accordance
with ACI 318-2002

Claudia M. Uribe

Sergio M. Alcocer

Synopsis

A deep beam, supporting two concentrated loads at the top, was designed in
accordance with Appendix A of the ACI 318-2002. The analysis and design using
the strut and tie model were performed in an efficient and straight forward
manner. The strut and tie methodology provides a framework to understand and
assess the flow of forces and the resisting mechanisms. Also, it is a valuable tool
for achieving proper detailing of ductile concrete members.
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1 Problem statement

Design the simply supported beam that carries two concentrated factored loads of
134" x 1.6 = 214 (952 kN) each on a clear span of 12 ft (3.66 m), as shown in
Fig. (1-1).

The beam has a thickness of 14 in. (356 mm) and a 48 in. (1.22 m) overall depth.
The length of the bearing plate at each concentrated load location is 16 in. (406
mm) and the width is the same as the beam thickness, i.e. 14 in. (356 mm).
Use £, =4 000 psi (27.6 MPa) and £, = 60 000 psi (414 MPa). Neglect the self-
weight.

134 k (596 kN) 134 k (596 kN) service loads

4-0"(1.22m) 4-0"(1.22m) Section
5 —— T
48"
(1.22 m)
L b
[ T T 7
16" 12'-0" (3.66 m) 16" 14"
(406 mm) (406 mm) (356 mm)

P=134kx 1.6=214 k (952 kN)
b =14 in. (356 mm)

h=48in. (1.22 m)

f =4 000 psi (27.6 MPa)

Jf, =160 000 psi (414 MPa)

Fig. 1-1: Member and loads
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2 Strut and tie model parameters

2.1 Compressive strength of the concrete (Sections A.3.2 and
A.5.2 of ACI 318-2002)

Jf2=0.850, f. B2 = factor to account for the effect of cracking and confining
reinforcement on the effective compressive strength of a
strut, s, or a nodal zone, $,

fo’ = specified compressive strength of concrete

feu= 0.85 x4000 x B, = 34008, , psi (23.403;, MPa) (1-1)
the values of 3, in this example are
Struts, fs (Section A.3.2 of ACI 318-2002):

a. Struts in uncracked zones and located such that the mid-strut cross
section is the same as that at the nodes, such as the compression
zone of a beam (to be referred to as type a in this example), 1.00

c. Struts located such that the width of the mid-section of the strut, is or
could be, larger than the width at the nodes, with reinforcement
satisfying A.3.3 (to be referred to as type c in this example) 0.75

Nodal zones, [, (Section A.5.2 of ACI 318-2002):
e. Nodal zones bounded by struts, or bearing areas or both (type CCC) 1.00
f. Nodal zones anchoring a tie in one direction only  (type CCT) 0.80

g Nodal zones anchoring ties in more than one direction (type CTT)  0.60

Table 1-1: Strength of concrete in struts and nodal zones

Struts Nodal zones
Type B=Bs feu psi (MPa) Type =B, feu, psi- (MPa)
a.  Uncracked 1.0 3400 (23.4) e. CCC 1.0 3400 (23.4)
chord (prismatic)
¢. Inclined 0.75 2550 (17.6) f CCT 0.8 2720(18.8)

Strut(pottle-shaped)
g CIT 0.6 2040(14.1)

*from eq. (1-1) in this example
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2.2 Strength of struts, ties and nodal zones
The following shall be met:

OF, 2 F, (eq- A-1)  F,= force in the strut or tie, or force acting on a node
due to the factored loads

F, = nominal strength of the strut

¢ = strength reduction factor (according to 9.3.2.6);
for all truss elements, ¢ = 0.75

Strength of struts (Section A.3)

Fos=fa A (eq. A-2) F,= nominal compressive strength of the concrete in a
strut

fou = effective compressive strength

A.= smallest effective cross-sectional area of the strut

Strength of ties (Section A.4)
Because the tie is made of nonprestressed reinforcement:
Fu=A4sf, (eq. A-6) F,, = nominal strength of a tie
As = area of nonprestressed reinforcement in a tie

Jfy= specified yield strength of nonprestressed tie

Strength of nodal zones (Section A.5)
Fon=faAdn (eq. A-7)  F,,=nominal compressive strength of a nodal zone
fou = effective compressive strength of a nodal zone

A, = area of the face of the nodal zone
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3 Strut-and-tie model design procedure (Section A.2 of
ACI 318-2002)

3.1 Flexure design

To develop the strut-and-tie model, it is convenient to know the size (depth) of the
compression block of concrete.

Assuming that two layers of No.8 bars are provided for positive moment, the
effective depth would be:

d=h—cover —dy No. s stirrup — b No.s — V2 Su (1-2)
=48 in.— 1.5in. —0.625 in. — 1.0 in. — % in. = 44.4 in. (1.13 m)

where s-, is the vertical spacing between the two layers of No. 8 bars.

According to Section R9.1 of ACI 318-2002
M, <0 M,

V=214 k’_L r_L =214 k (952 kN)

R=214 k

® | | |
Vmax =214 k

(952 kN)

O]

Mmax = 11 984 k in. (1 354 kN m)

Fig. 1-2: Moment and shear diagrams
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where:
¢ = strength reduction factor. For flexure, ¢ = 0.9 (Section 9.3.2.1)
M,=11984 k-in. (1 354 kN m).

41,
= d-21= d-—322 13
M ASfy( 2) ASfy[ 2><0.85fc'bJ (=)

Therefore,

11984 k-in < 0.9.4, x60000 psi [44.4 __4,%60000psi j

2x0.85x4000 psix14in.

solving for 4;,, A;=254 in.2 (3 480 mm?), ¢ = 8.5 in. (216 mm)

3.2 Strut-and-tie model

From 3.1: ¢ (distance from extreme compression fiber to neutral axis) = 8.5 in.
(216 mm). For the strut and tie model try a depth of horizontal strut (a) equal to
10 in. (254 mm) (in the constant-moment region).

The following is the strut-and-tie model proposed (Fig. 1-3).

iV =214k i V=214K
1 {

! -4
Rily 5 2 N X
7 7 \ \
7 7 \ \
7 7 \\ \\
48 =
N \ z=39
7 // \\ \\
/7\;‘?% / \\ \\

@f—@ ; 7 © :
iR { } | Ir i

16 20 | 28 | 48 | 28 28 8

O node identification number ~ seeme struts

[ truss element identification number

Dimensions in inches (1 in. =25.4 mm)

V= 214000 Ib (952 kN) b= 14in.(356 mm)
R= 214000 1b (952 kN) h= 48in.(1.22 m)

S’ = 4000 psi (27.6 MPa) Iy= 16 in. (406 mm)
f,= 60000 psi (414 MPa) a= 10in. (254 mm)

Fig. 1-3: Proposed strut-and-tie model ( z =39 in. [990 mm] )
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3.3 Truss solved

Forces in the truss, calculated according to geometry, are shown in Fig. (1-4).

214k 214k
\ l
148" 16
i B | P
y _.¢154k.>;\x_.<..307k_—1f;—->-—— —— 7/
18.8" \ A \
’?— \ \
L \ \
/ \ N
/ \ \
/ \ \
/ \ \
\ \
N \
\ \
IEXS \ N
AN L 1
214k 214k
F—16" p——232¢—- I

Fig. 1-4: Forces in the truss

3.4 Verification of the strut and nodal zone strength

The verification of the strut and nodal zone strengths should be done through
comparing the available strut or nodal area with that required. In this example,
because the thickness of the beam, and the width of the loading plates and
supports are the same (i.e. 14 in. or 356 mm), the verification will be done by
comparing the available strut or nodal width, w,.,, with that required, wye,.
Therefore, for struts and nodes, w., will be calculated using eq. (1-4), see Figs.
(1-5a) to (1-5d).

F, F,

Wreqg = b = = " (1-4)
¢fcu b ¢ 0.85 B2fc b
Node 1
. z=17.89 in. [454.4 mm]
/ 17.7"
’ o= 26.6% 0= 54.3°
. 4 v‘é'. .
A & y; z’=1,sin0+w,cos 0=
A o ,
a{ [ 2 16 sin 54.3° + 8 cos 54.3° = 17.7 in.
* 154k
Lo Therefore, for strut 3,
214k W prov = 17.7 in. (450 mm)
[——

Fig. 1-5a: Node 1
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Node 2
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Fig. 1-5b: Node 2

Node 3
/ ﬁ\\\188"
4 /
y; I \ .
214k ,
g

’

1% ,

%] /\54.320 / i
154K 6 [7}—=307k |80

32—
Fig. 1-5¢: Node 3

Node 4

214k

16"

|

,
&
(1] 15k %;— -3|07k— - 1l)"
’, z'\

N

Fig. 1-5d: Node 4

For strut 1, w p,y = 10 in. (254 mm) (from
flexure design)

z’ =17.69 in. (449 mm)

Therefore,
width of nodal zone = 14.6 in. (371 mm)

The width 18.8 in. comes from solving
Node 4 (Fig. 1-5d).

z = 18.88 in. (480 mm)
a=32°% 0= 154.3°
z’=1l,sin®+w,cos =

16 sin 54.3° + 10 cos 54.3°=18.8 in.

Therefore,
for strut 4, w 0, = 18.8 in. (478 mm)
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Strut 1 (sample calculation)

F, F, 153661

Ofoiby  0085B, b, 0.75x0.85x1.0x4000x14

Wreq = =4.3in. (109 mm)

where,
B2 = 1.0; it is an uncracked chord, strut Type a, from Table (1-1)
b = thickness of member = 14 in.

According to the geometry of the nodal zone, shown in Fig. (1-5b), a width of
10.0 in. (254 mm) can be proposed (W ,0y = 10 in.). Therefore, it is adequate.

Strength check for other struts is shown in Table (1-2) and for nodes, in Table (1-
3) and Fig. (1-5).

Table 1-2: Verification of strength of struts

Element ;' 67 F.¢ Wreg 4 wpmv5 Adequacy };roolﬁi’iiild
# Ij"‘;e ()  Ib(kN)  in(mm) in(mm) v:OK
1 24 1.00 0 153661 (684) 4.3 (109) 10.0 254) v
10.0(254) v
2 4-5 1.00 0 307323 (1367) 8.6 (219) 10.0 (254) v
10.0(254) v
3 1-2 0.80 54.32 263454 (1172) 9.2 (234) 17.7 (450) v
17.7(450) v
4 3-4 0.80 54.32 263454 (1172) 9.2 (234) 18.8 (478) v
18.8(478) v

Notes: ' From Table 1-1
2 From STM proposed, Fig. (1-3); B2 = Ps
? From truss solved (Section 3.3 and Fig. (1-4) in this example)
* Required width for struts (from eq. (1-4))

3 Provided width for struts, considering geometry, and bearing and support
conditions.
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Table 1-3: Verification of strength of nodal zones

Node [321 Type® Force® F} Wy ,eqs Wy pmv(’ Adequacy Psroolﬁ gi;d
1b (kN) in. (mm) in. v:0K

1 08 CCT R 214000 (952) 7.5(190) 16.0(406) 4
S1-2 263454 (1172) 9.2(234) 17.7 (450) 4
T1-3 153661 (684) 5.4(137) 8.0 (203) 4
2 0.8 CCT S2-1 263454 (1172) 92(234) 17.7(450) v
S2-4 153661 (684) S5.4(137) 100(254) v
T2-3 214000 (952) 7.5(190) 54.0(1372) 4
3 0.6 CTTT S3-4 263454 (1172) 12.3(312) 18.8(478) 4
T3-2 214000 (952) 10(254) 54.0(1372) v
T3-1 153661 (684) 7.2(182) 8.0(203) v

T3-6 307323 (1367) 143 (364) 8.0(203) x Distribution

of steel

4 1.0 CCCCV 214000 (952) 6.0(152) 16.0(406) v
S4-3 263454 (1172) 7.4(187) 18.8(478) 4
S4-2 153661 (684) 4.3(109) 10.0(254) 4
S4-5 307323 (1367) 8.6(219) 10.0 (254) v

Notes: ! From Table (1-1); Bs = B
? From STM proposed, Fig. (1-3)
3 R = reaction, S = strut, T = tie, V = concentrated load
* From truss solved (Section 3.3 and Fig. (1-4) in this example)
3 Required width for nodes (from eq. (1-4))

¢ Provided width for nodes, considering geometry, and bearing and support
conditions.

Verification of the bearing strength at loading and reaction points
From Fig. (1-2), the ultimate load and the reactions are
V=R =214k (952 kN)
Since the loading plate is 16x14 in., its area is
A4=16x 14 in.? (406 x 356 mm?)
Therefore, the compressive stress is equal to

14 .
o = (E =1274 pmj (8.78 MPa) (1-5)
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According to Section 2.1 in this example, it must be satisfied that 64 < £, that is,
A< 008503, 1.
For node 4, type CCC,

1274 psi (8.78 MPa) < ¢0.858, . = $3400 psi = 2550 psi (17.6 MPa) (OK)

For node 1, type CCT,
1274 psi (8.78 MPa) < $0.85B, /' = $2720 psi = 2040 psi (14.1 MPa) (OK)

3.5 Steel required in ties

Once the strength of struts and nodes was verified, the amount of steel required in
the ties is determined.

Table 1-4: Steel requirements

Element 3, © Fy As req ! As prov 2 Adequacy Proposed solution
" I‘j"ie ¢ bEN)  in® @)  in? mm)
5 2-3 --- 90 214000 (952) 4.8 (3100) 4.96 (3200) v 8 No. 5 stirrups
@4 in.
6 1-3 -—- 0 153661 (684) 3.4(2190) 4.74 (3060) v A, =6No. 8
7 3-6 - 0 307323 (1367) 6.8(4390) 7.2(4650) v ng: 2 No. 8 and
0.

Notes: ! Required area of ties (4,=F,/0/,); ¢ =0.75
2 Provided area of ties.

3 For tie 7, No. 6 and No. 8 bars were used instead of No. 10 bars to be
able to distribute them.

Tie 6 (from node 1 to 3)
From Table (1-4)

Agreg=3.41n2 (2190 mm?): Use 6 No. 8 bars (4 prov = 4.74 in.? [3060 mm?])
in two layers.

It is necessary to anchor the bars either by hooks, headed bars, mechanical
anchorages or straight bar development (Section A.4.3 of ACI 318-2002).
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From Section 12.5.2 of ACI 318-2002, the anchorage length of a 90-deg hook bar
is

0.02Af, .
= dy =19 in. (483 mm) for No. 8 bars (1-6)

lgp =—F==
VI
where f§ = 1; A = 1; d; = diameter of the bar (in this case, dy=1 in. [25.4 mm])
1z is modified by factor (a) of Section 12.5.3

Section 12.5.3.a: factor = 0.7 because a concrete cover > 2'% in. (64 mm) thick is
provided in the perpendicular direction to the hook plane, and a concrete cover > 2
in. (51 mm) thick is provided in the direction of the bar extension.

Thus, I =19 in. x 0.7=13.3 in. (338 mm) for No.8 bars.
Available anchorage is (Fig. 1-6):

Lah available = length of the extended nodal zone — cover — dj horizontal
shear reinforcement

Lin availabie = 16 + 4/tan 54.3° — 1.5 — 0.625 = 16.7 in. (425 mm)

Lan available > lan (0K)

/

>4

4/ tan 54.32°

/\54.32°
J

Fig. 1-6: Available anchorage length at the extended nodal zone in Node 1

Tie 7 (from node 3 to 6)
From Table (1-4)
Asreg=6.8in.2 (4390 mm?)

It is clear that extending the 6 No. 8 bars from tie 6 is not enough. Therefore, an
extra area of steel is needed and is calculated as 6.8 in.2 - 4.74 in.2 = 2.06 in.? Use
8 No.8 and 2 No.6 (Asproy = 7.2 in.? [4650 mm?]).

It is convenient to spread the reinforcement uniformly over an area of concrete at
least equal to the tension force in the tie, divided by the applicable limiting
compressive stress for the node. In this example,

F .
=it 307323 151402 97420 mme) (1-7)

w=151/b=11in. (279 mm) (1-8)
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Thus, spread the 8 No. 8 and 2 No. 6 vertically over a height of 11 in. (279 mm).
To anchor the No. 6 bars, use the table from Section 12.2.2 of ACI 318-2002

afrd
ld=fy S b (1-9)
251
ld=60 000x1.0X10X1.0X0TS _yq oo (704 mm)
25,/4 000

It was assumed that:
o = 1.0, since no more than 12 in. (305 mm) are cast below the bars,
B = 1.0, since it is uncoated reinforcement, and
A = 1.0, since it is normal-weight concrete.

Available anchorage is:

L availaple = distance from critical section to edge of the beam — cover —
dp horizontal shear reinforcement, Fig. (1-3).

Lak availaple = 36 In. — 1.5 in. — 0.625 in. = 33.9 in. (861 mm)

la'h available ~ la' (OK)

Therefore, place No. 8 bars spread (vertically) @ 3 in. (76 mm) and with
I;= 34 in. (864 mm) (to improve confinement in nodal zone). The straight No. 6
bars are extended over the full span of the beam.

Tie 5 (from node 2 to 3)
From Table (1-4)

Asreg=4.81n.2 (3100 mm?)
From Section 11.8.4 of ACI 318-2002

< ]d/5=8.9in. (226 mm) (controls)
~1121in. (305 mm)

Use 8 No. 5 closed stirrups (4s prov = 4.96 in.? [3200 mm?]). Use 2 No.5 inside the
top corners continuous along the beam. These stirrups shall have 135 deg bends
alternatively around one or the other of these bars. Space stirrups @ 4 in.

(102 mm).
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3.6 Reinforcement for bottle-shaped struts 3 and 4

In Section A.3.3, it is specified that layers or grids of reinforcement parallel to the
plane of the member must cross struts 3 and 4.

Also, because the web thickness is greater than 8 in. (203 mm), it is convenient
that the layer or grid of reinforcement be near each face.

From eq. (A-4)

Z%sinyi =p,;siny; 20.003 (eq. A-4)
i

where,

Ajg; = total area of reinforcement at spacing s; in a layer of reinforcement with bars
at an angle ; to the axis of the strut.
Suppose only horizontal reinforcement is provided, and vy; = 54.32°

24 ; 0.003

= 1-10
bs;, sin54.3° (1-10)

as; > 0.0259 5, But, from Section 11.8.5 of ACI 318-2002

5. < d/5=8.9in.(226 mm) (controls)
27112 in. (305 mm)

Suppose s = 7 in. (178 mm), aey 2 0.18 in.? (116 mm?). Use No.4 bars spaced 7 in.
(178 mm) in each face.

4 Arrangement of reinforcement

The final layout of the reinforcement is shown in Fig. 1-7.

10 No. 4 @ 7 (178 mm)

)
6
T
I I‘l 1
@2 28
51 ¥
( mm)I _Et 2%
} 14

2% !
Am T ] —1
6 8No. 5@ 4 (102 mm) No. 5 @ 6 (152 mm) 8No.8 \2No.& 2%

Dimensions in inches; 1 in. =25.4 mm

Fig. 1-7: Arrangement of reinforcement
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5 Optional models

The strut-and-tie model solved (see Fig. 1-3) is one of several models that could
have been selected. In the model assumed, load transfer was considered to take
place by the formation of a truss made of two inclined struts near each support.
This model was selected because of its simplicity, and because it required stirrups
along the shear span, which was considered a safe detail.

Optionally, two other strut-and-tie models could have been selected. In Fig. 1-8,
the strut-and-tie model recommended in the 1999 FIP Recommendations is
presented. In this model, part of the load is transferred from the loading plate
directly to the support through an inclined strut. The remainder is resisted by the
stirrups, through a simple truss, similar to that assumed in the solution of this
example. The FIP Recommendations consider that both load-carrying mechanisms
(i.e. direct strut and truss action) can be superimposed. The distribution of load
between these two mechanisms depends on the shear span-to-internal lever arm
ratio, and is determined from equations that have been verified with test results.

L
7.7 - 6
- \
\
\
\\
® 36.6 \\ 8
\\ \\
N \,
) \
£ S, D
a4 | B ST SSSTY | T
[ ‘!‘! 56 I it K] -+
IR} ——— sints el
~—16R-£ ties iR

Dimensions in inches; 1 in. = 25.4 mm

Fig. 1-8: Model in accordance with FIP 1999

Another strut-and-tie model that could have been selected considers that at each
beam end, the load is transferred to the support by a single inclined strut (Fig. 1-
9). This model does not require vertical stirrups along the shear span (i.e. between
the loading plate and the beam support) to maintain equilibrium. In the absence of
stirrups, large cracking at loads well below ultimate may be expected, and
therefore, is not recommended for design. Nevertheless, it can be argued about the
suitability of a similar model, if minimum vertical stirrup reinforcement is
provided.
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|V = 214k IV = 214K
| l
—_ 1 L
Y L 5
" \5
" \‘
td ~
” ~\
" ‘\
I' ~\
. .~ 39
48 »” ~
”" \~
td ~
’
" \\

d 34.85° W
! | *
‘* I 6 L 8 J = I }
R cuew SlHULS IR

— ties

Dimensions in inches; 1 in. =25.4 mm

Fig. 1-9: Load transferred directly to the support

6 Final comments

The strut-and-tie model selected was readily analyzed, and the design and strength
verification of its components was easily performed. It was found that the strut
and tie methodology provides a framework to understand and assess the flow of
forces and the resisting mechanisms. Also, it was demonstrated that it is a
valuable tool for achieving proper detailing of ductile concrete members.
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Example 1b: Alternative design for
the non-slender beam (deep beam)

Tjen N. Tjhin

Daniel A. Kuchma

Synopsis

A 20 ft (6.10 m) span deep beam was designed using the strut-and-tie method
according to ACI 318-02 Appendix A. The beam is 20 in. (508 mm) wide and 80
in. (2032 mm) deep and carries two concentrated factored loads, V,, of 360 kips
(1601 kN) each. Bearing plates of 18 in. x 20 in. (457 mm X 508 mm) are
provided at all loading and support locations. The self-weight was not considered
in the design. The compressive strength of concrete, f . and the yield strength of
the steel reinforcement, f; are taken as 4 ksi (27.6 MPa) and 60 ksi (414 MPa),
respectively.

A simple strut-and-tie model shown in Fig. (1b-2) is used in the design. The
provided reinforcement for the main tie is 2 layers of 5 #9 (#29 mm) bars. The
anchorages of these bars are provided by means of standard 90° hooks. The
reinforcement details are shown in Fig. (1b-6).

Tjen N. Tjhin is a doctoral candidate in the Department of Civil and
Environmental Engineering at the University of Illinois at Urbana-Champaign. His
research interests include nonlinear analysis and design of concrete structures.

Daniel (Dan) A. Kuchma is an Assistant Professor of Civil and Environmental
Engineering at the University of Illinois at Urbana-Champaign. He is a member of
ACI subcommittee 318E Shear and Torsion as well as joint ASCE/ACI
Committee 445 Shear and Torsion and its subcommittee 445-A Strut and Tie.
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1 Geometry and loads

The structure and loading under consideration are shown in Fig. (1b-1).

V, = 360 kips
(1601 kN)

" I
80 Wim

V, = 36(

80"*4
.

_ All Bearing Plates are
18" x 20" (457 mm x 508 mm)

kips

T
ik

80—

(2032 mm)

-

JmnIﬁwa @ 80" = 240" (6096 mm)—-—————~—11 6" -
(406 njm) b = 20" (508 mm)

V, =360 kips

Fig. 1b-1: Structure and loading

Material strengths:

V, =360 kips Cross Section

f. =4 ksi (27.6 MPa) (normal-weight concrete)

f, =60 ksi (414 MPa)
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2 Design procedure

The entire deep beam is a disturbed region because it is near statical
discontinuities, i.e., the concentrated forces, within one section depth of the beam
on either side of the discontinuity. However, it is only necessary to consider the
left third of the structure to complete the design because the geometry and loading
are symmetric about a vertical axis passing the midspan of the beam. The structure
will be designed using the strut-and-tie method according to ACI 318-02
Appendix A. The step-by-step design procedure is as follows:

- Step 1: Check bearing capacity at loading and support locations.

- Step 2: Establish the strut-and-tie model and determine the required truss forces.
- Step 3: Select the tie reinforcement.

- Step 4: Design the nodal zones and check the anchorages.

- Step 5: Check the diagonal struts.

- Step 6: Calculate the minimum reinforcement required for crack control.

- Step 7: Arrange the reinforcement.
3 Design calculations

3.1 Step 1: Check bearing capacity at loading and support
locations

The area of bearing plate is 4, =18(20)=360 in. (232258 mm?).

The bearing stresses at points of loading and at supports are
Y, _360(1000)

u

A 360

4

=1000 psi (6.89 MPa).

The nodal zone beneath the loading locations is an all-compression (CCC) node
per ACI Sec. A.5.2 definition. The effective compressive strength of this node is
limited to

Jou =0.85B, 1,

ACI Sec. A5.2 eq. (A-8
= 0.85(1.00)(4000) = 3400 psi. [ACT Sec eq- (A-8)]

The nodal zone over the support locations is a compression-tension (CCT) node.
The effective compressive strength of this node is

f;u = OSSan;

ACI Sec. A.5.2 eq. (A-8
=0.85(0.80Y4000)= 2720 psi. [ % (A-8)
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Because the bearing stresses are less than their corresponding limits, i.e.,
0f.. =0.75(3400) = 2550 psi (17.58 MPa) at points of loading and

0f., =0.75(2720) = 2040 psi (14.07 MPa) at supports, the area of bearing plates
provided is adequate.

3.2 Step 2: Establish the strut-and-tie model and determine the
required truss forces

A simple strut-and-tie model shown in Fig. (1b-2) is selected. The truss consists of
a direct strut AB (or strut CD) running from the applied load to the support. Strut
BC and tie AD are required to equilibrate the truss. As shown in Fig. (1b-3), these
strut and tie form a force couple,

Fu,BC =Fu,AD- (1b-1)

V, = 360 kips V, = 360 kips

r—so" 1 80" l 80" =i

= = T
B F, —_
’ e CON( £
¢ AN < . E
g \'\OO 33
< > 8
. N | N
P Fu P o
1 il |+
$16’:T — 3 @ 80" = 240" (6096 mm) .............................. . 16"L“
(406 nim)
V, = 360 kips (1601 kN) V, = 360 kips

Fig. 1b-2: Selected strut-and-tie model
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The horizontal position of nodes A4 and B is easy to define, but the vertical position
of these nodes must be estimated or determined. To fully utilize the beam, the
positions of these nodes have to be as close to the top and bottom of the beam. In
other words, the lever arm, jd, of the force couple must be set maximum, and this
means that the width of strut BC, w, and the width to anchor tie 4D, w; must be
minimum.

To minimize w; strut force BC, F, gc, must reach its capacity defined in ACI Sec.
A.3.2,0r

F, e =OF, =0f,, 4, ={0.85B, £, Jpw, , where B, = 1.0 (prismatic). (1b-2)

To minimize w; tie force 4D, Fy, ap, must reach the node capacity to anchor this
tie, which is defined in ACI Sec. A.5.2, or

F, ;= OF, =4, 4, =0(0.858, . Jpw,, where B, = 0.8 (CCT node).(1b-3)
Subtituting egs. (1b-2) and (1b-3) into eq. (1b-1) gives w=1.25w; and
jd=80—w,/2—w,/2=80-1.125w,. (1b-4)

Writing the moment equilibrium equation about point 4 as described in eq. (1b-5)
and substituting egs. (1b-2) and (1b-4) into the equation give w, = 7.95 in., and
therefore w; = 9.94 in.

V,(80)=F, 5cjd =0 (1b-5)
V, = 360 kips
| ¢
07, =¢0853,f
vzzTTITA - —_
-—- = w, = F
//‘B" . o
7
?,w/ - jd =80-1.125w,
’{e N
A,é . i w, ~t= Fp
S 97,=00.85B,f,
| (2032 mm)

V, = 360 kips (1601 kN)

Fig. 1b-3: Free body diagram of the left third of the deep beam
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If the values of wg and wy just obtained are used for the dimensions of the struts
and ties, the stress in strut BC, Fy, gc will be at its limit, and the force in tie AD,
Fyap will be anchored in just sufficient area. In this design, w, will be selected to
be 8 in. (203 mm), and w, will be selected to be 10 in. (254 mm). Therefore,
d=80-10/2=75in., jd = 80 - 8/2-10/2 =71 in., and

Fupc = F uap = 360(80)/71 = 406 kips (1806 kN). Strut BC is located 8/2 =4 in.
(102 mm) from the top of the beam and tie AD is located 10/2 = 5 in. (127 mm)

from bottom of the beam. This fixes the geometry of the truss and is illustrated in
Fig. (1b-4).

The angle and the force of diagonal strut AB are 6= arctan(71/ 80) =41.6° and
F, ;5 =360/sin41.6° = 542 kips (2411 kN), respectively.

u

V, = 360 kips
¢
s 8" (203 mm)
B == T T Fuecm 408k

(1806 kN)

jd =71" (1803 mm)

—— F,,,=406k

Y —

(2032 mm)
V, = 360 kips (1601 kN)

Fig. 1b-4: Strut-and-tie model dimensions and forces
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3.3 Step 3: Select the tie reinforcement
Minimum tie reinforcement provided must satisfy

OF, =04, f, 2 F, ,, =406 kips (1806 kN).  [ACI Secs. A.4.1 and A.2.6]

Thus, the required area of reinforcement for tie AD is
F,.p 406
of,  0.75(60)

Consider the following three steel arrangements:

- 1layer of 6 #11 bars, Ay = 6(1.56) = 9.36 in.?, @ 5 in. from bottom

- 2 layers of 5 #9 bars, Ay =2(5)(1.00) =10 in?, @ 2.5 and 7.5 in. from bottom

- 3 layers of 6 #7 bars, Aq = 10.8 in2, @ 2, 5, and 8 in. from bottom

For better steel distribution and for ease of anchorage length requirement, choose
2 layers of 5 #9 (#29 mm) bars, A = 10 in.? (6452 mm?).

=9.02in.>

3.4 Step 4: Design the nodal zones and check the anchorages
The 90° standard hook is used to anchor tic AD. The required anchorage length is

0.02f,d, 9.020.02(60000)(1.128)

I, =M\ = =19.3in,, [ACI Sec 12.5]
“ [f~ 100 4000
required A4, .
where A =——— represents the correction factor for excess of
provided 4,

reinforcement. ACI A.4.3.2 requires that this development length start at the point
where the centroid of the reinforcement in a tie leaves the extended nodal zone
and enters the span. As shown in Fig. (1b-5) left, the available development length
is 27.0 in. (686 mm). Because this is greater than 19.3 in. (490 mm), the
anchorage length is adequate.

“41,= 18" (457 mm)

; s
BA=S--w,_= 8" (203 mm)

7 —F

/<ws,= 17.9" (455 mm)

Nodal __L A | Extended
Zone A -+/,=18"= Nodal Zone A

Fig. 1b-5: Nodal zones 4 and B
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3.5 Step 5: Check the diagonal struts
From Sec. 3.2, the angle of strut AB (or CD) is 8=41.6°, and the force is
F, ;5 =542kips (2411 kN).
As shown in Fig. (1b-5), the width at top of the strut is
w, =1,sin0+w, cos6
=18sin41.6° +8cos41.6° =17.91in. (455 mm),
and the width at bottom of the strut is
w,, =1, sin@+w, cosO
=18sin41.6° +10cos41.6° =19.4in. (493 mm).

Strut 4B is expected to be a bottle-shaped strut. By assuming that sufficient crack
control reinforcement is used to resist bursting force in the strut (s = 0.75) the
capacity of strut AB is limited to

OF, =0(0.858, 1, Jpw,
=0.75(0.85)(0.75)(4)(20)(17.9) [ACI Secs. A.2.6 and A.3.2]
=685 kips (3047 kN).

Because this is higher than the required force, strut AB (or CD) is adequate.

3.6 Step 6: Calculate the minimum reinforcement required for
crack control

Vertical web reinforcement provided must be at least

A4, =0.0025bs, [ACI Sec. 11.8.4]

and horizontal web reinforcement provided must be at least

4,, =0.0015bs,, [ACI Sec. 11.8.5]

where s and s, cannot exceed d/5 or 12 in.

For vertical web reinforcement, use #5 (#16 mm) @ 12 in. (305 mm) on each face
over entire length, A,/ bs =2(0.31)/20/12 = 0.0026 > 0.0025.

For horizontal web reinforcement, use #4 (#13 mm) @ 12 in. (305 mm) on each
face over entire length, Ay, / bs, = 2(0.20)/20/12 = 0.0017 > 0.0015.
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Because [sequal to 0.75 is used to calculate the strength of strut 4B, minimum
reinforcement provided must also satisfy

Zfiginy, >0.0030, [ACI Sec. A.3.3.1 eq. (A-4)]
si

where ¥; is the angle between the axis of minimum reinforcement and the axis of
strut. Based on the provided web reinforcement,

= 0.0017sin41.6° + 0.0026sin48.4° =0.0031 > 0.003.

3.7 Step 7: Arrange the reinforcement
The reinforcement details are shown in Fig. (1b-6).

e 2 #Q Framing Bars

I
A i Bearing Plates 18" x 20"
L “ (457 mm x 508 mm) (Typical)
; f Horizontal Web Reinforcement
T ; #4 (#13 mm) @ 12" (305 mm)
. E Each Face (Typical)
5" i 8 : | ) Vertical Web Reinforcement
j #5 (#16 mm) @ 12" (305 mm)
127 ‘ ‘
mm£ i . Each Face (Typical)
258 e L1~ 2 Layers of 5 #9 (#29 mm) B
(63 5 mm) J 20" - ‘16"L ,7,A 80", .............. - . ..40".,, » y ( mm) ars
(508 mm) (406 mm) (2032 mm) (1016 mm)
Section A-A

Fig. 1b-6: Reinforcement details
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4 Summary

A design of a simply-supported deep beam under two point loads has been
presented. This design was completed using the provisions in ACI 318-02
Appendix A “Strut-and-Tie Models.”

The main steps in the design process of this deep beam involve defining the D-
region and the boundary forces acting on the region, visualizing a truss carrying
the boundary forces in the D-region (i.e., the strut-and-tie model), solving for the
truss member forces, providing reinforcement to serve as the steel ties,
dimensioning the struts and nodes, and providing distributed reinforcement for
ductility.

The entire deep beam is the D-region because it is near statical discontinuities, i.e.,
the concentrated forces, within one section depth of the beam on either side of the
discontinuity. A simple strut-and-tic model was employed in the design. This
strut-and-tie model resulted in the use of 2 layers of 5 #9 (#29 mm) bars for the
main tie. Particular attention was given to the anchorage of this main tie to ensure
that it can carry the required force without having anchorage failure. The
anchorage requirements were satisfied by the use of standard 90° hooks.
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Example 2: Dapped-end T-beam supported
by an inverted T-beam

David H. Sanders

Synopsis

At the ends of dapped-end beams, the transfer of load from the support into the
beam is a D-region. The STM is excellent for modeling such a region. In a number
of applications, for example parking structures, dapped-end beams are used in
conjunction with inverted T-Beams. At each point where the load of the dapped-
end beam sets on the inverted T-beam, a D-region is formed. The following
example used ACI 318-02 Appendix A to design both the end region of the
dapped-end beam as well as the tie back and vertical reinforcement needed for
each point load on the inverted T-beam. Conventional B-regions in the dapped-
end beam are designed using conventional ACI beam design.

David H. Sanders received his Civil Engineering BS degree from lowa State
University and his MS and PhD degrees from the University of Texas at Austin.
He is ACI Fellow. He is chair of ACI 341 Earthquake Resistant Concrete Bridges
and a member of TAC. His research involves the behavior and design of concrete
system with particular emphasis in bridges and seismic applications.
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1 Geometry and loads

A reinforced concrete dapped-end T-beam is supported by an inverted T-beam.
The web is 10 inches (254 mm) wide and the section has an overall depth of 19
inches (483 m) (see Fig. 2-1). The inverted T-beam is also 19 inches (483 mm)
deep and has a seat width of 7 inches (178 mm)(see Fig. 2-2). The T-beams are
spaced at 10 feet (3048 mm) along the length of the inverted T-beam and span 32
feet (9900 mm). There is a live load of 100 psf (4.79 kN/m?) and a superimposed
dead load of 10 psf (0.48 kN/m?).

Each T-beam has a tributary width of 10 feet (3048 mm). Therefore, effective live
load is 1.0 k/ft (14.6 kN/m) and the dead load including the superimposed dead
load is 0.87 k/ft (12.7 kN/m). This produces a factored distributed load of 2.64 k/ft
(38.6 kN/m) based on 1.2 Dead Load + 1.6 Live Load. The design positive
moment (M,) is 1/8 x 2.64 x 32.5% x 12 = 4183 in-kips (473 kN-m). The
horizontal force at the support is taken as 10 kips (44.5 kN).

The concrete strength is 5500 psi (38 MPa). The reinforcement has a yield stress
of 60,000 psi (414 MPa).

5 4! :
azn |
I [}
14
(356)
L L
Tror 10" Trer 1
(250 2790 mm) (254)

Fig. 2-1: Geometry for T-beam
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Details and | : == 1" (25)
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Fig. 2-2: Details of dapped end and inverted T-beam
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2 Design procedure

The structure is a combination of D-Regions at the dapped end of the T-beam and
near the load points of the inverted T-beam. The remaining portions of the beams
are B-Regions. The simply supported dapped-end T-beam will be designed for
standard beam moment and shear. The strut-and-tie model will be used to
transition the forces from the beam section to the concentrated support load. The
concentrated support load will then be distributed into the inverted T-beam. The
following steps will be used.

- Step 1: B-region flexural design.
- Step 2: B-region shear design.
- Step 3: Strut-and-tie model for dapped end layout.

- Step 4: Design and check capacities of struts, ties and nodes.

Step 5: Strut-and-tie model for inverted T-beam.

Step 6: Design and check capacities of struts, ties and nodes

3 Design calculations

3.1 Step 1: B-region flexural design

The tension reinforcement was assumed to be 2 rows of #9 (29 mm) bars.
Therefore effective depth, d =19 — 1.5 —3/8 — 9/8 — 1.25/2 = 15.375” (391 mm),
see Fig. 2-3. The middle bars shown in Fig. 2-3 will be used as part of strut-and-
tie model in the dapped-end region and are not part of the standard flexural design.

The effective width b, = by + 16(t) = 10 + 16(5) = 90” (2286 mm)

Setting M, = 4183 in-kips = ®M,, = 0.9Af(d-a/2)

As=5.21 in® (3363 mm?) and a = 0.74” (19 mm)

=> Use 6 #9 (29 mm) bars, A; = 6.0 in* (3871 mm?)

Amount of tension reinforcement satisfies both minimum and maximum A..

' P Cover=1.5" (38 mm),

#3ties (10 mm)
1 i 1.25" (32 mm) vertical gap between

longitudinal bars.
15.375" (391 mmy)

T 3.625" (32 mm)

Fig. 2-3: T-beam cross-section
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3.2 Step 2: Shear design

ACI 318 (1) permits the design shear to be taken at a distance d from the face of
the support. Because of the dapped end, the design shear was determined at a
distance d from the face of the short section (d = 7 inches (178 mm)).

V,=2.64/12 x (32.5/2 x 12— 4 - 7) = 40.5 kips (180 kN)
V=2 sqrt(f,) by d = 2 sqrt(5500) 10 x 15.375/1000 = 22.8 kips (101 kN)
Vy=405=®V,=® (V. + V) =0.75 (22.8 + V,) => V, = 31.2 kips (139 kN)
Vi=312=Af,d/s=A, /s 60 x 15.375 => A, /s = 0.0338 in’/in (0.86 mm*/mm)

If use #3 (10 mm) hoops, Ay = 0.22 in® (142 mm®) and s = 6 in (152 mm).
OK Since s <d/2 = 7.7 inches (196 mm)

3.3 Step 3: Develop strut-and-tie model for the dapped-end beam

The assumed strut-and-tie model is shown in Fig. 2-4. On the right side of the
strut-and-tie model, the tie at the bottom of the section is assumed to be located in
the center of the longitudinal tension reinforcement. The strut at the top of the
section was assumed to be located at a depth equal to 10% of the overall depth.
This could also be taken at the center of the compression zone as calculated in step
1. The distance between the centerlines of the top strut and the bottom tie is equal
to (15.375 —0.1x19) 13.48 in (342 mm). The distributed load is divided to the
closest node by using the tributary width on each side of the node.

In order to determine remaining geometry of the strut-and-tie model, the location
of Tie AD, Tie BC and Tie EF must be assumed. The location of Tie AD permits
sufficient room for an end plate and the cover requirements (1.5 in (38 mm)) over
the reinforcement. Tie BC will consist of several stirrups and therefore the
centroid must be placed away from the end of the beam. Tie EF was placed at two
stirrup spacings away (12 in (305 mm)) from BC. See Fig. 2-4.

From geometry
tanB; = 5.1/8 =>0, =32.5° tan; = 5.1/7 => 6, = 36.1°
tan03 = 8.38/7 => B3 = 50.1° tanB4 = 5.1/5 => 04, =45.6°
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From statics

Strut AB= 78.2 kips (348 kN) Tie AD = 76.0 kips (338 kN)
Strut BD = 62.9 kips (280 kN) Strut BE=  15.2 kips (67.6 kN)
Tie BC = 76.9 kips (342 kN) Strut CD = 100 kips (445 kN)
Tie CF= 64.3 kips (286 kN) Tie EF = 37.0 kips (164 kN)
Strut DE=  55.9 kips (249 kN)
Vertical Reaction = 43.6 kips (194 kN)
Horizontal Reaction = 10 kips (44.5 kN)
15k 22k 29k
+ 6.7 + (9.8) * (12.9)
= —r 1.90"
7 — (48)
(178)
2Il - u
(51)* 1348
(342)
10"
(29)
T 3.63"
2
S A L L
1 an 1 4" 1 4" 1 7™ 1 ge 1 (mm or N)

(76) (102) (102) (178) (127)

Fig. 2-4: Assumed strut-and-tie model

3.4 Step 4: Design and check capacities of struts, ties and nodes
3.4.1 Node A

Node A, the connection of Strut AB and Tie AD at the end support, must be
checked (see Fig. 2-5). The bearing surface is 4 in x 7 in (102 mm x 178 mm). The
potential development length for Tie AD extends to the point where Tie AD exits
from Strut AB. Because of the very short development length, an end plate must
be used on the end of the tie reinforcement to provide development. This plate was
also taken as 4 in x 7 in (102 mm x 178 mm). A plate may not be necessary if a
greater distance beyond the support or extra tie reinforcement was provided.
Current ACI does not allow a reduction in development length due to a high
compression load on the bar.
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For the node, B is 0.80 because there is one tie being anchored. For Strut AB,

Bs can either be 0.6 or 0.75 if sufficient stirrups are provided: ZAi/bs; siny; >
0.003. AB=> 0.22/(10x2) x sin(90-32.5) = 0.009 > > 0.003. So, s = 0.75 could be
used if the #3 (10 mm) ties at 2 in (51 mm) were extended into the dapped end. It
will be shown that this is not necessary in order to provide capacity.

Support Capacity (A) = 0.75 (0.85 x 0.8 x 5.5) (4 x 7) = 79 kips (351 kN)

> 43.6 kips (194 kN) OK

Tie Bearing Plate Capacity (A)=0.75 (0.85x 0.8x55)(4x7) =

79 kips (351 kN) > 75.9 kips (338 kN) OK

Tie Reinf.(AD) => 75.9 kips = 0.75 (A ap) 60 => Ag ap = 1.69 in? (1090 mm?)

Use 3 #7 (22 mm) bars, Ag ap = 1.80 in? (1161 mm?) (Could use more than one
layer if wanted to shorten development length or increase node size.).

Strut AB width (perpendicular to line of action) =1, sin; +h; cos6,
=4 s5in(32.5) + 4c0s(32.5) = 5.52 in (140 mm)

Assume that strut thickness equals beam width (10 inches (254 mm)).

Strut AB Capacity = 0.75 (0.85 x 0.6 x 5.5) (5.52 x10) = 116 kips ( 516 kN)
>78.2 kips (348 kN) OK No strut reinforcement is needed.

The dimension given in Fig. 2-5 from the bottom of the section to Tie CF is
slightly different than the one in Fig. 2-4 and used to calculate the angles. This
occurred because of the need to accommodate the reinforcement for Tie BC.
Because the change was slight, the angles and the forces were not recalculated.

6" (152) Node is smeared over alt
3#5 (16) ,r———.|a }.MLM.I
2.31" (59) : i EPa— 1.0 (48)
,,’ 1 r2#3(10)
4.69" (119) o> 1
E i 722
2" (51) 1 HT(22) | 43000 (337)
1
5.06" (129) . 649 (26)
1 p)
225" (57) | Al Plates - . 1
are 4" (102 | 3
2.69" (68) (102) i :.81 (97)
Hb*_*__bi‘—H——*——*‘ 1.5 (38) is required cover
N/ ! \ /4" (102)
2"(51)  4"(102)  2"(51) inches (mm)
2

Fig. 2-5: Strut and tie details with proposed reinforcement
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3.4.2 Node B

For Node B, f, is 0.80 because there is one tie being anchored. For Strut BE, Bs is
1. The BE strut will not control because the node has a lower B than the strut.
Struts AB and BD have f3; values of 0.60 and therefore will control the design for
compression. The size of the struts is determined by the width of the Tie BC.

Tie BC = 76.8 kips = 0.75 (Aspc) 60 => Aspc =1.71 in? (1103 mm)
Use 3 #5 (16 mm) stirrups bars Agpc = 1.86 in® (1200 mm)

Figure 2-5 shows the configuration of Node B. The #5 (16 mm) stirrups have been
placed 2 in (51 mm) apart creating a node face of 2 x 2 + 2 = 6 inches (152 mm).
The plus 2 inches (51 mm) comes from allowing some (spacing/2) spreading of
the tie width beyond the reinforcement.

Strut AB width = 1, sin6 + h, cos0 =

6/2sin(32.5) + 3.8c0s(32.5) = 4.82 in (122 mm)
Strut BD width = 1, sinf + h; cos0 =

6/2sin(36.1) + 3.8c0s(36.1) = 4.84 in (123 mm)

For Struts AB and BD, use the web thickness for strut thickness (10 inches (25
mm)). The Bs for the struts is 0.60 (bottled shaped) if reinforcement is neglected.
Therefore Bs could be increased to 0.75 by providing reinforcement that satisfies
A3.3.1 (ZAg/bs; siny, > 0.003). In Fig. 2-5, the upper boundary of Strut BD is not
show because the area is all compression. In addition, the strut is headed towards
Node D, which is a smeared node.

Strut Capacity AB & BD = 0.75 (0.85 x 0.6 x 5.5) (4.8 x 10) = 101 kips (449 kN)
> 78.2 & 62.9 kips (348 kN & 280 kN) OK

Development for Tie BC at Node B is governed by the stirrup development checks
of ACI 318 12.13 and 7.1.3. The tie must be anchored at both the top and the
bottom.

3.4.3 Node C

For the node, B, is 0.60 because there are two ties being anchored. The bottom
width of the node was set by the vertical reinforcement of Tie BC, 6 inches

(152 mm). In Fig. 2-5, a bearing plate is shown, this could be eliminated by
moving the node/center of the reinforcement to the right or by increasing the
distance between the vertical reinforcement. The development length is measured
from the far right boundary of the node towards the bearing plate.
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Tie CF Reinf. => 64.2 kips = 0.75 (Ascr) 60 => Ascp = 1.43 in” (920 mm?). If all
6 #9 (29 mm) bars are extended into Node C then Agcr = 6.0 in? (3871 mm?). The
extra reinforcement will help with reducing the needed development length but it
is still more than what is available. The distance available for developing Tie CF
at the node is the distance from the concrete edge minus cover to where the tie
leaves Strut CD: 6 — 1.5 + 2tan(50.1) = 6.9 inches (175 mm). In this case, a 5-inch
x 7-inch (127 mm x178 mm) bearing plate was added to the #9 bars (29 mm).

Tie CF Bearing Plate Capacity = 0.75 (0.85x 0.6 x5.5)(5x 7)
= 73.6 kips (327 kN) > 64.2 kips (286 kN) OK
Strut CD width = I, sin6 + hycos = 6sin(50.1)+4co0s(50.1) = 7.2 in (182 mm)
Assume that strut thickness equals beam width (10 in (254 mm)) and that 3, = 0.6.
Strut CD Capacity = 0.75 (0.85 x 0.6 x 5.5) (7.2 x10) = 179 kips (796 kN)
100 kips (445 kN) OK

3.4.4 NodeD

For Node D, the only issue is the development of Tie AD. The struts coming into
Node D are distributed (smeared). The width of a strut at Node D will be equal to
or greater than the strut width at the other end (Node B and Node C). Therefore,
the capacity checks at Node D are satisfied by the checks in 3.4.3 and 3.4.4. The
width of the strut was assumed to be constant between Nodes C and D. This
defines the left boundary of the node and the point from which Tie AD can be
developed.

Development length for AD => 14/d,, = 60000 (1)(1)(1)/(25 x sqrt 5500) =>
la=28.3 in (719 mm) measured from left side of Node D.

3.4.5 Nodes E and F

Both nodes are smeared over multiple stirrups. The number of stirrups is based on
the force in Tie EF.

Tie EF = 37.0 kips = 0.75 (Asgr) 60 => Asgr = 0.82 in” (529 mm?). Use 4 #3

(10 mm) stirrups at 4 inches (102 mm) (Ag gr = 0.88 in? (567 mm?). The 4 inches
(102 mm) spacing provides a centroid at line EF and a distribution of stirrups
between Node C and Node F.
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3.4.6 Alternative models

There are other potential models that have been developed for dapped-end beams.
One such model is given in the FIP Recommendations “Practical design of
structural concrete” (2) (see Fig. 2-6). In experiments, a crack forms in the corner
to the right of the support. In the first model (see Fig. 2-4), a strut (BD) crosses the
crack, whereas in this model that compression area does not exist. This is more
consistent with the crack formation since it would allow the tension area to spread
further into the beam. In the alternative model, the value of Tie AD is the same as
that shown in first model but the value of Tie BC and CF are much less in the FIP
model. This is an acceptable strut-and-tie model solution.

15Kk 1.7k 24k
(6.7) (7.6) ¥(10.7)
A - & —a— 197
7 B S 8)
(1 78) : ’ 7 crac I
Al A7 !
2u N 10k ‘. .e,\e! <] D
G 449 ~ /" 13.48"
? | 7 (342)
10° 436 k . -
(25) ; <8, e
(194) ¢ & 363
L c F 92)
[ |
| 3u | 4|| 4« I 7ll (mm or N)
(76) (102) (102) (178)

Fig. 2-6: Alternative model

From geometry

tan6; = 5.1/8 => 6 = 32.5° tan6, = 8.38/7 => 6, = 50.1°

From statics

Strut AB=  78.2 kips (348 kN) Tie AD=  76.0 kips (338 kN)
Strut BE=  76.0 kips (338 kN) TieBC=  40.4 kips (180 kN)
Strut CD = 52.7 kips (234 kN) TieDF=  38.0 kips (169 kN)
TieCF=  33.8 kips (150 kN)

Vertical Reaction = 43.6 kips (194 kN)
Horizontal Reaction = 10 kips (44.6 kN)
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3.5 Step 5: Strut-and tie model layout for inverted T-beam

Fig. 2-7 shows the assumed strut-and-tie model. Along the longitudinal axis of
the inverted T-beam, normal beam theory will be used.

From geometry: tanf = (5.1)/6.625) => 6 = 37.6 degrees

From statics

Strut AC=  71.5kips (318 kN) Tie AB= 66.6 kips (296 kN)
Tie CE= 43.6 kips (194 kN) StrutCD= 56.6 kips (252 kN)
2625 4750 2625° E 436k
(5_7).| RED) |_§7) (134 kN) (4412:»1)
F E I I _Lo.S'm)
y 436k A 15" (38)
10k (194 kN) (194 kN)1° K 10" (254) { 15 (38)
445 KN (44.5 kN) 05°(13)
T2 (sM) 31" (79
517 (130 0.1h = 1.9" 46)

0.1h = 19" 48)

2625 2° 2" | 2* 11"
315625 | 4.76" | 5626 | 3" 1 WW (mm)
as “(158)' 21y l(168).563 (mm) 251‘_

Fig. 2-7: STM for inverted T-beam Fig. 2-8: STM details
for struts and ties

3.6 Step 6: Design and check capacities of struts, ties and nodes
for an inverted T-beam.

3.6.1 Node A

The resultant of Strut AC and Tie AB at the inverted T-beam support must be
checked/designed (see Fig. 2-8). The bearing surface for the stem of the T-beam is
4 inches x 7 inches (127 mm x 178 mm). Because of the very short development
length, an end plate must be used. This plate was taken as 4 inches x 7 inches
(102 mm x 178 mm). It is a common practice to use this type of plate and to weld
the bars to the plate.

For the node, By is 0.80 because there is one tie being anchored. For Strut AB, Bs
can either be 0.6 or 0.75 if sufficient stirrups are provided. ZAg/bs; siny; > 0.003.
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Support Capacity = 0.75 (0.85 x 0.8 x 5.5) (4 x 7) = 78.5 kips (349 kN)
> 43,6 kips (194 kN) OK

Tie Bearing Plate Capacity = 0.75 (0.85 x 0.8 x 5.5) (4 x 7) = 78.5 kips (349 kN)
> 66.6 kips (796 kN) OK

Tie AB Reinf. => 66.6 kips = 0.75 (As ap) 60 => As ap = 1.48 in%,
Use 3 #7 (22 mm) bars, As ap = 1.80 in® (1161 mm?)

Strut AC width (perpendicular to line of action) =1, sinf + h;cos0
=4 5in(37.6) + 4cos(37.6) = 5.61 in (142 mm)

Assume that strut thickness equals the section width 10 inches (254 mm).

Strut AC Capacity @ A = 0.75 (0.85 x 0.6 x 5.5) (5.61 x 10) = 118 kips (525 kN)
> 71.5 kips (318 kN) OK

3.6.2 Node C

For Node C, there is transverse tension that comes from the longitudinal bending
of the inverted T-beam. Therefore 3, is 0.60 because there would be two or more
ties anchored in a three dimensional STM. For Strut AC and CD, 3s would be 0.4
because they are located in the tension zone of the member.

Tie CE Reinf. => 43.6 kips = 0.75 (As cg) 60 => Asce = 0.97 in®. Use 4#5 (16
mm), Asce = 1.24 in? (800 mm?). Distribute as shown in Figure 2-9. Bars will be
at 3 inches (76 mm) on center in the longitudinal axis of the inverted T-beam.

The 3-inch (76 mm) spacing provides a distribution of stirrups over the T-beam
seat width.

The location of Node C was taken at 0.1h above the bottom of the beam, therefore
the height of the node is two times that or 3.8 inches (96 mm). The width of the
node is governed by the vertical reinforcement (Tie CE). The width was taken as
the bar size plus 1 inch (25 mm) on either side. Currently this type of guidance is
not given in the Appendix. The strut width of Strut AC is equal to lpsinf +

hicosd = (2.62) sin(37.6) + (3.8)c0s(37.6) =4.61 in (117 mm). The strut
thickness is equal to the width of Tie CE reinforcement in the longitudinal axis of
the inverted T-beam (9”) plus half the spacing (1.5” (38 mm)) on each side of the
reinforcement (11.5 inches (292 mm)). Strut AC Capacity @ A =0.75 (0.85 x 0.4
X 5.5) (4.61 x 11.5) = 74.4 kips (331 kN) > 71.5 kips (318 kN) OK

For Strut CD, the strut thickness is the same as Strut AC (11.5 inches (292 mm))
and the width is 1.9 x 2 = 3.8 inches (96 mm).
Strut CD Capacity @ C =0.75 (0.85 x 0.4 x 5.5) (3.8 x 11.5) = 61.3 kips (273 kN)

> 56.6 kips (252 kN) OK

The node does not control the design because of the larger B value in comparison
to the struts.
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Fig. 2-9: Reinforcement details for inverted T-beam

4 Closure

The example shows the ability of the provisions of Appendix A to model the flow
of forces through a structure. The models provide an engineer with a rational
design tool for portions of a structure where standard beam theory does not apply.

5 Notation

hy
lp
M,

depth of equivalent rectangular stress block, in (mm)

area of nonprestressed tension reinforcement, in? (mmz)
area of surface reinforcement in the ith layer crossing a strut
area of reinforcement in Tie 1J, in® (mm?)

area of shear reinforcement within a distance s, in” (mm?)
width of a member, in (mm)

effective flange width of a T-beam based, in (mm)

distance from extreme compression fiber to centroid of tension
rebar (effective depth) , in (mm)

specified compressive strength of concrete, psi (MPa)

specified yield strength of nonprestressed reinforcement, psi (MPa)
effective height of a tie, in (mm)

length of the bearing surface, in (mm)

factored moment at a section, in-kips (kN-m)

spacing of stirrups along longitudinal axis of the member. in (mm)
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Si = spacing of reinforcement in the ith layer adjacent to the surface of
the member, in (mm)

V. = nominal shear strength provided by concrete, kips (kN)

Va = nominal shear strength at a section, kips (kN)

Vi = nominal shear strength provided by shear reinforcement, kips (kN)

V, = factored shear load, kips (kN)

Bn = factor to account for the effect of the anchorage strength of a nodal
zone

Bs = factor to account for the effect of cracking and confining
inforcement on the effective compressive strength of the concrete
in a strut

Yi = angle between the axis of a strut and the bars in the ith layer of
reinforcement crossing that strut, degrees

oo = strength reduction factor

0 = angle between two struts or ties at a node, degrees
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Example 3.1: Corbel at column

Tjen N. Tjhin

Daniel A. Kuchma

Synopsis

A single corbel projecting from a 14 in. (356 mm) square column is designed
using the strut-and-tie method according to ACI 318-02 Appendix A. The corbel
is to support a precast beam reaction force, V, of 56.2 kips (250 kN) acting at 4 in.
(102 mm) from the face of the column. A horizontal tensile force, N, of 11.2 kips
(49.8 kN) is assumed to develop at the corbel top, accounting for creep and
shrinkage deformations. The structure and the loads are described in Fig. (3.1-1).
Normal-weight concrete with a specified compressive strength, fcof 5 ksi

(34.5 MPa) is assumed. The yield strength of reinforcement, £, is taken as 60 ksi
(414 MPa).

The selected corbel dimensions including its bearing plate are shown in Fig. (3.1-
2). The corresponding shear span to depth ratio, a/d, is 0.24. A simple strut-and-tie
model shown in Fig. (3.1-3) is selected to satisfy the code requirements. The main
tie reinforcement provided is 5 #4 (#13 mm) bars. These bars are welded to a
structural steel angle of 3% in. X 3% in. X 2 in. (89 mm X 89 mm X 13 mm). The
reinforcement details are shown in Fig. (3.1-5).

Tjen N. Tjhin is a doctoral candidate in the Department of Civil and
Environmental Engineering at the University of Illinois at Urbana-Champaign. His
research interests include nonlinear analysis and design of concrete structures.

Daniel (Dan) A. Kuchma is an Assistant Professor of Civil and Environmental
Engineering at the University of Illinois at Urbana-Champaign. He is a member of
ACI subcommittee 318E Shear and Torsion as well as joint ASCE/ACI
Committee 445 Shear and Torsion and its subcommittee 445-A Strut and Tie.



106 Example 3.1: Corbel at column

1 Geometry and loads

The corbel to be designed and its loads are shown in Fig. (3.1-1).

V, = 56.2 kips \

(250 kNll
4
N,.= 11.2 kips

—
(49.8 kN)

(102 mm)

L-b = 14"4

|
— L—1 4"4
L—1 4"—-‘ SectionA-A

(356 mm)

Fig. 3.1-1: Corbel geometry and loads

Material strengths:
f. =5ksi  (34.5 MPa) (normal-weight concrete)

f, =60ksi (414 MPa)
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2 Design procedure

The entire structure under consideration is a D-Region because it has abrupt
changes in geometry and is in the vicinity of concentrated forces. The structure
will be designed using the strut-and-tie method according to ACI 318-02
Appendix A. The design is summarized as follows:

- Step 1: Determine the bearing plate dimensions.

- Step 2: Choose the corbel dimensions.

- Step 3: Establish the strut-and-tie model.

- Step 4: Determine the required truss forces.

- Step 5: Select the tie reinforcement.

- Step 6: Design the nodal zones and check the anchorages.

- Step 7: Check the struts.

- Step 8: Calculate the minimum reinforcement required for crack control.

- Step 9: Arrange the reinforcement.
3 Design calculations

3.1 Step 1: Determine the bearing plate dimensions

The nodal zone beneath the bearing plate is a compression-tension (CCT) node.
The corresponding effective compressive strength is

Jor =085, 1,

ACI Sec. A.5.2 eq. (A-8)
=0.85(0.80)(5000) = 3400 psi. [ % (A9

Choose a 12 in. X 6 in. (305 mm x 152 mm) bearing plate. The bearing plate area
is 12(6) =72 in2 (46452 mm.%), and the bearing stress is 56.2(1000)/72 = 781 psi
(5.38 MPa). Because this is less than the bearing stress limit, i.e.,

of., = 0.75(3400)= 2550 psi (17.58 MPa), the bearing size is adequate.

3.2 Step 2: Choose the corbel dimensions

To be able to use ACI Appendix A, ACI Sec. 11.9.1 requires a span-to-depth ratio,
a/d, of less than 2. Choose an overall corbel depth at column face of 18 in. (457
mm). In addition, ACI Sec. 11.9.2 requires that the depth at the outside of the
bearing area is at least one-half of the depth at the column face. To satisfy this
requirement, select a depth of 9 in. (229 mm) at the free end of the corbel. Fig.
(3.1-2) summarizes the selected dimensions for the corbel.
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12" x 6"
(305 mm x 152 mm)——- /\/
Bearing Plate

2". "_G " ,.t ¥ =N

+—18" (457 mm)—
‘L__gn : gn__,
|

N

(229 mm) (356 mm)

Fig. 3.1-2: Selected corbel dimensions

3.3 Step 3: Establish the strut-and-tie model

To consider load eccentricities and erection tolerances, the position of V,, is
shifted 1 in. toward the outer edge of the corbel from center of bearing plate. Thus,
the new position from the face of columnis 1 +6/2+1=5in.

A simple strut-and-tie model is selected. The geometry is given in Fig. (3.1-3).
The center of tie CB is assumed to be located 1.6 in. from the top of the corbel,

considering one layer of steel bars and approximately 1 in. of concrete cover.
Thus,

d=18—-1.6=16.4in. (417 mm). [ACI Sec. 11.9.1]

The horizontal tie DA is assumed to lie on the horizontal line passing through the
sloping end of the corbel.

The position of strut DD’ centerline is found by calculating the strut width wy
which can be obtained by taking moments about node A4 as follows:

56.2(0.32+5+12)+11.2(16.4) = F,,’DD,(12— ‘; ) (3.1-1)

where F, ;. = of, bw, is the required compressive force in strut DD’ and b is the
out-of-plane dimension of the corbel. Like the node beneath the bearing plate
(node C), node D is also a CCT node. Thus, its stress is limited to ¢/, = 2550 psi
per ACI Sec. A.5.2, and F, ,, =2550(14)w, /1000 =35.7w,.
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Substituting F,, pp into eq. (3.1-1) and then solving it yield Fypp =111 kips
(494 kN) and w¢=3.10 in. (79 mm).
This fixes the geometry of the truss.

Nt Ling

/

V,=56.2kips (&
(250 kN) /7 —

X
0.32"-»}¢5"~
N, = 11.2 kips /

{243 kN)..

w, =3.10" (79 M)

Fig. 3.1-3: Selected strut-and-tie model

3.4 Step 4: Determine the required truss forces

The required forces in all of the members of the truss are determined by statics
and are shown in Table (3.1-1). A positive sign indicates that the member is
tension. A negative sign indicates that the member is in compression.

Table 3.1-1: Truss forces

Member CD CB BD BA DA DD’
. -60.9 +34.8 -64.7 +54.6 +11.2 -111
Force (kips)
(271 kN) | (+155 kN) | (-288 kN) | (+243 kN) [ (+49.8 kN) | (-494 kN)
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3.5 Step 5: Select the tie reinforcement
The area of reinforcement required for tie CB is
F.cs 348

=—>—-=0.77in? [ACI Secs. A.2.6 and A.4.1]
of,  0.75(60)

The provided steel area must be at least
0.04 —;C—bd = %@(14)(16.4) =0.77 in.? [ACT Sec. 11.9.5]
y

Choose 4 #4 (#13 mm) bars, 4, = 4(0.20)= 0.80in.% (516 mm?).

As indicated in Table (3.1-1), tie B4 has a larger tension than tie CB. However,
this tie force should be resisted by column longitudinal reinforcement. Therefore,
continue the 4 #4 bars down the column just to have a sufficient development
length.

The area of reinforcement required for tie D4 is

F
woi o 112 _ o550 [ACI Secs. A.2.6 and A.4.1]

of,  0.75(60)
Choose 2 #3 (#10 mm) additional column ties at location D4,

Ag=2(2)(0.11) = 0.44in.2 (284 mm?). These bars are spaced at 2 in. (51 mm) on
center.

3.6 Step 6: Design the nodal zones and check the anchorages

The width w, of nodal zone D was chosen in Sec. 3.3 to satisfy the stress limit on
the nodal zone. Therefore, only nodal zone C is checked in this section.

To satisfy the stress limit of nodal zone C, the effective tie width, w; must be at
least equal to
F,c5 _ 34.8(1000)
of.b  2550(14)

= 0.97in. (25 mm). [ACI Secs. A.2.6 and A.5.1]

This limit is easily satisfied because the available tie width is 2(1.6) = 3.2 in.
(81 mm). See Fig. (3.1-4).

To anchor tic CB, weld the 4 #4 bars to a steel angle of 3% in. X 3% in. X % in.
(89 mm X 89 mm X 13 mm). The details are shown in Fig. (3.1-5).
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3.7 Step 7: Check the struts

Strut CD will be checked based on the sizes determined by nodal zones C and D.
Other struts will be checked by computing the strut widths and checked whether
they will fit within the space available.

The nominal strength of strut CD is limited to

Fo=r.4 [ACT Sec. A.3.1 eq. (A-2)]

¢

where

Jou =085, /.

ACI Sec. A3.2 eq. (A3
=0.85(0.75)(5000) = 3188 psi [ ee eq. (A-3)]

and A, is the smaller area at the two ends of the strut. From Fig. (3.1-4),

A= 14(2.86) = 40.04in.2. Thus, Fps = 3188(40.04)/1000 = 128 kips. From Table
3.1-1, the factored load of strut CD is 60.9 kips (271 kN). Because this is less than
the limit, i.e., OF s = 0.75(128) = 96 kips (427 kN), strut CD is adequate. Because
Bs is assumed to be 0.75, minimum reinforcement will be provided; the
calculations are presented in the next section.

The effective compressive strength of strut BD is also limited to f;, = 3188 psi.
Hence, the required width for strut BD is

F, ., 64.7(1000)
of.b  0.75(3188)14)

Choose 2 in. (51 mm) width for strut BD. The required width for strut DD’ was
determined in Sec. 3.2, i.e., 3.10 in. (79 mm).

=1.931n. [ACI Secs. A.2.6 and A.3.1]

As shown in Fig. (3.1-4), all the strut widths fit into the outline of the corbel
region. Thus, this solution is accepted.
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3.8 Step 8: Calculate the minimum reinforcement required for
crack control

ACI Sec. 11.9.4 requires closed stirrups or ties parallel to the reinforcement
required for tie CB to be uniformly distributed within 2/3 of the effective depth

adjacent to tie CB, i.e., 2/3 (16.4) = 10.9 in. Use 10.5 in. The area of these ties
must exceed

4,=05(4,-4,), [ACI Sec. 11.9.4]

where A, is the area of reinforcement resisting the tensile force Ny and Ay = A, of
ACI Sec. 11.9. Hence, the minimum area required is

4,=0.5(4, - 4,)

=05 4, e |05 0.80-—L2 |=029in?
of, 0.85(60)

Try 3 #3 closed stirrups, Ay = 3(2)(0.11) = 0.66 in.2, with average spacing of
10.5/3 =3.5in.

Because 35 equal to 0.75 is used for the diagonal struts, minimum reinforcement
provided must also satisfy

3 ;L-, siny, > 0.0030, [ACT Sec. A.3.3.1 eq. (A-4)]
N

!

where ¥; is the angle between the axis of minimum reinforcement and the axis of
strut. According ACI Sec. A.3.3.2, ¥; has to be greater than 40° because only
horizontal reinforcement is provided. Based on the provided reinforcement and the
angle of strut BD, i.e., the smallest angle between strut and minimum
reinforcement,

A, . .

> “siny, = 20.1 1)s1n57.5° =0.0038 > 0.003.
bs, 14(3.5)

Because this amount of reinforcement satisfies both requirements, provide 3 #3

(#10 mm) closed stirrups at 3.5 in. (89 mm) spacing, distributed over a depth of
10.5 in. (267 mm) from tie CB.
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Nodal _ lb = 55"" (1 40 m)
Zone C

s xapxl NIV TieCB___

Steel Angle

Extended
Nodal Zone C

43.10"‘* (79 mm)

Fig. 3.1-4: Dimensions of strut-and-tie model components



114 Example 3.1: Corbel at column

3.9 Step 9: Arrange the reinforcement

The reinforcement details are shown in Fig. (3.1-5).

12" x 6"
(305 mm x 152 mm)-————
Bearing Plate
3 x 3l x I ’\/ 4 #4 (#13 mm) Main Bars
Steel Angle Welded to Steel Angle
© 2l | 3 #3 (#10 mm) Hoops
— A, WA @3.5" (89 mm)
= j e | - [
ET I | —
s %_ ,,,,, — X {———E— 3#4 Framing Bars
S S ok
o > \\\\, = é 2 #3 Hoops @ 2"
e N |

e G .L .............. 1 4“-.[ Note: Co[umn reinforcement
(229 mm) (356 mm) is not shown

Elevation View

;4’3 — [

TT
| bl
| 1)
d Il
A )
T 1
| 11

1
I Ll

L;"—’-L—‘M"——v"

(229 mm) (356 mm)
SectionA-A

4 #4 (#13 mm) Main Bars

Fig. 3.1-5: Reinforcement details
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4 Summary

The design of a single corbel has been presented. This design was completed using
ACI 318-02 Appendix A “Strut-and-Tie Models” and the ACI 318-02 Sec. 11.9
“Special Provisions for Brackets and Corbels™.

The main steps in this design involve defining the D-region and the boundary
forces acting on the region, selecting a strut-and-tie model carrying the boundary
forces in the D-region, solving for the member forces of the strut-and-tie model,
providing reinforcement to serve as the steel ties, dimensioning the struts and
nodes, and providing distributed reinforcement for crack control and ductility.

In this design, the entire corbel is the D-region, and a simple strut-and-tie model
was employed.

The entire corbel is the D-region because there exist statical discontinuities, i.e.,
the concentrated forces, and geometrical discontinuities within one section
flexural depth of the corbel on either side of the discontinuity. A simple strut-and-
tie model was employed in the design. This strut-and-tie model resulted in the use
of one layer of 4 #4 (#13 mm) bars for the main tie. Sufficient anchorage of this
tie is required to ensure that it can carry the required force without having
anchorage failure. This is achieved by welding all of the main bars to a structural
steel angle.

References

ACI 318-02: Building Code Requirements for Structural Concrete and
Commentary. ACI Committee 318, American Concrete Institute, Detroit,
Michigan, 2002, 443 pp.
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Example 3.2: Double corbel

Tjen N. Tjhin
Daniel A. Kuchma

Synopsis

A double corbel projecting from an interior column is designed using the strut-
and-tie method according to ACI 318-02 Appendix A. The corbel transfers precast
beam reaction forces, V,, of 61.8 kips (275 kN) acting at 6 in. (152 mm) from the
face of the column at both ends. To account for beam creep and shrinkage
deformations, a factored horizontal force, Ny of 14.3 kips (63.6 kN) is assumed to
develop at each side of the corbel top. The column is 14 in. (356 mm) square. The
upper column carries a factored compressive axial load, Py of 275 kips (1223 kN).
The compressive strength of concrete, f and yield strength of steel reinforcement,
fy are taken as 4 ksi (27.6 MPa) and 60 ksi (414 MPa), respectively. Normal-
weight concrete is assumed.

The selected dimensions including the bearing plates are shown in Fig. (3.2-2).
The shear span to depth ratio, a/d, is 0.38. A simple strut-and-tie model shown in
Fig. (3.2-3) was used for the design. The provided main tie reinforcement is 7 #4
(#13 mm) bars. The anchorage of these bars is provided by welding each end of
the bars to a structural steel angle of 4 in. x 4 in. X ¥ in. (102 mm X 102 mm X
13 mm). The reinforcement details are shown in Fig. (3.2-5).

Tjen N. Tjhin is a doctoral candidate in the Department of Civil and
Environmental Engineering at the University of Illinois at Urbana-Champaign. His
research interests include nonlinear analysis and design of concrete structures.

Daniel (Dan) A. Kuchma is an Assistant Professor of Civil and Environmental
Engineering at the University of Illinois at Urbana-Champaign. He is a member of
ACT subcommittee 318E Shear and Torsion as well as joint ASCE/ACI
Committee 445 Shear and Torsion and its subcommittee 445-A Strut and Tie.
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1 Geometry and loads

The geometry and loads of the corbel to be designed are shown in Fig. (3.2-1).

lpu = 275 kips (1223 kN)

V, = 61.8 kips /\/ V, =61.8 kips

(275 kN) ;
6"+ (152 mm) 6" Bearing Plate
N, =14.3 kips
—_

N, = 14.3 kips
<—
(63.6 kN)

L—b = 14"J

; f~—-——14"~—J
L_*1 4 Section A- A

(356 mm)

Fig. 3.2-1: Geometry and loads of the corbel

Material strengths:
f. =4ksi  (27.6 MPa) (normal-weight concrete)

f, =60ksi (414 MPa)
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2 Design procedure

The entire corbel is a D-Region because it has abrupt changes in geometry and is
in the vicinity of concentrated forces. The structure will be designed using the
strut-and-tie method according to ACI 318-02 Appendix A. The step-by-step
design procedure is as follows:

- Step 1: Determine the bearing plate dimensions

- Step 2: Choose the corbel dimensions.

- Step 3: Establish the strut-and-tie model.

- Step 4: Determine the required truss forces.

- Step 5: Select the tie reinforcement.

- Step 6: Design the nodal zones and check the anchorages.

- Step 7: Check the struts.

- Step 8: Calculate the minimum reinforcement required for crack control.
- Step 9: Arrange the reinforcement.

It is necessary only to consider a half portion of the corbel because the geometry
and loading are symmetric about a vertical axis passing through the centroid of
column. However, the entire corbel will be shown in almost all of the figures for
better illustration.

3 Design calculations

3.1 Step 1: Determine the bearing plate dimensions

The nodal zone underneath the bearing plate is a compression-tension (CCT)
node. The effective compressive strength of this node is limited to

Jou =0.85B, 1,

ACI Sec. A.5.2 eq. (A-8
=0.85(0.80)(4000)= 2720 psi. [ % (A-5)]

Choose a 12 in. x 6 in. (305 mm x 152 mm) bearing plate. The bearing plate area
is 12(6) = 72 in.? (46452 mm.?). The bearing stress is 61.8(1000)/72 = 858 psi
(5.92 MPa). Because this is less than the bearing stress limit, i.c.,

0f., =0.75(2720)= 2040 psi (14.07 MPa), the bearing size is adequate.
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3.2 Step 2: Choose the corbel dimensions

To be able to use ACI Appendix A, ACI Sec. 11.9.1 requires a span-to-depth ratio,
ald, of less than 2. In addition, ACI Sec. 11.9.2. requires that the depth at the
outside of the bearing area be at least 0.5d. Therefore, select a column face depth
of 18 in. (457 mm) and select a depth of 10 in. (254 mm) at the free end of the
corbel. The selected dimensions for the corbel are summarized in Fig. (3.2-2).

] V . 12n X 6"

[PR— 12" e »| 1 vvvvv (305 mm x 152 mm)

)
T

3" ’“G"ﬂ 3" Bearing Plate (Typical)

18" (457 mm)—+
10"

‘78" -
(203 mm)254 mm

1 2"—*1'*1 4“"‘-—1 2"

(305 mm) (356 mm)

Fig. 3.2-2: Selected corbel dimensions

3.3 Step 3: Establish the strut-and-tie model

To allow for load eccentricities and erection tolerances, consider the reaction
force, V, to be placed 1 in. toward the edge of the corbel from center of bearing
plate. Thus, the new position of V, from the face of columnis3 +6/2+1=7in.

Fig. (3.2-3) shows the geometry of the assumed strut-and-tie model. The location
of tic 44’ is assumed to be 2 in. from the top of the corbel, considering two layers
of steel bars and approximately 1 in. of concrete cover. Thus,

d=18-2=16in. (406 mm). [ACI Sec. 11.9.1]

The horizontal strut BB’ is assumed to lie on the horizontal line passing through
the sloping end of the corbel.
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As shown in Fig. (3.2-3), the column axial load, P, is resolved into two even loads
acting in line with strut CB. The location of strut CB centerline can be found by
calculating its strut width, w, This width can be obtained from

F
w, =L [ACI Secs. A.3.1 and A.2.6] (3.2-1)
0f.b

where F, cp is the required compressive force in strut CB, and b = 14 in. is the

out-of-plane dimension of the corbel. The strut CB force is
Fucs =275/2 + 61.8 = 199.3 kips. Because nodal zone B is an all-compression

(CCC) node and strut CB is of prismatic type, the effective compressive strength,

fcu, iS
=0.858, /.
S B, /. ) [ACI Sec. A.3.2 eq. (A-3)]
=0.85(1.0)(4000) = 3400 psi.
Substituting the above values into eq. (3.2-1) gives ws = 5.58 in. (142 mm).

This fixes the geometry of the strut-and-tie model.

P, = 137.5 kips P, = 137.5 kips
12 l l (612 kN)
|~
// E'
€D A D' .
V,=618kips | 3 T T V, = 61.8 kips
I i | ' 1 (275 kN)
46" -7 1 1
N, = 14.3 kips : : N,.= 14.3 kips
Al - (541K, ™ (63.6 kN)
T - (241 kN)
©
1

Cs AC'
199.3 kips 199.3 kips (887 kN)
ofu T T 0,

i
w, = 5.58""-4 L, "Ws =5.58" (142 mm)

Fig. 3.2-3: Selected strut-and-tie model
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3.4 Step 4: Determine the required truss forces

The required forces in all the members of the truss are determined by statics and
are shown in Table (3.2-1). Note that positive sign indicates tension; negative sign
indicates compression.

Table 3.2-1: Truss forces

Member A4’ | AB=A'B’ BB’ | CB=CB’|BD=BD’
Foree (ki +54.1 735 -39.8 -199.3 -137.5
orce (KIps) | (1041 kN) | (-327KN) | (177kN) | (-887KN) | (-6121N)

3.5 Step 5: Select the tie reinforcement
The required area of reinforcement for tie 44’ is
F 54.1 .2

LA = =1.20in
of,  0.75(60)

Further, the provided steel area must be at least
0.042< pa = M(M)(m) =0.601in.?
£, 60

Choose 6 #4 (#13 mm) bars, 4, =6(0.20)=1.20in.2 (774 mm?). These bars are
arranged in two layers as shown in Fig. (3.2-5).

[ACI Secs. A.2.6 and A4.1]

[ACI Sec. 11.9.5]

3.6 Step 6: Design the nodal zones and check the anchorages

The width w, of nodal zone B was determined in Sec. 3.3 to satisfy the stress limit
on the nodal zone. Therefore, only nodal zone A is checked in this section.

To satisfy the stress limit of nodal zone 4, the tie reinforcement must engage an
effective depth of concrete, w, at least equal to

Fo e _ 54.1(1000)
of.b  2040(14)

=1.89in. (48 mm). [ACI Secs. A.2.6 and A.5.1]

As shown in Fig. (3.2-4), this limit is easily satisfied because the nodal zone
available is 2(2) =4 in. (102 mm).

To anchor tie 44, weld the 6 #4 bars to a steel angle of 4 in. X 4 in. X Y in. (102
mm X 102 mm X 13 mm). The details are shown in Fig. (3.2-5).
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3.7 Step 7: Check the struts

Strut AB will be checked based on the sizes determined by nodal zones 4 and B.
Other struts will be checked by computing the strut widths and checked whether
they will fit within the space available.

ACI defines the nominal strength of strut 4B as

F =f.A [ACI Sec. A3.1 eq. (A-2)]

c?

where

fou =0.85B, £,

ACI Sec. A.3.2 eq. (A-3
=0.85(0.75)(4000) = 2550 psi [ACT Sec eq. (A-3)]

and A, is the smaller area at the two ends of the strut. From Fig. (3.2-4),

A, =14(4.88)=68.32in.? Thus, F,, =2550(68.32)/1000 =174 kips. From Table
3.2-1, the factored load of strut AB is 73.5 kips (327 kN). Because this is less than
the limit, i.e., OFys = 0.75(174) = 131 kips (583 kN), strut 4B is adequate. Because
Bs is assumed to be 0.75, minimum reinforcement has to be provided and is
described in the next section.

Nodal rlt‘s 6.5"a’ (165 mm
F

Zone A -
T . 1
exaxy (o TeM T
Steel Angle N - W, = 4" (102 mm)
> 4 «$ [T R—
Extended \|| | % |
Nodal Zone A :
|

Fig. 3.2-4: Dimensions of strut-and-tie model components
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The stress of the horizontal strut BB’ is limited to
0f,, =0.75(0.858, .
=0.75[0.85(1.0{4000)] = 2550 psi.
Hence, the required width for strut BB’ is

F, 55 39.8(1000)

= =1.11in
of., b 2550(14)

The stress of the vertical strut BD is limited to
07, =0.75(0:88,,)
=0.75[0.85(0.6)(4000)] = 1800 psi.
Hence, the required width for strut BD is

Fpp _137.5(1000)
of.b  1800(14)

=5.46in.

Example 3.2: Double corbel

[ACI Secs. A.2.6 and A.3.2]

[ACI Secs. A.2.6 and A.3.1]

[ACI Secs. A.2.6 and A.3.2]

[ACI Secs. A.2.6 and A.3.1]

Choose 2 in. (51 mm) width for strut BB, and set the width of strut BD equals the
width of strut CB. The required width for strut CB has been computed in Sec. 3.2,

i.e., 5.58 in. (142 mm).

As shown in Fig. (3.2-4), all the strut widths fit into the outline of the corbel

region. Thus, this solution is accepted.
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3.8 Step 8: Calculate the minimum reinforcement required for
crack control

ACI Sec. 11.9.4 requires closed stirrups or ties parallel to the reinforcement
required for tie A4’ to be uniformly distributed within 2/3 of the effective depth

adjacent to tie CB, i.e., 2/3 (16) = 10.7 in. Use 10.5 in. In addition, the area of
these ties must exceed

4,=0.5(4,-4,), [ACI Sec. 11.9.4]

where A, is the area of reinforcement resisting the tensile force Ny, and Ag=As of
ACI Sec. 11.9. Hence, the minimum area required is

0.5(4, - 4,)=0.5 AS,~ﬂ ~0.51.40-—23_1_0.56in2
of 0.85(60)

y

Try 3 #3 closed stirrups, 4, =3(2)(0.11)=0.66in.?, with average spacing of
10.5/3 =3.5in.

Because fsequal to 0.75 is used to calculate the strength of strut 4B, minimum
reinforcement provided must also satisfy

3 f‘*" siny, >0.0030, [ACI Sec. A.3.3.1 eq. (A-4)]
S

where ¥; is the angle between the axis of minimum reinforcement and the axis of
strut. In this design, v; has to be greater than 40° per ACI Sec. A.3.3.2 because
only horizontal reinforcement is provided. Based on the provided reinforcement,

A, . 2(0.11) .
= = 57.2° =0.00 0. .
zbs, siny, 14(3.5) sin 0038 >0.0030

Because this amount of reinforcement satisfies both requirements, provide 3 #3
(#10 mm) closed stirrups at 3.5 in. (89 mm) spacing, distributed over a depth of
10.5 in. (267 mm) from tie A4 ".
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3.9 Step 9: Arrange the reinforcement

The reinforcement details are shown in Fig. (3.2-5).

12" x 6"
(305 mm X 152 mm) R
Bearing Plate 3 #3 (#10 mm) Hoops
4" x4xy A @3.5" (89 mm)
Steel A=ngle N I e — - 4 #4 (#13 mm) Bars
v | I
N ‘ %z 2 #4 Bars
T L] =i
E ! '.y—f._ 5
E<-
N~ — )] .
g & [ 3 #4 Framing Bars
© o \
L N /

M- 2"_....._,.J‘__._..._..._»] P L .‘ Note: Co|umn reinforcement
(305 mm) (356 mm) is not shown

Elevation View

———————— 2 Layers of 2 #4 Bars
S 2 #4 (#13 mm) Bars

T
4
i
)
|
t
|
!

L_.,r,,'l 2" : 14" 1 2" .............. ,.‘

(305 mm) (356 mm)
Section A-A

Fig. 3.2-5: Reinforcement details
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4 Summary

The design of a double corbel has been presented. This design was completed
using ACI 318-02 Appendix A “Strut-and-Tie Models” and the ACI 318-02 Sec.
11.9 “Special Provisions for Brackets and Corbels.”

The main steps in this design involve defining the D-region and the boundary
forces acting on the region, selecting a strut-and-tie model carrying the boundary
forces in the D-region, solving for the member forces of the strut-and-tie model,
providing reinforcement to serve as the steel ties, dimensioning the struts and
nodes, and providing distributed reinforcement for crack control and ductility.

The entire corbel is the D-region because there exist statical discontinuities, i.e.,
the concentrated forces, and geometrical discontinuities within one section
flexural depth of the corbel on either side of the discontinuity. A simple strut-and-
tie model was employed in the design. This strut-and-tie model resulted in the use
of 6 #4 (#13 mm) bars for the main tie. Particular attention was given to the
anchorage of the main tie to ensure that it can carry the required force without
having anchorage failure. To satisfy the anchorage requirements, all of the main
bars are welded to a structural steel angle that is provided at each end.

References

ACI 318-02: Building Code Requirements for Structural Concrete and
Commentary. ACI Committee 318, American Concrete Institute, Detroit,
Michigan, 2002, 443 pp.
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Example 4: Deep beam with opening

Lawrence C. Novak, SE

Heiko Sprenger

Synopsis:

The example problem of a deep beam with a rectangular opening represents a
strong example of the application of Strut-and-Tie modeling of reinforced
concrete structures. Since the entire beam constitutes a D-region, this example
demonstrates the principles and methods that can be utilized to solve a wide range
of problems. Example #4 has been fully evaluated per the requirements of
Appendix A of ACI 318-02.

Lawrence C. Novak, SE is an Associate Partner with Skidmore, Owings &
Merrill LLP, 224 South Michigan Ave., Chicago, IL 60604 (He is a member of
ACI, SEAOI, ASCE and a voting member of ACI-209)

Heiko Sprenger recently graduated from University of Stuttgart and is an Intern
Engineer with Skidmore, Owings & Merrill LLP, 224 South Michigan Ave.,
Chicago, IL 60604



130 Example 4: Deep beam with opening

1 System

The deep beam with an opening (Fig. 4.1) has been designed according to

Appendix A of ACI 318-02 — Strut-and-Tie Models. The system as a whole is

considered a D-Region because of force and geometric discontinuity.

For simplicity, the self-weight of the structure has been accounted for by an

appropriate increase in the applied point load.

Materials:

Concrete — specified compression strength of concrete
N

2
mm

f'. = 4500psi  (31—)

Steel — specified yield strength of nonprestressed reinforcement

, N
f, = 60,000 psi (414—)
mm

157 %" 315"
(4000mm) (8000mm)

235"
(600mm) =+

‘ F = 450kips (2000 kN)

£ -7
wE . E|
fg xE
4 oS

(‘\l/ [~

i 8§
. ’E‘ R ’E‘ 1
NE|
HE
2| =8 -

& NE
. E 5a
~E Te

= 1
13%" 78%" 157 %" .3 % 147%" 13%"
{350mm) I (2000mm) (4000mm) (2250mm) (3750mm) {350mm)
500 '
(12700mm)

15%"
(400mm)

Beam Width and Bearing Plate Width = 12 * (305mm)

Fig. 4-1: Deep beam geometry

15%"
(400mm)
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2 Strut-and-Tie Model

2.1 Finding the model

The structure behaves as an upper deep beam spanning to sloped columns
supported on a lower deep beam. Based on that anticipated behavior, the internal
strut-and-tie model (see Fig. 4-2) is developed. The strut-and-tie model can be
based on either engineering judgement or a finite element analysis of the load
flow. Usually the strut-and-tie model is selected such that the ties are located
where the engineer anticipates the main reinforcement to be positioned for ease of
constructability (in this case above and below the opening and at the bottom of the
lower deep beam).

Note: According to ACI318-02, Section RA.1-Definitions — D-Region, the
smallest angle permitted between a strut and a tie in a D-Region is 25 degrees. In
this chosen model, the smallest angle is 34 degrees.

55" 102%" 102%" 55"
(1400mm)  (2600mm) . {2600mm) (1400mm)
' Node A m Fi=F2
T =)
N
< Co
i 5 g
~
S P TN
.E // \\
05 | 9 N
8 / \
B
*8 2
T )

TR‘ 105"

| (2667mm)

78%" 78%"
{2000mm) (2000mm) |

105" 106°
(2667mm) (2667mm)

Fig. 4-2: The geometry of the chosen Strut-and-Tie Model
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2.2 Forces

For the external forces determine reactions by summing moments about the lower
left bearing (see Fig. 4-1).

M = 450kips -157.5"-R, -472.5"
— R, =150kips ~ (66TKN)
— R, =300kips  (1,333kN)

F1=F2=225 (2000)
Node A
1

N7 NG
Q"‘#’/Co =310 <,
T N
e {b‘f

R T1 =167 (743) .
S

@
B

Node B T10 = 167 (743) Node C

R1 =300 (1333) R2 = 150 (667)

Fig. 4-3: Forces (C-Compression, T-Tension) of the Strut-and-Tie-Model (in kips,
kN in parentheses) determined according to Method of Joints
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3 Design calculations

Strength Reduction Factor according to ACI 318-02 Chapter 9.3.2.6
¢ = 075

3.1 Check bearing strength
Note: the width of the bearing plate matches the beam width.
ACI 318-02 Equation A-1

¢-F,>F,
and ACI 318-02 Equation 10.17.1
F,=085-f1..4

with

/. =4,500psi
— F,=3825psi- A

Plate at node A

P = 450kips
A= 23%"42": 282in>
—0.75-3,825 psi - 282in’ = 809kips > 450kips (3,598kN > 2,000kN) — OK

Plate at nodes B & C
R, =300kips 2 150kips = R,
A= 15%“-12“: 189in
— 0.75-3,825kips - 189in* = 542kips > 300kips (2,410kN >1,333kN) — OK

Note: The node checks of Appendix A will typically govern over the bearing
checks of ACI 318-02 Chapter 10
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3.2 Ties
ACI 318-02 Equation A-1

F,
o F,2F —F, = ¢"

with ACI 318-02 Equation A-6 — nominal strength of a tie

Fnt =A.\'1 'fy+Aps'(f5e+Afp)
A4, =0(noprestress) > F,, =4, - f,

and

£, =60,000psi = 60ksi

_E,i_ Fu _ Fu _ Fu ( Fu )
st,req fy ¢ . fy 0.75-60ksi 40ksi

— A

F, F, Agtreq Bar  Agbar No.of Asprov Distribution
[kips]  [kN]  [in] size [in’]  Bars  [in?]

T, = 167 744 3.72 #10 1.27 4 5.08 4#10
T, = 143 636 3.18 #8 0.79 4 3.16 4#8
T; = 34 151 0.75 #8 0.79 4 3.16 4#8

Ty = 175 333 1.66 #4 0.20 10 2.00 10#4@18in
Is = 175 333 1.66 #4 0.20 10 2.00 10#4@18in
Ts = 150 667 3.33 #4 0.20 18 3.60 18#4@9in

T, = 111 493 2.46 #10 1.27 6 7.62 6#10
Ty = 222 987 493 #10 1.27 6 7.62 6#10
Ty = 333 1,480 740 #10 1.27 6 7.62 6#10
Ty = 167 741 3.70 #10 1.27 6 7.62 6#10

Tab. 4-1: Tie reinforcements

Table 4-1 shows the ties 7; with the forces (see Fig. 4-3), the required area of
reinforcing steel, the bar size with the area of reinforcement for each bar, the
number of bars, the provided area of reinforcement and the way the bars are
distributed for each tie.
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3.3 Struts
ACI 318-02 Equation A-1

¢'F" ZFII

with ACI 318-02 Equation A-2 — nominal compressive strength of a strut without
longitudinal reinforcement

Fns :fcu.Ac

and ACI 318-02 Equation A-3 for the effective compressive strength of the
concrete in a strut

fcu :085136 .fvc
with

f'.=4,500psi
B. =0.60-A (without reinforcement satisfying ACI318 - 02 Appendix A.3.3)
A =1.0 for normal weight concrete (ACI318 - 02 Chapter 11.7.4.3)

4., =w, . 12"

c,req — Vs,req

- f., =2.869psi =2.869ksi
—¢-F =075-F, =0.75-2.86%si- A, > F,

F, F F
> A, 2 =t ( )
0 = 075 2.869ksi | 2.152ksi N
14.85
mm
F, F, F
Yo = ) 5oksi 12" s R
: 25.82 198 45259
n mm

The factor f; = 0.60 A is taken conservatively, since bottle-shaped struts may
develop. If the reinforcement satisfies ACI 318-02 Appendix A.3.3 (resistance
against transverse tensile force in the strut), g, = 0.75 could be used.

Table 4-2 shows the struts C; with the forces (see Fig. 4-3) and the required and
provided width of the strut with a 12” thickness. Where w p,, is “ok”, enough
area is provided through the geometry of the model.
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F, Fy Ws,req Ws,prov

[kips] _ [kN] _ [in] [in]
C; = 381 1,695 15 ok
C, = 381 1,695 15 ok
C3 = 266 1,185 10 ok
Cy = 266 1,185 10 ok
Cs = 77 343 3 4" ok
Cs = 167 741 6 ok
C;, = 225 1,000 9 277 ", ok
Cs = 134 595 5 ok
Co = 134 595 5 ok
Cpp = 134 595 5 ok
Ci = 224 997 9 ok
Cp, = 224 997 9 ok

Tab. 4-2: Strut properties

3.4 Nodes
3.4.1 General

According to ACI 318-02 Chapter A-1, the node at point A is a C-C-C-Node
consisting of three struts, therefore 4, = 1.0 (ACI 318-02 Section A.5.2.1), while
the nodes at points B and C are C-C-T-Nodes, anchoring one tie each and
therefore 3, = 0.8 for these nodes (ACI 318-02 Section A.5.2.2).

ACI 318-02 Equation A-7 — nominal compression strength of a nodal zone

FHVI = f;:u ) A"

with ACI 318-02 Equation A-8 — the calculated effective stress on a face of a
nodal zone

9 fou =(0.75)-085-5,- f',

and ACI 318-02 Equation A-1

o-F 2F,
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3.4.2 Node A

F, =225kips
C, =310kips
C, =383kips

0= arctan@ =35.92°
96.4

B, =10
23%"
! {600mm)
l b=11%"
{298mm)
NODAL ZONE Fi

Fig. 4-4: Geometry of node A

137
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wy, =1, =113
we, =10" (approximate height of compression block C,)

We, =W, =1, sinf +w, cosd =15"

4, =113,"12"=141in"
A, =10"12"=120in?
A =15"10"=150in

F, ;. =0.85-1.0-4,500psi-141in* = 539%kips (2,397kN)
F,c =0.85:1.0-4,500psi-120in> = 459%ips (2,042kN)
F,c =0.85:1.0-4,500psi-150in’ = 574kips (2,553kN)

0.75-53%kips = 404kips > 225kips = F, (L,797kN 21,000kN = F))
0.75 - 45%kips = 344kips = 310kips = C, (1,530kN 21,379N =C,)
0.75-574kips = 43 1kips > 383kips = C, (1,917kN 21,704kN = C))
— Node A is acceptable
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3.4.3 Node B
(1419KkN)
C7 = 225 kips
(1,000kN)
Co = 134 kips
(596KN)
STD. HOOK
(TYP) EXTENDED NODAL
ZONE
L E
It §
£
Y l NODAL ZONE
5 7/3 " 15 /4 . .
|¢149mm)| (400mm) | | (51mm)

2%" 5* 16%"
(64mm) ] {127mmi {409mm)_ ,

TENSION REBAR MUST BE DEVELOPED
WITHIN THIS ZONE

Fig. 4-5: Geometry of node B

4. =18 1/"12"=222in?
Crg 2

F,,; =0.85-0.8-4,500 psi-189in® = 578kips (2,571kN)
F,; =0.85-0.8-4,500psi -129in* = 395kips (1,757kN)

ni

F,., =085-0.8-4500psi-222in* = 67%ips  (3,020kN)
0.75-578kips = 434kips > 300kips = R, (1,930kN 21,333kN = R,)
0.75-395kips = 296kips > 111kips =T, (1L317kN > 494kN =T,)

0.75- 67%ips = S09%ips 2 319kips =C,,  (2,264kN 2 L418KN = C, ;)
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R, =300kips
T, =111kips
C, 4 = 319%ips
6 = 69.68°
B,=038

we, =1, =153
Wy, =W, =2-2"+3-1%"+2-1%"=10%"

=w, =1,sin@+w, cosf = 18%”

We,

Ay, =153, "12"=189in®
Ay, =103/"12"=129in’

3.4.4 Node C
STD. HOOK
EXTENDED NODAL (TYP.)
ZONE
+F
" 5
£FQ
NODAL ZONE -
6" 15 /‘ . 5 7/' »
(152mm) (400mm) [(149mm)|

20%" 5 2%"
| _ (511mm)  {127mm} | (64mm)

TENSION REBAR MUST BE DEVELOPED
WITHIN THIS ZONE

Fig. 4-6: Geometry of node C
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R, =150kips
T, =167kips
C,, =224kips
6 =41.99°
B,=08

wy, =1, =153

wy, =w, =2:23-1 121 V=103

W, =w, =l sinf +w, cosb = 18%"
Ay, =153 in-12in =189in’
A4, =103 in-12in = 129in’

A, =18 Y5 in-12in = 222in’

F,,x, =0.85-0.8-4,500psi-189in” = 578kips (2,571kN)
F, . =0.85-0.8-4,500psi-129in* = 395kips (1,757kN)

m, Ty

F,c =0.85-0.8-4,500psi-222in’ = 679%ips  (3,020kN)

0.75-578kips = 434kips 2 150kips =R, (1,930kN = 667kN = R,)
0.75-395kips = 296kips > 167kips =T,,  (1,317kN = 743kN =C,,)
0.75-679%ips = 509%ips = 224kips =C,,  (2,264kN = 997kN =C,,)

3.4.5 Development Length

Node B governs as the available hook anchorage length is less than the one at
node C.

The development length /4 in a standard hook according to ACI 318-02 Equation
12.521s



142 Example 4: Deep beam with opening

with

Following ACI 318-02 Chapter 12.5.4, which requires for a cover beyond the
hook of less than 2.5” a spacing of stirrups not greater than 3d,, along /4, and the
first stirrup being within 24}, of the outside of the bent, /4 may be multiplied by
0.7 according to ACI 318-02 Chapter 12.5.3(a) and therefore is reduced to

1, =07-22 %“: 16" (404mm)

The anchorage length is sufficient for both nodes with /, being

la,NndeC =

w,

Lo Nodes = 29 8°+15/"+5/ —2/"—5" 16/" (409mm)
w,
21 55 +15 Y2 pr-s'=20 Jgr (510mm)

Ly =16"<16 14" (404mm < 409mm)
— Node B and Node C are acceptable

Ia, could be further reduced by the ratio of Agreqt0 Asprov (3.7/7.62 = 0.49) as per
ACI 318-02 Chapter 12.5.3(d). This additional reduction in /4 has not been taken
as it will not change the results.

3.5 Minimum reinforcement for shrinkage and temperature

ACI 318-02 Equation 7.12.2.1(b) — the ratio between the area of reinforcement to
gross concrete area is

A
p=-5=0.0018
4c
Assume a reinforcement of #4 at 18”, because following ACI 318-02 Chapter
7.12.2.2 the spacing shall not exceed 187, with 4, = 0.20in’, therefore with the
width of the wall being 12

_2-0.20in®
18". 12"

=0.00192=0.0018 -» OK

Conclusion: provide #4 at 18” minimum each way each face.
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3.6 Minimum skin reinforcement

Checking the requirements in ACI 318-02 Chapter A.3.3, none other than the
horizontal and vertical minimum reinforcement for shrinkage and temperature
according to 3.2 will be provided. If the effective depth of a beam exceeds 367,
skin reinforcement shall be distributed according to ACI 318-02 Chapter 10.6.7.
The skin reinforcement is to be distributed for a distance of d/2 at a spacing not
exceeding the least of 54 > d/6, s > 12” and sy > 10004, /(d - 30):

1000-0.31in’ /.._”k 27/" (193mm)

70 / n_30"

Therefore the horizontal reinforcement of #4 at 18” shall be changed to #5 at 7'%”
for the bottom of the deep beam and above the opening in a depth of 37”.

4 Rebar layout

247 4#10

4 ROWS OF
= H#HSATT),"
ABOVE TOP

OF OPNG.

#5 DIAGONAL / EF.

(5 SETS THUS)

L=63" AT 18" )
(UNLESS

L] NOTED

1 7 7 OTHERWISE)

4 2#7

#4A‘r 18" §
UNLESS <3 2 Wi

NOTED =
OTHERWISE) [T

STD - /
HOOK N
(TYP) 7 5 ROWS OF

3 ROWS OF va TN #4AT 4

WEyyry
(=] 4ROWS OF / 448 / 8#10 \9 ROWS OF 'LrJI

#5ATT )" (PLACE IN 2 ROWS) (PLACEIN3ROWS) #4ATO"

ABOVE .
BOT. OF BM 2TYPFLR

Fig. 4-7: Final rebar layout according to the strut-and-tie-model
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Example 5 : Beam with indirect support and
loading

Wiryanto Dewobroto

Karl-Heinz Reineck

Synopsis

Inadequate design of indirect supports resulted in a lot of structural damage and
near failure of structural concrete beams. Most codes, including ACI 318, do not
properly cover this case. However, strut-and-tie models almost automatically lead
to correctly reinforcing these critical discontinuity regions. This example com-
bines indirect supports as well as indirectly applied loads and demonstrates the
application of strut-and-tie models following Appendix A of ACI 318-2002.

Wiryanto Dewobroto is a lecturer in civil engineering at the University of Pelita
Harapan, Indonesia. He obtained BS in Civil Engineering from University of
Gadjahmada in 1989. After that he worked in consulting engineer firm and has
experience in design and supervision of many structures especially for high-rises,
industrial buildings and bridges. In 1998 he obtained his MS in Structural Engi-
neering from the University of Indonesia. From May to July 2002 he was a guest
researcher at the University of Stuttgart, Germany.

Karl-Heinz Reineck received his Dipl.-Ing. and Dr.-Ing. degrees from the Uni-
versity of Stuttgart. He is involved in both research and teaching at the Institute
for Lightweight Structures Conceptual and Structural Design, University of Stutt-
gart. His research covers design with strut-and-tie models, shear design and
detailing of structural concrete. He is chairman of ASCE-ACI Committee 445-1
and member of the fib Task Group “Practical Design.”
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1 Geometry and loads

The T-beam shown in Fig. 5-1 is indirectly supported at support B by means of a
transfer beam shown in section II-I1. Likewise the loads are not directly applied to
the web but are transferred by the beams shown in section I-1. The loads are sym-
metrically applied so that no torsion is induced.

Elevation
300 ., 2000 . 1600 2000
(18tin ;| (7874 1n) (62.99n) (78.74 in) o £
1 PR 2R, L
—15£53
‘ ‘ ‘ Bk Bla
‘ ‘ ‘ ‘ ‘ J ¥z e
TA Ly 200087im | | 200 L ff;B
2200 [ 1400 | 1800 '] 200
(86.61 in) © O (85.42in) (70.87 in) T
Section |- Section Il
200 550, 700 550 200 . 700
o T 1 } T (7.87in) @7.56 in)
2.2 iFu ﬁ Fui | | |
S s :
e | o' o .
g5 1 |8 | r
. 775 , 250
j “(3651in) " (9.84in) | Fu Fu
| 2200 ] 200 | . 1800 . 200
! (86.61in) (7.87in) (70.87 in) 7 {7.87in)

Fig. 5-1: Member with indirect support and factored loads (1 mm = 0.03937 in)

Design specification :
Factored load : F = 160kN (36 kips)

Concrete : f.= 31.6MPa (4,580 psi)
Reinforcement : f,= 500 MPa (72,500 psi)
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2 Design procedure

The design is based on Strut-and-Tie-Model according to Appendix A of the ACI
318-02 and is carried out in the following steps:

Step 1: Analysis

Step 2: Flexural design of main beam and calculation of internal lever arm
Step 3: Stirrup design for main beam and calculation of strut angle in web
Step 4: Check of anchorage length at node A and B

Step 5: Design of beam transferring the loads to the main beam

Step 6: Design of beam supporting the main beam

Step 7: Arrangement of reinforcement

Editorial note: The calculations are carried out in SI units; primary results are
given in English units in brackets.

3 Design calculations

3.1 Step 1: Analysis

The shear force and moment diagram of the main beam are shown in Fig. 5-2.

B 2000 ) 1600 2000 |
1 (78.74 in) \ (63 in) ’ (78.74 in)
320 l B
A (72kips) 320 | V, (kN)
(72 kips)
A B
640 : My (kNm)

(5669.3 kips-in)

Fig. 5-2: Shear forces and flexural moment in the main beam
(1 kN = 0.2248 kips; 1 kN-m = 8.8496 kips-in)

Beams transferring the load to the main beam (Sec. I-I in Fig. 5-1):
M, = 144 kN-m (1275 kips-in)
V, =160 kN (36 kips)

For the beam supporting the main beam at support B (Sec. II-II in Fig. 5-1) the
same values apply.
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3.2 Step 2: Flexural design of main beam
Use equivalent rectangular concrete stress distribution based on Sec.10.2.7:

f.=31.6 MPa-> 3, =0.85-0.005 (31.6-27.6) / 6.89 = 0.82

b =075, <00381B 600 _
f,  600+f,

y

0.018

max

f
= Pra Ly 0285
f

[4

u

640

M ZM 0—9—:711.lkN-m (6290 kips - in)

)
Make the assumptions that the compression zone is within the flange (Fig 5-3) and
steel yields.

[
o

Strain Stress

1250 |
Fig. 5-3: Distribution of strains and stress at midspan of main beam
(1 mm = 0.03937 in)

* 6
MZ". = 711 210 =0.117 2 ©=0.126 < @ = 0.285
bd*f, 700*525°*31.6

A= (of—°b d=0.126* -3—;% *700* 525 = 2926 mm? (4.54 in%)

y

use 6 @25 A;=2945mm*>  (4.56 in?)

Check the assumption:
A1, 2926 *500

a= = =79mm < h; =150mm OK
0.85-f,-b 0.85*31.6*700

A,-f,
70851 b

The arrangement of the main bars is shown in Fig. 5-4. (1 mm = 0.03937 in)

=3.1lin < h; =591in
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Fig. 5-4 : Proposed arrangement of bars for main beam (1 mm = 0.03937 in)

The updated values for the effective depth and the internal lever arm are as fol-
lows:

The updated lever arms are as follows:
d=h-d, =600-72.5=527.5 mm (20.78 in) > 525 mm (20.67 in)
z=jd=d-0.5a=527.5-(0.5 *79) = 488 mm (19.21 in)
j=2z/d=0925

3.3 Step 4: Stirrup design for main beam

The dimensioning of the stirrups follows from chapter 11 of ACI 318. Subse-
quently the angle 0 is derived for the inclined struts in the web so that the strut-
and-tie model for the D-regions can be determined.

N 2V,

v > Ye 32047 (96 kips)
¢ 075

V,=V.+V,

Eq. 11.3.1.1 for members subjected to shear and flexure only gives :

V. =017/t b, d

VvV, =0.17* V31.6%250%527.5=126024 N =126 kKN (28.3 kips)
Alternative Eq. 11.3.2.1 gives:

v, =[0.16\/f—;+17 o, Yu d)bw d <029fb.d

Mll
where
*

v, d _ 320*0.5275 02637 < 1.0

M, 640

p, = A, = ﬂ =0.0223

b,d 250*527.5

so that

V.= (0.16\/3 1.6 +17%0.0233* 0.2637)250 *527.5 < 0.294/31.6*250*527.5
V_ =132 kN (29.67 kips) <215 kN (48.32 kips)
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Use V_from the alternative equation for designing the stirrups:

VS = Vn - VC

V.= 427-132=295kN (66.3 kips)
< 0.68,/f.b,d =504kN (113.3 kips)

> 034,/fb,d =252kN (56.6 kips)™> s <d/4 =131 mm (5.16 in)

\' : : in?
A _ Vo w—uzm;mm_:llzomﬁ (0.04412-)
s f -d  500*527.5

use stirrups & 10 at 125 mm spacing > (A“j =1250 mo
§ prov

The angle 0 of the inclined struts in the web of the truss model can be derived now
because the amount of stirrups is known. The free-body diagram shown in Fig. 5-
5 shows that the shear force in the B-region has to be taken by the stirrup forces
over the length (z cotB):

V.=(A/s)f, zcotb
and from this the angle  can be calculated as follows:
\% 1, 427,000

n

)
A fz 112 300488

y
- - - ---/--- --34——](
P . \ iW
S . p
e s '
e ) zZ= 488mm

4

I A ,/,‘,
|
]

cotf =

=1.5625 > 0=326

,
-,
-’

u.;k
T : ‘q,izzj
Va (A/)f, z cot®

Fig. 5-5: Compression stress fields for the inclined struts (1 mm =0.03937 in)
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3.4 Step 4: Check the anchorage length at nodes A and B
3.4.1 Check the development length of longitudinal rebars

According to Sec. 12.11 ACI 318-02 the development of rebars should satisfy the
following requirement (see also Fig. 5-6):

1. At least one-third the longitudinal reinforcement shall extend along the same
face of member into the support at least 150 mm.

2. At simple supports the diameter of the reinforcement should be small enough
so that computed development length 1, of the bar satisfies the following condi-
tion:

a

1, < M, +1
Vll

where

M, is nominal moment strength assuming all reinforcement at the section
(at support) to be stressed to the specified yield strength f,.

Therefore from Step. 2, it can be calculated as
M, =Afz
M, = 2945 * 500 * 488 =719.10° N-mm = 719 kN-m.

V, is factored shear force at the section (V, = 320 kN).
1, at the support shall be the embedment length beyond the center of the

support.
— hanger reinforcement 4212
L Ma/ Vy :
- 280 | ; :
o | l,= 955
(a). Direct support (Node A) (b). Indirect support (Node B)

Fig. 5-6: Development length of the positive bar (1 mm = 0.03937 in)

Here for simplicity all bars are extended to the support.

The beam section at the support is similar to Fig. 5-4, the diameter of rebar is
25 mm, therefore according to Sec. 12.2.2 the development length can be calcu-
lated as follows:

; fapa P (in)
= in
205 )
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This equation applies to normal weight concrete (A=1.0), uncoated reinforcement
(B=1.0) and bar diameters larger than bar No.7, or 22 mm (a = 1.0), for
f = 4,583 psi and f = 72,500 psi:
72500*1.0*1.0*1.0
(ld )req =

20+/4583

]db =54d,=1350mm  (53.15 in)

Check node A:
M 715,00 i
(1) s = 1.3 % +1,=13*7150 %20+280 =3,185mm (98.98 in)
(1), =3185mm  (98.98in)>(l,),, > OK

Check node B:
M 7 .
() = % +1, = 15’00%20+95 =2,234mm (87.95 in)>(,), > OK

The requirements of Sec. 12.11 regarding the development of the longitudinal
reinforcement have been satisfied, however this does not represent a check of the
anchorage length directly at the support.

3.4.2 Check the anchorage length at direct support A

Use Standard hooks to terminate the rebars at the support. The check of the an-
chorage length at the direct support is carried out according to Sec. 12.5.2 fora
standard hook according to A.4.3.2. According to ACI A.4.3.2 the development
length starts at the point where the centroid of the reinforcement in the tie leaves
the extended nodal zone. For simplicity here the inner face of the support is taken,
and as shown in Fig. 5-7 the available development length (/,,) computed in this
way is 380 mm.

S —

ey

e % Co | \ E 3025

= 3@25

b

Fig. 5-7: Development length at direct support (Node A) (1 mm = 0.03937 in)
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According to section 12.5.2 the development length is:
l,=(0.02B AL, /NE) d,
where

B and A are 1.0 for normal weight concrete and uncoated rebar

f’ =4,580 psi
fy =72,500 psi
therefore

l,=1(0.02 *1.0 *1.0* 72,500/ V4,580) d,=214d,

According to Sec.12.5.3 where anchorage or development for f, is not specifically
required, reinforcement in excess of that required by analysis can be multiplied by

L=(A_ /A, )21d

s.req S,prov.

In order to calculate A ___, the tension force (F,,) shown in Fig. 5-8 is required.
Based on the FIP Recommendations (1999), Sec.6.5.2.1, the angle 0, for the
resultant of the fan-shaped compression field follows the geometry of the

fan (Fig. 5-8):

cotf, =[0.5a,/z+(d,/z+0.5) cotB ]
cotf, =[125/488 +(72.5/488 +0.5)1.56251=1.2695 > 6,=38.2°

F,=V_cotb, =427 * 1.2695 = 542 kN (122 kips)

A, =F,/f =542,000/500 = 1084 mm’ (1.68 in?)

A o =6 D25 (2945 mm’) (4.56 in2)

Therefore: 1, .=(A, . /A,,.)214,
lywe = (1084/2945)21d,=7.73d,=193mm < [, =280 mm
lpeg=760in < I, =11.02in

The anchorage length at direct support (Node A) is adequate.

_T Fy 4=725
Ly

05a,=125_

Fig. 5-8: Tension force (F,,) to be anchored at the support (1 mm = 0,03937 in)
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3.4.3 Hanger reinforcement at indirect support

At an indirect support the strut-and-tie model in the web is the same as that for
direct supports [Reineck (1996)]. However, at node B the reaction of the main
beam must be transferred to the supporting beam by hanger reinforcement

(Fig. 5-9). The area of hanger reinforcement required can be calculated as follows:

A=V,/f,=427,000/ 500 = 854 mm’ (1.32in’)
Use 4 stirrups & 12 A = 905 mm’ (1.40 in?)

;200 . 100
S—— B
vl bl hanger
; | ‘ ‘ reinforcement
1 i — |
I RS T
' db| |~ Pl
3@25' ; IFAGHIEN

3@25 ‘

Fig. 5-9: Model and development length at the indirect support (Node B)
(1 mm =0.03937 in)

3.4.4 Check the development length at indirect support B

In order to place the hanger reinforcement below the standard hooks at the indirect
support, the main beam should be extended 100 mm beyond the edge of transfer
beam (see Fig. 5-9). Otherwise the stirrup anchorage of the main reinforcement is
not sufficient.

According to Sec. A.4.3.2 the development length can be calculated from the
point where the centroid of the reinforcement in a tie leaves the extended nodal
zone. As shown in Fig. 5-9 the development length (/) computed in this way is
318 mm, which is larger than use /,, requirement from the previous calculation,
therefore the development length at the indirect support is adequate.

Note: It is evident that in ACI 318 there is no difference between the
requirements for the anchorage length for direct or indirect supports.
However, the stress condition at an indirect support is clearly more
unfavorable, because the transverse tensile stresses reduce the bond
strength and thus the required anchorage length should be larger than for
the case at a direct support.
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3.5 Step 5 : Beam transferring the load to the main beam
3.5.1 Strut-and-tie model

The entire deep beam is a D-region. To satisfy equilibrium at point C in Fig. 5-10
for the tie forces in the upward direction, hanger reinforcement is required. These
stirrups must be located within the intersection of the web of the main beam and
the beam transferring the load.

The strut-and-tie model may be assumed as shown in Fig. 5-10:

1800 ..200

Pa——

‘.
™,
.l

™
.
.

Fig. 5-10: Strut-and-tie configuration of beam transferring the load
(1 mm = 0.03937 in; kN = 0.2248 kips)

The angle of the strut is larger than 25°, therefore acceptable. However, a certain
minimum amount of transverse reinforcement is required according to Appendix
A.3.3 of ACI 318-2002 as calculated in the following. Because of that it may be
stated that this model as such is not fully transparent (see also Schlaich et al
(1987)), because it does not show the necessity to provide any transverse rein-
forcement. Therefore it may be considered to use the strut-and-tie model for point
loads near a support used in the FIP Recommendations (1999) “Practical design of
structural concrete”, and this was also proposed by and MacGregor in part 2 of
this Special Publication.

3.5.2 Design hanger reinforcement

The up-ward forces in C-D must be resisted by hanger reinforcement as calculated
already in Section 3.4.3.

3.5.3 Design ties

Calculate the horizontal tie force (T,) at node A through node B as follows
T,=F,/tan6 = 160/ tan29.9° = 278.2 kN (62.5 kips)
T2 T,/¢=2782/075=371kN (83.4 kips)
A=T,/f,=371,000/ 500 = 742 mm’ (1.15in")
Use 3 @ 19, A =850 mm’ (1.31in?)
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3.5.4 Strength of nodal zone
The nominal compression strength of a nodal zone shall be

F. =f A
where
f,=085p0, f
B,=0.8
f =085*08*31.6=21.5MPa (3.12 ksi)
A_ = area of the nodal zone taken perpendicular to the resultant force, mm’

Extended nodal zone ™~

~ ‘ \ wtcose 5

| -ZOOJ \Ibsme ,W/s

Y

_/\/_ \\
Fig. 5-11: Nodal zone at the load point (1 mm =0.03937 in)

Check nodal zone under the bearing force (F, ) as shown in Fig 5-11:

A = bl =200 * 200 =40,000 mm? (62.0 in?)
so that

F.=f A =215 %40,000 = 860,000 N = 860 kN (193 kips)

oF,=0.75*860kN =645kN (145kips) > F, =160kN > OK
Check nodal zone under the strut action (C, )

C,=F,/sin0 =160/ 5in29.9° = 321 kN (72.2 kips)
A, =bw,=b(w,cosb + [ sinb)

=200 (120 c0s29.9° + 200 sin29.9°) = 40,745 mm®  (63.15 in?)
so that
F =1 A=215%40745=876,000 N = 876 kN (197 kips)

oF,_ =075*876=65TkN (148kips) > C,=321kN ->O0OK

For the anchorage of the reinforcement hooks are provided without further check.
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3.5.5 Strength of inclined struts
The nominal compressive strength of a strut shall be taken as

Fns = fcll AC
where
A_ = cross-sectional area at one end of the strut

A =bw_ =b(w,cosd + [ sind)

f, =085, f

B,= 0.75 (bottle-shaped with reinforcing satisfying ACI 318-02 Sec. A.3.3)
therefore

f,=0.85*0.75 *31.6 =20.1 MPa (2.92 ksi)

A, =200 (120 c0s29.9 + 200 sin29.9) = 40,700 mm’ (63.09 in?)

F_ =20.1 *40,700 = 819,000 N = 819 kN (184 kips)

¢ F . =075*819=614kN (138kips) > C, =>OK

Design the rebar crossing the diagonal strut to satisfy Appendix A.3.3 (Fig. 5-12):

‘ M
i ‘ s { -
or, i | 0
Mo ]
N [
(S : ‘ \‘L.‘; MRS
Oo,,&aa:l' | v o /ye\L ’ w’b"o,,d
o i e 3,
e ™
S ’\Asi

| Sj

@

Fig. 5-12: Rebar crossing the diagonal strut

The reinforcement will be placed in one direction (vertical only) at an angle y to
the axis of diagonal strut so that y shall not be less than 40°.

¥y=90-6=90-299=60.1°
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For f. < 41.4 MPa (6000 psi) the amount of reinforcement is calculated as
follows:

(5—] > 0.003-2-
Si ) o siny

Asl _o.003* ﬂ =0.6927m = 69227 (0.0272/7)
S Joim sin60.1

i

so that

Try stirrup & 10 at 200 mm (8 in) spacing (A“] =785 (0.0312)
prov

i

3.6 Step 6: Beam supporting the main beam

The design is similar to that of the previous beam. Note that the model (Fig. 5-13)
is inverted relative to the beam transferring the load.

F,= 160 kN

C, T
T T 2
K ~ (o]
cpioeserl b Tl m
!‘ -\A D D ~~ -Ci
T Tow

1800 1 200

|F, Fu

Fig. 5-13: Strut-and-tie model for the beam supporting the main beam
(1 mm =0.03937 in; 1 kN =0.2248 kips)

4 Reinforcement layout

The reinforcement layout is shown in Fig. 5-14 to Fig. 5-16
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Fig. 5-14: Elevation and section of beam with indirect support
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(1 mm
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‘ ' hanger * 200
3019 re/nfon:emier)y@m I——D 4200,
——r ’ [ — 1 3919
L*ilrup pmz‘sf . \ ‘ 1 § stirup @8-125
\J\ L1 ‘ l
2576 — s - 2016
D

Section B Section D

Fig. 5-15: Elevation and section of beam transferring load (Node A)
(1 mm =0.03937 in)

hanger

2316 reinforcement 4312 r’E 200,
== — . [ 2016
T L .
stimup @815 | B ‘ \ ‘ ‘I g stimup @8-125
. ‘ Y |
L ey i 3319
= =
Section C Section E

Fig. 5-16: Elevation and section of beam supporting the main beam (Node B)
(1 mm = 0.03937 in)

S Summary

Indirect supports are presently dealt with by rules for the shear design although
they represent a critical D-region. By using strut-and-tie models it becomes obvi-
ous that hanger stirrups have to be provided for the full support force. The shear
design of the adjacent web is the same like for a direct support.

A critical issue is also the anchorage of the longitudinal reinforcement at an indi-
rect support because at this TTC-node the transverse tensile stresses reduce the
bond capacity. Therefore, longer anchorage lengths are required than at a direct
support, a TCC-node, where transverse compression favorably influences the
bond stresses and thus the required anchorage length.
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Notation

f’ = specified compressive strength of concrete

f, = specified yield strength of nonprestressed reinforcement

d = distance from extreme compression fiber to centroid of tension
rebar (effective depth)

d, = nominal diameter of bar

F, = factored force acting in a strut, tie, bearing area, or nodal zone in
a strut-and-tie model kN

C, = factored compression strut in a strut-and-tie model kN

T, = factored tension tie in a strut-and-tie model kN

A, = area of the face of the nodal zone that F, acts on, taken perpen-
dicular to the line of action of F,, or the resultant force on the
section, mm”

A, = effective cross-sectional area at one end of a strut in a strut-and-
tie model, taken perpendicular to the axis of the strut, mm’

S, = spacing of reinforcement in the i" layer adjacent to the surface of
the member, mm

w, = effective width of strut, mm

w, = effective width of tie, mm

B, = factor defined in Sec.10.2.7.3 of ACI 318-02

B, = factor to account for the effect of cracking and confinement rein-
forcement on the effective compressive strength of a nodal zone

Y = angle between the axis of a strut and the bars crossing that strut

0 = angle between the axis of a strut or compressive field and the
tension chord of the member
strength reduction factor

k=gl
o

A width of bearing, mm
inner lever arm

N
1l
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Example 6: Prestressed beam

Adolfo Matamoros

Julio Ramirez

Synopsis

The design of the end region of a prestressed beam according to Appendix A of
the 2002 ACI Building Code is presented. Two alternatives are considered, the
first with straight strands and debonding toward the ends of the member in order
to control stresses at transfer. The second case is with draped strands. Strut-and-tie
models corresponding to each of the two alternatives are developed, analyzed, and
the reinforcement is proportioned to resist the calculated internal forces.
Anchorage length requirements were a critical factor in selecting the configuration
of the truss models.
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1 Geometry and loads

The end region of a simply-supported prestressed beam subjected to a uniformly
distributed load, wy, is designed using Appendix A of the 318-02 Building Code
(ACI, 2002). Beam dimensions are shown in Fig. 6-1. The distance between
supports is 30 ft. (9144 mm) and the total length of the beam is 32 ft.—8 in.
(9957 mm).

1 30' (9144 mm) 1

S
28" (711 mm)
Nl

Beam Cross Section
|:| 28" (711 mm)
——
Lk 12" (305 mm)

Fig.6-1: Member dimensions in mm.

The design loads and material properties for the beam are as follows:
wy = 0.30 kip/in. (53 N/mm) fie = 150 ksi (1034 MPa)
.="7.5 ksi (52 MPa) fy= 60 ksi (414 MPa)
b =12 in. (305 mm)

Two different alternatives are considered for the detailing of the end region. In the
first case a straight strand profile, including the option of debonding some of the
strands at sections located 15 in. (381 mm) and 45 in. (1143 mm) from the
centerline of the supports (Fig 6-2), is considered. In the second alternative the
end region is designed using a combination of straight strands and some strands
draped at point D in Fig. 6-2, located 91 in. (2311 mm) from the end of the beam.
The distance from the centerline of the support to the end of the beam is 16 in.
(406 mm). The dimensions of the assumed bearing plate are 6 x 12 in. (152 x 305
mm):

15” 30” 30” 8’_979 1 5’

AB C D Le

Fig.6-2: Beam dimensions and location of critical sections of strut-and-tie model.
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2 Design procedure

The overall design of D- and B-regions of the member can be conducted using the
Appendix A of the 318-02 Code (ACI, 2002). In practice, it is likely that the parts
of the beam designated as B-regions will be designed using the procedures in the
main body of the code. For the purpose of this paper, the member design is carried
out using the requirements stated in Appendix A as well as other relevant sections
from of the ACI 318-2002 Code. The steps are as follows:

* Step 1: Determine the boundaries between D- and B-regions of the beam and
calculate moment and shear demands at these locations.

» Step 2: Establish an initial strut-and-tie model for the design region based on the
dimensions of the horizontal strut and tie determined from flexure
requirements. Check that the forces in the critical horizontal and inclined
struts remain below the maximum effective strengths allowed by the ACI
provisions. If the strength of the struts is adequate on the basis of the limits
specified in Appendix A, proceed with the proportioning of the
reinforcement. Otherwise choose the most feasible option between adjusting
the height/width of the struts, the uniaxial compressive strength of the
concrete, or the width of the beam.

+ Step 3 : Determine the number of strands needed to satisfy the force demand on
the main flexural tie. Check that the strands are properly anchored.

+ Step 4 : Dimension mild reinforcement to satisfy force demands acting on the
ties. In prestressed members, mild steel can be used to supplement the
strength provided by the prestressing steel. This can be critical in regions
near the ends of the beams where prestress transfer occurs by bond. Insure
that minimum amount of reinforcement and the maximum spacing are in
accordance with ACI 318-02 requirements.

3 Design calculations for end region with straight strands

The relevant portion of the beam for this design example is located between the
edge of the beam and section D (in Fig. 6-2), which corresponds to the boundary
between the D- and B-regions. The location of section D was selected to be at a
distance approximately equal to the effective depth from the debonding section
closest to the beam centerline. A strut-and-tie model capable of transferring forces
between section D and the end of the beam is developed following the procedure
outlined in Section 2.



166 Example 6: Prestressed beam

Distance from support M,x 10° Vu
in. (mm) kip in. (kN mm) kip (kN)
75 (1905) 3.21 (362) 31.5 (140)

Table 6-1: Calculated demands at boundary of design region

3.1 Determine moment and shear demands at boundary of the
design region

The bending moment and shear force demand are determined at the boundary of
the design region based on principles of equilibrium. The magnitude of the
bending moment and shear force are summarized in Table 6-1.

3.2 Define strut and tie model

The configuration of the strut-and-tie model is defined based on the height of the
horizontal strut and the height of the horizontal tie, as described in step 2 of the
suggested procedure. The height of the main flexural tie is defined as twice the
distance from the bottom of the beam to the centroid of the strands. Strands are
distributed in two layers spaced at 2 in. (51 mm), as shown in Fig. 6-3.

28" (711 mm)

—2" (51 mm)__;/z __________ | Reinforcement
- AL A Layers

2"(51mm)-~
llZ" (305 mm)L

Fig.6-3: Location of strands for beam with horizontal pattern.
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The idealized strut-and-tie model for the design region is shown in Fig. 6-4. Solid
lines correspond to tension elements and the thicker broken lines represent struts.
At section D, located 75 in. (1905 mm) from the support (Fig. 6-4), the total
number of strands is assumed evenly distributed between the two layers (Fig. 6-3).
Consequently, the height of the tie (Ng-N4-N; in Fig. 6-4) is 6 in. (152 mm), and
its centroid is located 3 in. (76 mm) from the bottom face of the beam. The height
of the horizontal strut (Ns-N3-Nj in Fig. 6-4) is assumed to be 3 in. (76 mm),
which corresponds approximately to the calculated width of the rectangular stress
block at edge of the D-region (a = 2.5 in.). After internal forces are calculated, the
possibility of debonding a portion of the total number of strands will be
investigated, because it would be beneficial to achieve proper stress control at
transfer and under service load levels.

The vertical loads applied at the nodes of the strut-and-tie model (Fig. 6-4)
account for the effect of the distributed load acting on the beam. The configuration
of the model was selected so that the angle of inclination for the first strut
(element 9, Fig. 6-4) was steeper than the other two inclined struts, to provide a
better representation of the compression fan that forms in the area surrounding the
support. The angle of inclination of the second and third struts (designated o in
Fig. 6-4) was calculated based on the dimensions of the horizontal tie, the
horizontal strut, and the distance between vertical ties. For the strut-and-tie model
shown (Fig. 6-4) o= 38.1°, which is greater than the lower limit of 25°
established by the ACI Code (2002).
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3.3 Check overall height of model and determine internal forces
in all struts and ties

The couple formed by forces C. and T, must be equal to the external moment
acting at point D (Fig. 6-4). Therefore,

3 . .
C =T _3.21x10° kip in.

= =136 kip (607 kKN 6-1
¢ = 23.5in. P ( ) 1)

Element forces are determined based on equilibrium for each of the 6 nodes
shown in Fig. 6-4. Results are summarized in Table 6-2. A negative sign indicates
compression.

9.38 kip 9.38 kip 3.75 kip
(42 kN) (42 kN) (17 kN)
|
l Ny _ _Fs__ 4N, _F__ N, BN
. F 2"
7R, Pid F, 23.5in.
) g (597 mm
Ns | / // o
F. F
Id ! | NA * \ N,
54 kip | | 31 5 kip (140
(240 kN)
B C
L 1sin. | 30in. | 30in. |,
A(381 mm) (862 mm) (862 mm)

Fig.6-4: Strut-and-tie model for end region with horizontal strand pattern.
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Element Type Designation Force
(Fig. 6-4) kip (kN)
Horizontal Struts F -01 (-407)
Fs -34 (-153)
Inclined Struts F, -57 (-254)
Fe -72 (-322)
Fg -64 (-285)
Horizontal Ties Fy 136 (607)
F4 91 (407)
Fg 34 (153)
Vertical Ties F3 35(157)
F; 45 (199)
Fio 32 (140)

Table 6-2: Element forces for strut-and-tie model in Fig. 6-4.

3.4 Verify capacity of horizontal and inclined struts

The nominal capacity of the struts is determined using the effective compressive
strength given by Eq. A-3 of the ACI Building Code (2002):

£, =0858 1" [ACI Sec. A.3.2, Eq. (A-3)]

According to Section A.3.2 of the ACI Code the effective strength should be the
smaller of the strength of the concrete in the strut and the concrete in the nodal
zone. The critical horizontal strut of the truss model shown in Fig. 6-4 is element
2, located near the boundary of the region being analyzed. Node 3, located at the
left end of Strut 2, is classified as a C-C-T node because two struts and a tie
converge in it. According to Appendix A of the ACI Code the strength factor for a
strut located in the compression zone of a beam is 8 = 1.0, and the strength factor
for a node with one tie is B, =0.8. Given the lower capacity of the concrete in the
node, 3, =0.8 controls the nominal capacity of the strut.
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Therefore, the design strength of the horizontal strut is:

o =0.85x0.8x 7.5 ksi = 5.1 ksi (35 MPa) (6-2)
GF, =0.75xf, % A, [ACI Sec. A.3.1, Eq. (A-2)]
PF. =0.75% £, x 12 in. X3 in. = 138 kip (613 kN)) (6-3)

where ¢ is the strength reduction factor, which according to Section 9.3.2.6 of the
ACI Code, is 0.75 for struts, ties, nodal zones, and bearing areas of strut-and-tie
models. Equation 6-3 shows that the capacity of the horizontal strut is greater than
the demand on the strut of 91 kip (407 kN) (Table 6-2), therefore the strut has
adequate strength.

Inclined Struts 6 and 9 were investigated to determine which of two had the
largest demand. Because one tie is anchored in each of the two nodes 5 and 6,
located at the ends of Strut 9 (Fo, Fig. 6-4), the strength reduction factor for the
nodes is B, = 0.80. Element 9 is considered a bottle-shaped strut because its width
can spread between nodes. Consequently the strength factor for the strut according
to Section A.3.2.2 of the ACI Code is 3 = 0.6, which is lower than the strength
factor for the nodes. Although Section A.3.2.2 allows the use of a higher factor Bs
= 0.75 if reinforcement is provided complying with Section A.3.3, in this case it
was assumed that no such reinforcement was provided and the more conservative
factor was used. Therefore, the nominal strength of the concrete in Strut 9 is:

£, =0.85x0.6x7.5 ksi = 3.83 ksi (26MPa) (6-4)

The width of the strut must be calculated to determine its nominal capacity. Figure
6-5 shows Node 6, located at the support. The width at the bottom of Strut 9 is
given by Eq. 6-5:

w, =1, sina+h cosa (6-5)

where lyp is the width of the support plate and h, is the height of the horizontal tie.
According to Eq. 6-5, the width of strut 9 at the bottom is:

Wy, = 6in.sin 57.5°+ 6 in.cos 57.5° = 8.3 in. (210 mm) (6-6)

The width at the top of Strut 9 (wg,), the bottom of Strut 6 (wgp), and the top of
Strut 6 (wep) (Fig. 6-4) are calculated also using Eq. 6-5. The geometric model of
these nodes is similar to that shown in Fig. 6-5 except that the length lyp is taken
as half the width of the vertical tie converging into the node and h, is taken as the
height of the strut (3 in., 76 mm). Therefore, the width of Tie 7 must be calculated
to obtain the width of Strut 9 at Node 5. Section RA.4.2 of the ACI Building Code
Commentary (2002) suggests calculating a limit of the tie width based on the
allowable bearing stress of the nodal region. Following this recommendation, the
width of Tie 7 is obtained based on the allowable stress in Node 5:

" - F, _ 45 kip
tie? 908506 f/b 0.75x0.85%0.80x7.5ksix 12 in.

=1in. (25 mm) (6-7)
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The width of element 9 at the top of the strut is calculated based on the width of
the tie and the width of the horizontal strut:

Wy, =Wr% sina+h, cosa=”% sin57.5° +3 in.cos 57.5° = 2in. (52 mm) ~ (6-8)

Similarly, the width of Strut 6 at the top of the strut is calculated based on the
height of the tie and the allowable stress in Node 3. The width of Tie 3 is:

Y - F, _ 32 kip
“ 60858, f/b  0.75%x0.85x0.80%x7.5 ksi X 12 in.

=0.7in.(18 mm)  (6-9)

h,

‘ \extended
__L__I | nodal zone
| | |

i

Fig.6-5: Width of strut in terms of nodal dimensions.
Therefore, the width of Strut 6 is given by:
w,, =0.35in.sin38.1°+3 in.cos 38.1° = 2.6 in. (65 mm) (6-10)

The capacity of Strut 9 is calculated at the section with the smallest width, which
occurs at the top of the strut, and is given by:

G F, =0.75% £, x12inx2in.= 69 kip (307 kN) (6-11)
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Which is greater than the demand in strut (64 kip, 285 kN, Table 6-2). Similarly,
the capacity of Strut 6 is given by:

@ F,, =0.75x £, x12in. x 2.6in.= 90 kip (400 kN) (6-12)

Which is also greater than the demand on the strut (72 kip, 322 kN). Having
verified that the strength of the struts is adequate, the next step is to proceed with
the proportioning of the reinforcement. In cases in which the struts fail to meet the
minimum strength criteria, the depth of the struts, the compressive strength of the
concrete, or the width of the beam must be adjusted in order to meet the Code
requirements.

3.5 Calculate the reinforcement needed for horizontal ties

The force demand in each of the three horizontal ties is presented in Table 6-2.
The number of strands required for each tie is determined using Eq. A-6 of the
ACI Building Code, which defines the nominal strength of a tie as:

F,=Af,+ A, (f, +41,) [ACI Sec. A.4.1, Eq. (A-6)]

Strands with a nominal diameter of %; in. (12.5 mm), which have a nominal area
of 0.153 in? (99 mm?) are used. Section A.4.1 of the ACI Code allows the
designer to assume a value of Af, = 60 ksi (414 MPa). The total area of
prestressing strands required is:
T,
A, =—"" (6-13)
¢ (f. +4,)

The development length is critical for Ties 4 and 8. According to Section 12.9 of
the ACI Code (2002), the development length of the strand is given by:

= (f; j 4+ (fy - 1) d, [ACI Sec. 12.9, Eq. (12-2)]

Substituting the nominal diameter of the strand and the appropriate stress values
into the previous equation, the anchorage length required to fully develop the
stress in the strand is:

I, =(15—(?+60 ksi]x 0.5 in. = 55 in. (1397 mm) (6-14)

For ties with anchorage length smaller than that required for Af, = 60 ksi (414
MPa), Section 12.9.1.1 allows the use of the smaller embedment provided the
strand stress does not exceed values obtained with Eq. 12-2 of the Code.
Accordingly, Eq. 12-2 can be rewritten to obtain the maximum stress that can be
carried by the strand, in terms of the available anchorage length I,:

(6-15)
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Equation 6-15 is meant to be applied only in cases where the anchorage length is
between the transfer length (25 in., 635 mm for a % in. diameter strand) and the
development length. A piecewise function approach as described in Section
R12.9.1.1 of the ACI Building Code Commentary must be followed in other

cases.

According to Section A.4.3.2 and A.4.3.3 of the ACI Building Code (2002), the
force in the horizontal ties must be developed at the point where the centroid of
the reinforcement leaves the extended nodal zone (Fig. 6-5). In the case of nodes
2, 4, and 6 the distance from the center of the node to the point where the centroid
of the reinforcement leaves the extended nodal zone is given by:

al

l = wlie

{ tana ]
I+—
tan(90 - @)

(6-16)

where the angle o is the angle of inclination of the strut and wy is the width of
the vertical tie converging in the node. The distance 1,; is added to the distance
between the center of the node and the edge of the beam to calculate the anchorage
length available, which is shown in Table 6-3. For each tie, the maximum
allowable stress is calculated using Eq. 6-15, and the amount of reinforcement
required is calculated using Eq. 6-13 (Table 6-3).

Element Th tie 1, fps (6-15) Ap (6-13) | Number
Designation | kip (kN) | in.(mm) | ksi(MPa) | in?’(mm?®) | of Strands
Fo 136 (607) | 61.6 (1564) | 210 (1450) | 0.86 (557) 6
Fa 91 (407) | 31.8(808) | 164 (1128) | 0.74 (477) 5
Fg 43(153) | 264 (671) | 153 (1054) | 037 (242) 3

Table 6-3: Proportioning of horizontal ties

Tests have shown that if an inclined crack (web shear) penetrates the transfer
length at approximately 50d,, 25 in. (636 mm) in this case, the anchorage of the
strand may be lost with catastrophic consequences (Peterman et. al, 2000). In this
example, the configuration of the beam is such that the transfer length zone of the
strands extends beyond the centerline of the support, where a shear crack is likely
to occur. In order to address this problem, Tie 7 was designed for the full shear
force so that it can effectively restrain the growth of the inclined crack. An
alternative approach would be to calculate the strand stress afforded by the
reduced anchorage length and provide mild reinforcement to carry the tension
force in excess of the maximum stress that the strand can develop
(Ramirez, 1994).
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The results in Table 6-3 show that given the anchorage length requirements not
much advantage can be taken of debonding in this case. One strand can be
debonded at 6.6 in. (168 mm) from the edge. This is attributed in part to the
proximity of the design region to the edge of the beam, which limits the available
distance for proper anchorage of the strands. Another reason is the interaction
between shear and tension in the horizontal reinforcement commonly observed in
strut-and-tie models for slender beams. The horizontal component of the
compression force in the inclined struts must be equilibrated by a force in the
horizontal tie, which must be added to the force necessary to resist the demand for
flexure.

3.5 Calculate reinforcement for vertical ties

Forces in the vertical ties are summarized in Table 6-2. The area of reinforcement
is determined based on a yield stress of 414 MPa, as shown in Eq. 6-17:
F

A, = 6-17
Y (6-17)

Using U-stirrups made with No. 4 bars (9.5 mm diameter), the total area of
vertical reinforcement for each tie is 0.4 in® (258 mm?) stemming from two legs
with 0.2 in? (129 mm?) each. Section A.4.3.4 of the ACI Code stipulates that the
stirrups must be anchored following standard practice, as specified in Section
12.13. The number of stirrups required for each vertical tie, which are placed near
the center of the ties, is summarized in Table 6-4. In areas of the end region
between vertical ties, the minimum amount of reinforcement required by the ACI
Code is placed. According to Section 11.5.4 of the ACI Code (2002) the
maximum spacing between stirrups for presstressed members is 0.75h, which is
21 in. (533 mm) for the beam being analyzed. A spacing of 15 in. (381 mm),
corresponding to the distance between sections A and B (Fig. 6-4) is adopted. The
minimum amount of web reinforcement is given by:

_0.75J'ﬁbws>50bws

4 [ACI Sec. 11.5.5.3, Eq. (11-13)]
5 5
4 =37 “;338012“5 —0.19 in? (126 mm?) (6-18)

To simplify the fabrication of the reinforcing cage, one No. 4 stirrup is placed
between at the center point between sections B and C, and C and D

(A, = .4 in’, 258 mm?), in addition to the reinforcement required at the location of
each vertical tie.
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Element Fu tie Ay (6-17) Number of
Designation kip kN in? (mm?) stirrups, No. 4
F; 35(157) 0.78 (502) 2
F; 45 (199) 1.00 (645) 3
Fyo 32 (140) 0.71 (458) 2

Table 6-4: Proportioning of vertical ties

3.6 Verify bearing capacity

The bearing stresses in node N, located at the support of the beam (Fig. 6-4),
must remain within the limit allowed by the Code. The bearing stress is calculated
by dividing the reaction force by the area of the bearing plate:

54 kip

=— — =0.75 ksi (5 MPa) (6-19)
6in.x12in.

S
The support node N is a C-C-T node given that one tie is anchored in it. The
bearing strength is (B, =0.8):

01, =0.75%x0.85x0.8%7.5 ksi = 3.83 ksi (26 MPa) (6-20)

Therefore the node has adequate bearing capacity.

3.7 Reinforcement layout for end region

The reinforcement layout of the end region with the horizontal strand profile is
shown in Fig. 6-6.

No.4 3 No. 4 stirrups 2 No. 4 stirrups 2 No. 4 stirrups
stirup @ 2 in. @2 in. @?2in.
! 1 No. 4 stirrup : No. 4 stirrup !
T T T L
l
7 in. \
(178 mm) |
[
|
|
5 + 6 Strands
Strands I_t_-l : : !
A B C D

Fig.6-6: Reinforcement configuration for end region.
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4 Design calculations for end region with draped strands

Given the differences in the location of the reinforcing strands within the design
region, a different strut-and-tie model must be used between points A and D
(Fig. 6-7).

4.1 Determine moment and shear demands for the beam

The bending moment and shear force demands at the edge of the end region are
the same shown in Table 6-1.

4.2 Define truss configuration

The configuration of the truss is defined based on the height of the horizontal
struts and the height of the horizontal ties. Similar to the horizontal strand
alternative, the height of the horizontal ties was assumed to be 6 in. (152 mm) and
the height of the horizontal struts 3 in. (76 mm). The inclination of the struts was
similar to the case of the end region with the horizontal strands (c. = 38.1°). The
model with draped strands (Fig. 6-7) has 9 additional truss elements and three
additional nodes, which are necessary to model the stress gradient in the transfer
length zone of the strands.

2.25 kip 6.75 kip 9 kip 4.5 kip
(10kN) (30 KN) (40 kN) (20 kN)
L | C
" Ns Fs N3 F. TN c
6.5” o — — = —— - —;}———————/ﬁ« N
Fo Ve 7
b” B Fy, 7 23.5”
177 < Fpi Ve !
P (597 mm
7 Fa 7
X ¥ E —
[ | Ts
{ 7
8” 8’7 15” 30” 30”

31.5 kip
(140 kN)

Fig.6-7: Strut-and-tie model for end region with draped strands.
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Elements Fp; and Fp; represent the draped strands. The reason for using two
separate elements and adding Node 9 (Fig. 6-7) is to model the effect of the
transfer length on the stress in the draped strands. The truss shown in Fig. 6-7 is
statically indeterminate. To facilitate the calculation of element forces in the truss,
the forces in ties Fp; and Fpy; are predetermined taking into consideration the
development length of the strands. A total of two strands, corresponding to 33%
of the total prestressing force, are draped at section D (Fig 6-7). As previously
discussed Section A.4.3.2 of the ACI Building Code (2002) stipulates that the tie
force must be developed at the point where the centroid of the reinforcement
leaves the extended nodal zone. The dimensions of nodal zone 8 and the
surrounding struts framing this nodal zone are analyzed to determine the
anchorage length of the strand (Fig. 6-8).

The 6 in. dimension shown in Fig. 6-8 was selected to guarantee that struts 11 and
14 would have adequate capacity. The dimensions 1, and 15, (Fig. 6-8) are
determined using simple geometry:

8in. .
I, = ’% os11.5g0 = 8:2in.(207 mm) (6-21)
The distance between the back of the node and the point where the tie leaves the
extended nodal zone (Fig. 6-8) is calculated using the law of sines:
: o
-1 =41inx 3232 5550 (139 mm) (6-22)
sin36.8°
Therefore the total anchorage length is:

1,=82in.+5.5in.=13.7 in. (348 mm) (6-23)
In this case the anchorage length available is less than the transfer length.
Therefore the minimum stress in the strand between Nodes 8 and 9 is given by:

31, 3x13.7
Io= d, 05

=82 ksi (567 MPa) (6-24)
Because a total of two strands are draped, the force in Tie Fp; is given by

Fpy =2 A, f., =2x0.153 in> x82 ksi = 25 kip (111 kN)) (6-25)
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N

6 in. (152 mm)

\Wﬁ

Fig.6-8: Development length of strands anchored in Node 8.

Similarly, the force in Tie Fp is calculated based on the anchorage length at the
point where the tie leaves the extended nodal zone of Node 9. The distance
between nodes N8 and N9 can be calculated using the law of sines and is 17 in.
(432 mm). The distance from the center of Node 9 to the point where the tie leaves
the extended nodal zone is calculated based on the width of Strat 14 (8.3 in., 210
mm) as one half the width of the strut divided by the cosine of the angle between
the normal to the strut and the axis of the tie (21°). The anchorage length is:

1,=82+17+4.4=29.6in.(752 mm) (6-26)
Because the available anchorage length is greater than the transfer length, the

minimum stress in the strand between Nodes 8 and 9 can be determined using
Eq. 6-15:

29.6 2x150
=+
T 0.5

=159 ksi (1096 MPa) (6-27)
The force in Tie Fp, is given by

Fp =24, f, =2x0.153in*x159 ksi =49 kip (216 kN)) (6-28)
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After the forces in Ties Fp; and Fp;, are known, the internal forces in the truss can

be calculated using principles of equilibrium. Results are summarized in

Table 6-5.

Element Type Designation Force
(Fig. 6-7) kip (kN)
Horizontal Struts F2 -103 (-458)
F¢ -58 (-258)
Fio -16 (-71)
Inclined Struts Fs -42 (-187)
F, -57 (-254)
Fpy -78 (-347)
Fi2 -27 (-120)
Fia -55 (-245)
Fi¢ -21 (-93)
Fi7 -20 (-89)
Horizontal Ties Fy4 88 (391)
Fg 54 (240)
Fi3 21 (93)
Vertical Ties F, 22 (98)
Fs 26 (116)
Fo 59 (262)
Fis 11 (49)

Table 6-5: Element forces

4.4 Verify capacity of horizontal and inclined struts

The critical horizontal strut of the truss model shown in Fig. 6-7 is element F,.

The capacity of this element was calculated in Section 3.4 (Eq. 6-3) to be 138 kip
(613 kN), which is greater than the demand on element F,.

The inclined strut with the largest demand is element Fy;. In order to calculate the
width of Strut 11 at Node 5, the width of Tie 9 must be calculated. The width of
Tie 9 is calculated based on the allowable stress in Node 5:

F, 59 kip

w = =
“ 90858, f, b 0.75x0.85x0.80x7.5 ksix12 in.

=1.29in.(33 mm) (6-29)
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The width of element Fy; at the top of the strut is calculated based on the width of
the tie and the width of the horizontal strut framing the nodal zone. Using Eq. 6-6:

w, =12 i% $in32.6°+3 in.cos32.6° = 2.9 in. (73 mm) (6-30)
The capacity of the strut is calculated using a factor Bs = 0.6 (for bottle-shaped
struts and also because Node 9 is a C-T-T node):

@ F, =0.75% £, x12in.x2.9 in. = 99 kip (440 kN) (6-31)

which is greater than the demand in the strut (78 kip, 347 kN).

4.5 Calculate the number of strands needed in horizontal ties

The force demand in each of the three horizontal ties is presented in Table 6-5.
The procedure is similar to the calculations shown in Section 3.5 for the beam
with the horizontal strand pattern. For each tie, the maximum allowable stress was
calculated using Eq. 6-15, and the amount of reinforcement required was
calculated using Eq. 6-13 (Table 6-6).

Table 6-6 shows that if 4 strands are maintained in the horizontal tie, the amount
of reinforcement will be sufficient to sustain the calculated demand. The remarks
made in Section 3.5 about the catastrophic consequences of a shear crack forming
through the transfer length of a strand are applicable to this strut-and-tie model
also.

Element Th tie I, fps (6-15) Aps (6-13) | Number of
Designation | kip (kN) | in.(mm) | ksi (MPa) | in? (mm?) | Strands
F4 88 (391) | 61.6 (1564) | 210 (1450) | 0.56 (360) 4
Fg 54 (240) | 31.8(808) | 164 (1128) | 0.44 (283) 3
Fi3 21(93) | 26.4(671) | 153 (1054) | 0.18 (118) 2

Table 6-6: Proportioning of horizontal ties

4.6 Calculate reinforcement for vertical ties

The calculated forces in the vertical ties are shown in Tables 6-5 and 6-7. Similar
to the case of the end region with horizontal strands, U-stirrups made with No. 4
bars (9.5 mm diameter) are used as vertical reinforcement (the total area of each
tie is 0.4 in’, 258 mm?). The area of reinforcement required by each tie,
determined with Eq. 6-17, and the corresponding number of stirrups are
summarized in Table 6-7.
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Element Fu tie Ag (6-17) Number of
Designation kip (kN) in® (m?) stirrups, No. 4
Fi 22 (98) 0.49 (315) 2
Fs 26 (116) 0.58 (373) 2
Fy 59 (262) 1.31 (846) 4
Fis 11 (49) 0.24 (158) 1

Table 6-7: Proportioning of Vertical Ties

As indicated in Table 6-7 the demand in element 9 is the highest and requires the
use of 4 No. 4 stirrups. A significant part of the force carried by element 9
originates from the difference in the magnitude of forces Fp; and Fpy, . This
difference is caused by the approach followed to model the anchorage of the
strands, which in effect lumps the force transferred between nodes 8 and 9 at Node
9 (Fig. 6-7). In reality the transfer of force occurs gradually throughout the length
of the strand, and for this reason it is deemed more appropriate to distribute the
reinforcement evenly between points A and B than to concentrate it at the location
of Tie 9 (Fig. 6-9).

4.7 Reinforcement layout for end region

The reinforcement layout for the beam is shown in Fig. 6-9. Minimum transverse
reinforcement is placed as indicated in Section 3.6.

5 No. 4 stirrups @ 2No. 4 2 No. 4
5 in. (125 mm) No. 4 stirrups No. 4 stirrups
! 1 stirrup ! stirrup “
| T T 1
| | | |
2 Strands | | | | |
| | T T | |
4 Strands ! 1 ! \4
| t
- | | |
A | B | C| D |

Fig.6-9: Reinforcement configuration for end region.
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S Summary

The design of the end region of a prestressed beam following Appendix A of the
2002 ACI Building Code for strut-and-tie models is presented. The configuration
of the strut-and-tie models was selected to represent the effects of stress transfer in
strands, the high shear stresses that take place near the support, and the effect of
draping part of the strands.

The most critical factor for selecting the configuration of the strut-and-tie models
was the development and anchorage length requirements for strands. The location
of the nodes was chosen with the goal of developing models that could represent
the increase in strand stress with anchorage length. After suitable models were
selected, internal forces in truss elements were calculated, and their compliance
with the strength requirements of the ACI Code (2002) was verified.

Among the main differences between the two models is the effect of the vertical
component of the prestressing force in the beam with draped strands. Element 1 of
the draped-strand model is subjected to a compression force equal to the vertical
component of the force in the draped strands (Node 10, Fig. 6-7). Equilibrium of
vertical forces at Node 1 (Fig. 6-7) dictates that the compression force in element

1 must be subtracted from the shear force of 31.5 kip (140 kN) applied at the
node. As a result, the vertical ties and inclined struts in the model are designed for
the shear force at section D reduced by the vertical component of the prestressing
force in the draped strands.

Another significant difference between the two models is caused by the approach
used to model the effect of bond stresses on the force in the ties. Conservatively,
the force in the ties was assumed equal to the minimum that can be developed at
the node closest to the edge of the beam. Following this approach resulted in a
difference of 24 kip (107 kN) between forces Fp; and Fpy; in Node 9 of the model
with draped strands (Fig. 6-7). This 24-kip force, which is parallel to the
orientation of the draped strands, is resisted by elements 11 and 12 of the model
(Fig. 6-7). Because the compression force in both of these elements has a vertical
component, it caused the tension force in Tie 9 (Fig. 6-7) to increase, resulting in a
higher demand for vertical reinforcement. In the model with the horizontal strand
pattern (Fig. 6-4) the effect of bond is not as significant given the interaction
between the inclined struts and the horizontal ties. Although it seems that the
additional stirrups imply a higher cost for the draped strand option, the strut-and-
tie analysis only examines the ultimate condition. A final choice of reinforcement
layout must be made taking into consideration stresses at the time of release and at
service load levels.
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Notation

Aps area of prestressed reinforcement

Ag area of nonprestressed reinforcement

Ay min minimum area of shear reinforcement within a distance s
b beam width

dy diameter of bar or strand

fp effective bearing strength of concrete

fou effective compressive strength of concrete in a strut or nodal zone
foe effective stress in prestressed reinforcement

fy yield stress of reinforcement

£ compressive strength of concrete

Fus nominal strength of strut

Fut nominal strength of tie

hy height of tie

lgp length of base plate

lg development length of bars

lgh development length of hook

M, factored bending moment at edge of D-region

Vu factored shear force at edge of D-region

Wy factored distributed load acting on beam

Wit width of strut

a angle of inclination of strut

B, factor to account for cracking and confining reinforcement on the

effective compressive strength of concrete of a strut

B, factor to account for the effect of the anchorage of ties on the
effective compressive strength of concrete of a nodal zone

Af, increase in stress in prestressing tendons due to factored loads

@ strength reduction factor
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Example 7: Strut-and-tie model cable stayed
bridge pier table

Robert B. Anderson

Synopsis

Strut-and-tie models make the design of portions of complex structures
transparent. This example, a pier table from a cable stayed bridge, is developed to
show how strut-and-tie modeling can be used for an area that may be exposed to
cyclic loading and how the results from alternate loads may be superimposed upon
one another. The pier table transmits forces from the pylon, through an integral
superstructure connection, to individual support legs. The pier table also creates an
area for the transmission of superstructure forces. This example briefly describes
the model development based upon the perceived flow of forces within the
structure. The tie reinforcement is then detailed and the nodal zones checked.

Robert B. Anderson is a senior design engineer for URS Corporation, Tampa,
Florida. He received his Master’s degree in Engineering from the University of
Texas at Austin and his Bachelor’s degree in Civil Engineering from South
Dakota State University. While attending the University of Texas, his research
focused on the full scale testing of reinforced concrete models for strut-and-tie
nodal regions. His design expertise includes both concrete and steel bridge types
ranging from short-span grade separation structures to long span cable stayed
structures.
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1 Introduction and scope

This example is developed to show how strut-and-tie modeling can be used for an
area that may be exposed to cyclic loading and how the results from alternate
loadings may be superimposed upon one another. The example, shown in

Figure 7-1, is a pier table from a cable stayed bridge. The pier table transmits
forces from the pylon, through an integral superstructure connection, to individual
support legs. The pier table also creates an area for the transmission of
superstructure forces. The detailed isolated view also shown in Figure 7-1 shows
how this region may be modeled with a plane frame or space frame analysis
program and the free body forces that exist at the element connections. The
framing of the structure transverse to the bridge axis is shown in Figure 7-2.

EXPANDED VIEW
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Figure 7-1: Bridge pier table layout

The scope of this example is limited to developing the strut-and-tie model for
transmitting the pylon forces to the lower legs. The moments, shears, and axial
loads developed at the top of the substructure lower legs, shown in Figure 7-1,
will not be investigated. Fig. 7-3 shows a strut-and-tie model for examining forces
from the superstructure elements.
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Fig. 7-2: Transverse section

Ties potentially exist in both the top and bottom of the girder because the integral
connection sees both positive and negative moments during erection and its final
load state. The strut-and-tie model shown in Fig.7-3 produces only one tie at either
the top or bottom of the girder section which may be evaluated with a sectional
approach (conventional flexural reinforcement design) versus the strut-and-tie
model and also will not be studied as part of this example. Nevertheless, the tie
reinforcing requirements from either of these omitted cases can be added to the tie

requirement derived in the alternate strut-and-tie model developed in this
example.

5 -

|
i < j 85 h. o 858,

K

; 259 m) ! asm ] )
i { i | \ \ ~
| IRE \
(— o
(Stjut or Tie) -~ Loty
! H P \
— / ! -~ \ {
T o477 = g
i - > L3
N [~ _- a8 N
v } / -7 i ! 7
- | \ v
Lo ! - [ il )
/ < o : AlayY
(Strut or Tie) ] e »
Ma | ; "[' ~] Mb<>Ma
1008, P 1008, ‘
(3.05m) ST (3.05 m) "

Fig. 7-3: Strut-and-tie model for superstructure moment transfer
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2 Developing and analyzing the strut-and-tie model

Intuitively, the designer can visualize a force spreading from the pylon to the
lower legs as shown in Fig, 7-4 due to the axial load N. The more difficult aspect
is to derive the flow of forces for the moments and shears (M and V) also
introduced at the base of the pylon. A first step is to divide the cross section of the

pylon into four segments.
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Fig. 7-4: Flow of pylon forces at pier table

Looking ahead, these segments will define discrete points (nodes) for the
strut-and-tie model. In Fig.7-5, a unit downward force of 1,000 kips (4,448 kN)
produces a uniform (P/A) pressure over the cross section and a set of discrete
downward forces shown in Fig.7-5. Alternately, a unit moment of 1,000 kip-feet
(1,356 kNm) produces flexural (Mc/I) stresses that are also represented discretely
in Fig.7-5. Moment equilibrium is assured; however, the forces are dependent
upon the selected location of the nodes. In Fig.7-6, the strut-and-tie model that
accounts for spreading of forces from the pylon to the lower legs has been
developed. The dimensions of the model with the node and member numbering,
and unit load cases are shown in Fig.7-7. Nodes 5 through 7 at the top of the
model correspond to the discrete points derived from the pylon’s cross-sectional
analysis. Load case 1 shows the loading for the unit downward force of 1,000 kips
(4,448 kN) and Load case 2 shows the loading for a unit moment of 1,000 kip-feet
(1,356 kNm).
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Load case 3 is used for the transfer of shear forces for a unit shear force of 100
kips (445 kN) at the base of the pylon. Table 7-1 summarizes the forces developed
in each of the strut-and-tie elements due to each of the unit loads.
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Fig. 7-5: Discrete force representation
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Fig. 7-6: Strut-and-tie model for pier table
(for transfer of pylon forces to substructure)
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Fig.7-7: Application of unit loads
nit Loadings Dead Loads Live Loads
Unit Unit Unit Dead Load Dead Load Live Load Live Load Live Load
Axial Moment Shear Case Case2 Maximum Case 1 Case 2 Case 3 Maximum
Member N) (M) V) Time =Day | | Time=Dayoo | Dead Load Max Axial Max Moment Min Moment | Live Load
21401k=N | 21,02k=N (Most 1,984k =N 474k=N 1,525k =N (Most
1,000k | 1000k-f [ 100k [-17793kft=M|-19450k-a=M| Tensite) | -22.570k-R=M | 17.905k-0=M | 37856 kA=M | Tensile)
89k =V Nok=V 103 k= V A23k=V 210k=V
1 242.8 3.9 -67.5 5,294.3 5,214.8 5,294.3 612.8 38.7 565.2 612.8
2 242.8 -8.9 -32.5 5,008.6 4,907.0 5,008.6 2472 3144 -35.1 314.4
3 2411 -51.3 0.0 -6,071.5 -6,077.2 -6,071.5 -1,635.7 803.9 2,308.9 803.9
4 -330.7 0.0 -53.5 -7,124.6 -7,027.2 -7,027.2 -710.9 91,3 616.1 -91.3
5 0.0 -28.0 55.1 -449.4 -484.1 -449.4 -575.1 433.6 9442 433.6
6 0.0 21.6 -42.5 346.9 373.7 373.7 444.0 -334.7 728.9 7289
7 -330.7 0.0 53.5 -7,030.4 -6,910.2 -6,910.2 -601.2 2222 -392.5 2222
8 2411 51.3 0.0 -4,246.7 -4,082.4 -4,082.4 679.2 -1,032.4 1,573.7 1,573.7
9 -41.9 8.9 250 -1,033.0 -1,028.6 -1,028.6 -258.4 109.0 -348.7 109.0
10 -242.8 3.9 -17.5 -5,053.0 -4,962.0 -4,962.0 -298.9 2529 -70.1 -70.1
11 -41.9 89 -25.0 -760.2 -737.0 -737.0 922 -148.7 220.9 220.9

Table 7-1: Strut-and-tie forces for unit and applied loading
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A cable stayed bridge must be analyzed for hundreds of load cases including:

1) permanent applied loading such as dead loads, post-tensioning loads, and forces
due to creep and shrinkage effects, and 2) transient applied loads such as those
from live load, wind, and temperature. Using a unit load approach offers an
effective solution to develop group loading effects from the global analyses. The

strut-and-tie model shown in Figures 7-5. 7-6 and 7-7 remains valid for all load
cases as long as the struts remain struts (compression elements) and the ties
remain ties (tension elements). It also gives the designer an appreciation for the
forces developed at the pier table connection in terms of the applied forces.
Table 7-2 shows an actual set of dead and live load forces and their factored sum
based upon ACI load factors. It can be seen the downward pylon loads produced
the majority of load in each of the strut-and-tie elements.

Maximum Maximum Group 1
Member Dead Live (1.4DL +
Load Load 1.7LL)
1 5,294.3 612.8 84538 | €—
2 5,008.6 314.4 7,546.5
3 -6,071.5 803.9 -7,133.5 . .
. L ——  Tie Design Forces
4 -7,027.2 -91.3 9,993.1
5 -449.4 433.6 108.0 *
6 373.7 728.9 17622 | €—
7 -6,910.2 -222.2 -10,052.0 .
* The tensile force for member
8 -4,082.4 1,573.7 -3,040.1 .
5 will be covered by orthogonal
9 -1,028.6 109.0 -1,254.8 .
" 29520 ol 0660 temperature and shrinkage
e - — reinforcement not explicitly
1l 1370 2209 6362 designed in this example.

Table 10-2: Strut-and-tie forces for factored loadings

Of course, there maybe other situations where an overturning load, due to wind for
example, would develop tensile forces in strut elements and alternate models
would have to be developed.
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3 Detailing the ties and nodes

This example has focused upon the development of a model for analyzing a
complex structure with a single strut-and-tie model and unit load cases which are
combined for group loading effects. Once the strut-and-tie forces are developed
for each the loading combinations, the individual elements can be proportioned to
resist these forces and detailed analyses of the nodal regions can commence.
Different loading combinations may produce the worst condition for individual
elements within the strut-and-tie model. The designer needs only to pick
maximum tie forces developed by the various loading combinations. The
calculation of reinforcing (mild steel and post-tensioning) requirements is
undertaken as follows.

4 Calculations for the proportioning of ties and nodal
zone check

Tie 1

Factored Design Force = Fy¢ = 1.4DL+1.7LL = 1.4 (5294.3 k)+1.7 (612.8 k)

= 8,453.8 k (37,600 kN)
@ =075 Section 9.3.2.6

Select 60 — 1-1/4 “ (32mm) Diameter Prestressing Rods
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Aps  =60%125 in? / rod = 75.0 in® (48,400 mm’)
fpy  =150ksi (1034 MPa)

fse  =0.6%150ksi =90 ksi (621 MPa)

Af, =60ksi (414 MPa) (Bonded)

P Fnr= @ (Astfy + Aps (fse + 4fp) Section A.4.1
=0.75 (0 +(75.0 in.? (90 ksi + 60 ksi))
= 8,437.5 k (0.2 % Overstress ~ OK)

Tie 6

Factored Design Force = Fy; = 1.4DL+1.7LL = 1.4 (373.7 k)+1.7 (728.9 k)
=1,762.2 k (7,838 kN)

¢ =075 Section 9.3.2.6

Select Layers at 1’-0” (305 mm) Spacing of 18 bars per layer of — #6 (19mm)

Stirrups 16 Layers over 15’-0” (4.57m)
are detailed in Figure 10-8

Aps  =5*18*0.44in.*/bar =39.6 in.” (25,550mm?)
fy  =60ksi(414 MPa)
PFp= ¢ (Astfy + Aps (fse + Afp)) Section A.4.1

=0.75 ((39.6 in.?) 60 ksi + 0)
=1,782.0k > 1,762.2 k ~ OK

Space this reinforcing on each side of the tower centerline pylon to account for an
alternate model (not shown in this example) which is mirrored from the one selected.

Nodal Zone at Intersection of Members 2, 7 and 8§

Feu=0.85 Bnfc Section A.5.2
Bn =0.80

fc=5.5ksi (38 Mpa)
Feu=0.85*0.80 * 5.5 ksi = 3.74 ksi (25.8 Mpa)

Width of Cast-In-Place
Portion of Pier Table

O =8437.5%/ (3 ft. * 12in./ fu.) * (20 fu|* 12 in. / ft. )) = 0.98 ksi < 3.74 ksi ~ OK

Check Stress at Node:
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The proportioning of this reinforcing is shown in Fig.7-8. Three layers of

1-1/4” (32 mm) diameter post-tensioning bars are utilized to provide the resisting
element for the tie forces developed in Members 1 and 2 in the strut-and-tie
model. For Member 6, 18 - #6 (19mm) stirrups are provided per 1’’-0” (305 mm)
space. These stirrups are provided at both sides of the centerline of the pylon to
account for an alternate model which is mirrored from the one selected. The
amount of stirrups provided is in excess of that required but assures shear ductility
of the section for alternate load paths which may coexist with the model selected
for this example.

Tie & 46 (19 mm dia.) Stimups
at 1'-0" (305 mm) Spacing
(18 Stirrups per Space)

15°-0” (4.57m)

b
oY

N
nd
~
NN
4

(0.91 m)

| \ !
Tie 1 - Three Layers of \* CCT Node

1-1/4in. (32 mm) Dia.
f Post- Tensioning Bars /\/

Fig. 7-8: Detailing of ties and CTT Node

S Summary

Example 7 presents a strut-and-tie model for a situation that exists in a cable
stayed bridge designed with a central pylon and dual legs for the substructure
element. This example focuses on the load paths necessary to transfer the pylon
loads to the lower legs and how to effectively and efficiently deal with multiple
load cases that exist in complex structures.
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Example 8: High wall with two openings

Robert W. Barnes

Synopsis

In this example, application of the new strut-and-tie modeling provisions of ACI
318-02 to the design of a wall with openings is summarized. Because the openings
constitute a significant portion of the wall, earlier Code versions provide little
relevant guidance for ensuring that the wall provides adequate resistance to the
applied loads. Previous examples of the application of strut-and-tie models
(STM’s) to multiple load cases and/or lateral loads are rare. The wall in this
example is designed to resist multiple combinations of both gravity and in-plane
lateral loads.

Construction of the STM for each load combination is outlined. In addition,
employment of statically indeterminate STM’s to improve the efficiency and
serviceability of the wall design is discussed. The example also covers selection
and anchorage of tie reinforcement, as well as capacity checks for struts and nodal
7ones.

Robert W. Barnes received his M.S.E. and Ph.D. degrees from the University of
Texas at Austin. He is an Assistant Professor in the Department of Civil
Engineering at Auburn University; member of Joint ACI-ASCE Committee 423,
Prestressed Concrete; and associate member of Joint ACI-ASCE Committee 445,
Shear and Torsion.



196

1 Geometry, materials and loads

Example 8: High wall with two openings

A 16-in. (405-mm) wall with a height of 640 in. (16.26 m) and a width of 320 in.
(8.13 m) contains two 120-in. (3.05-m) square openings as shown in Fig. (8-1).
The design concrete strength is 4000 psi (26 MPa), and the design yield strength
of the steel reinforcement is 60,000 psi (410 MPa). Minimum cover is 2 in. (50
mm). The wall is to be designed for the following factored load cases:

- Load Case 1: two vertical loads of 450 kips (2.0 MN).

- Load Case 2:
of wall.

Load Case 3:

Load Case 4:
of wall.

Load Case 5:

100

combined loads from Load Cases 1 and 2.

two lateral loads of 170 kips (0.76 MN) acting on left-hand side

combined loads from Load Cases 3 and 4.

100
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Fig.8-1: Wall geometry and loads

two lateral loads of 170 kips (0.76 MN) acting on right-hand side
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The wall rests on two footings. The available contact area at each support is 16 in.
(406 mm) wide (the thickness of the wall) and 40 in. (1.02 m) long, so that the
center of each support is located as shown in Fig. (8-1). The wall is modeled as
simply supported. Under the influence of factored lateral loads, the concrete above
the support in tension is expected to crack. The stiffness of this concrete with
respect to lateral forces will be considerably less than that of the concrete above
the compression support. Thus, the compression support is relied upon to transfer
all the lateral forces to the foundation by shear-friction.

2 Design procedure

The whole wall is a D-region due to the openings and the concentrated loads and
supports. ACI 318-99 gives little guidance for this type of structure. The design is
based on the new Appendix A—Strut-and-tie models of ACI 318-02 as allowed by
Section 11.10.1 of that document. Unless otherwise noted, all subsequent
references in this example are to specific sections of ACI 318-02.

The first design step consists of conceiving a strut-and-tie model for each load
case. Other steps include selecting tie reinforcement, checking capacity of nodal
zones, and ensuring adequate anchorage of tie reinforcement at the nodes.

3 Modeling

The strut-and-tie models for the five load cases are shown in Fig. (8-2) through (8-
6). Struts are indicated as dashed lines; solid lines represent ties. The struts and
ties were positioned by considering 1) likely paths of the loads to the supports, and
2) orthogonal reinforcement patterns.

The model for Load Case 1 is not statically determinate. Thus, the forces in the
struts and ties are not determined by equilibrium alone. For preliminary design,
the model was developed by assuming approximately sixty percent of each
vertical load traveled around the exterior of the opening beneath that load, while
the remaining forty percent of both loads passed through the region between the
two openings. The struts were then located to satisfy this assumption and
equilibrium while exhibiting the clear flow of each force to the supports. The
assumption was based on nothing more than engineering judgment about how the
force paths might flow around the opening. As long as the resulting model
satisfies equilibrium, and the stuts, ties, and nodal zones satisfy the provisions of
Appendix A, the structure should develop the ultimate strength required.
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Although not necessary for strength design, a linear elastic, plane-stress finite
element analysis (FEA) was performed to refine the model for better performance
under service conditions. Large disparities between the STM and the elastic stress
distribution require will result in significant cracking as the structure deforms to
redistibute the loads according to the reinforcement pattern. In addition, STM’s
that conform to the elastic stress distribution require less reinforcement than those
that do not [Schlaich, Schifer, and Jennewein (1987)]. Linear FEA was selected
because it offers an adequate indication of the distribution of stresses under
service loads. Nonlinear FEA might also be employed at the discretion of the
designer.

Fig.8-2:
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The use of the finite element analysis resulted in only a slight modification of
model geometry and forces. For example, the FEA indicates that approximately 58
percent of the right-hand load travels around the outside of the top opening and 64
percent of the left-hand load travels around the outside of the bottom opening,
rather than the sixty percent originally assumed for both locations. The final
model is shown in Fig. (8-2).

In Fig. (8-2), the portion of the load that passes between the two openings in Load
Case 1 is split into two distinct paths to clarify how each 450-kip (2.0-MN) load
travels around each opening and proceeds to the foundation. This distinction is not
necessary; the two paths could have been joined into a single load path in the
central portion of the model. For simplicity, no attempt was made to separate the
influence of the two vertical loads in the region between the openings for other
load cases.

The necessary transformation of lateral loads into vertical reactions increases the
difficulty of load-path visualization for Load Cases 2-5. The final strut-and-tie
models chosen for these load cases are shown in Fig. (8-3) through (8-6). The
desire for orthogonal reinforcement contributes to the relative complexity of the
models for these cases. The requirement (A.2.4) that struts not cross or overlap
prevents formation of the models for the combined load cases (3 and 5) by simply
superimposing the models for more elementary cases (1, 2 and 4). The
requirement (A.2.5) that struts and ties intersect at angles no smaller than 25
degrees also influenced the construction of portions of these models. Finally, an
effort was made to obtain consistent tie locations among the five load cases.
Although this may result in increased complexity when fine-tuning the individual
STM’s, it simplifies the reinforcement selection process (Section 3) and increases
the efficiency of the final design.

As with Load Case 1, all of the models for the other load cases are statically
indeterminate. Although it is possible to construct statically determinate models
for these cases, this is not recommended for this structure because such models are
differ markedly from the elastic flow of forces. Load Case 2 may be considered as
an example. A statically determinate model for this case could have been
constructed by omitting the tie (T1) on the right-hand side of the upper opening
and adjusting the model geometry on the left-hand side of the opening. If such a
model was employed, severe cracking could be expected in the region of the
omitted tie, possibly under service conditions. In effect, the designer would be
relying on the region to the left of the opening to resist the applied loads without
any contribution from the region of the omitted tie. The statically determinate
model would be less efficient; the additional reinforcement required to strengthen
and extend T2 and T4 to the left of the opening would far outweigh the
reinforcement saved by removing T1. Thus, while the use of an indeterminate
model increases the complexity of the modeling procedure, it can improve
efficiency and serviceability.
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Fig.8-3: STM for Load Case 2
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Analysis of statically indeterminate models requires the determination of enough
redundant forces so that the remaining forces may be calculated using equilibrium
considerations only. The general procedure used for Load Cases 2 though 5
included selecting the forces in the necessary redundants, and then determining the
rest of the forces to satisfy equilibrium. Struts or ties located in the 40 in. (1.02 m)
wide sections adjacent to the openings were chosen as redundants. As was done
for Load Case 1, the magnitude of the force in each redundant strut or tie was
estimated from a simple plane-stress finite element analysis of the structure.
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201

Any rational estimate of the redundant force might have been used; only the

efficiency and serviceability of the resulting design would have been affected by
the accuracy of the estimate. Again, linear FEA was chosen to obtain an efficient
and serviceable structure without undue effort.
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In order to control cracking and satisfy minimum reinforcement requirements,
minimum orthogonal reinforcement should be included to satisfy Sections A.3.3.1
and A.3.3.2. Because a variety of strut orientations are present in the three models,
the simplest means of satisfying Equation A-4 is by supplying a quantity of
reinforcement that satisfies the expression

Ay >0.003

bs
in each orthogonal direction. A mat of #5 bars spaced at 12 in. (300 mm) both
ways in each face of the wall satisfies this expression. This pattern also satisfies
the minimum reinforcement requirements of Sections 11.8, 11.10, and 14.3 of
ACI 318-02. Once minimum reinforcement satisfying Section A.3.3 is provided, a
value of 0.75 may be conservatively assumed for £; (A.3.2) when calculating the
effective compressive strength of concrete (f,,) in each strut. An exception occurs
at nodes anchoring more than one tie (CTT nodes). For the end of a strut that
enters such a node, f, should be computed using a £, value of 0.60 (A.3.1, A.5.2).
The node located immediately above the right-hand support in Load Case 3 is an
example of this node type.

3 Design of tie reinforcement

Since there is no prestressed reinforcement, the area of steel required for each tie
is calculated from the expression
E,
A:[,req ==
8

where ¢=0.75. For example, the strongest ties required are T16 from Load Case 2
and T12 from Load Case 4. The factored tension force in each of these ties is 595
kips (2.65 MN); therefore, 13.2 in® (8520 mm?) of reinforcement is required.
Placement of eleven #7 bars in each face of the wall provides a total tie
reinforcement of 13.2 in®. A bar spacing of 3.5 in. (89 mm) results in distribution
of the tie force over at least 35 in. (890 mm). All of the tie regions are
proportioned in a similar manner. Fig. (8-7) is a graphical summary of the tie
requirements that result from considering all of the load cases. Each tie in this
figure is labeled. The three numbers in each label represent the critical load case,
the factored load (kips), and the area (in?) of steel required for each tie,
respectively. When establishing strut-and-tie models for multiple load cases, a
concerted effort should be made to select consistent tie locations for the various
cases. If so, tie reinforcement may often be efficiently utilized for more than one
load case. Fig. (8-8) depicts one potential configuration of reinforcement that
satisfies the tie requirements given in Fig. (8-7). The dashed lines represent
minimum reinforcement that is not assigned to any particular tie.
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Min. Reinf. S 50
plus 2#7 ef. T —- BEE i .;L 4
Min. Reinf. en "% 50"
plus 3#7 ef. ¥ 4
T#HI @4 ef. B 111
R
T#7 @55 ef. i B
11#5 @ 3.5" e.f. —e= R (LI GRS il
il TH#H7T @ 4" ef. 75"
58 1 -
Min. Reinf. - G Bijsy
S 179"
1M1#7 @35 elf. B
I =
3#7 @ 3" e f: :#-:
= = ok
4 é It 3
i T T T T
20" 160" 60" 60" 20"

Fig.8-8: Wall reinforcement configuration (e.f. = each face of wall)
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4 Nodal zones and bearing areas

Inspection of the strut-and-tie models for the five load cases reveals that the
critical bearing location is at the compression support when the wall is subjected
to Load Case 3 or 5. For Load Case 3, the compression support is the left-hand
support. The corresponding nodal zone is shown in Fig. (8-9). Because the nodal
zone represents the intersection of four forces, it is subdivided into two subnodes
connected by a strut for easier visualization. Each subnode represents the
intersection of three forces. In this manner, the geometry of the entire nodal zone
can be constructed using the fundamental relationships for three-force nodes
[Schlaich and Anagnostou (1990)]. The entire nodal zone consists of the two
subnodes and the internal strut.

F, = 558 kips
* F. =650 kips,/
w, = 18.8in
A, =300 in? ws=21.9 ir;
OF s = 574 kips A.=350in

Fns = 670 kips

—
LR

n=— .
i A,=607in’
| OF oy = 1240 Kip

[F. = 1128 kips |

h=12in , F, = 84 kips
Ay =3.60in° =i
oF = 162 kips

l,=40.4in>y=36.3in
w, =38.0in
A, =608 in’
oFnn = 1240 kips

F. = 1099 kips

Fig.8-9: Nodal zone at compression support (Load Case 3)
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The geometry of the lower subnode is defined by the available bearing width of 40
in. (1020 mm) and the assumed 12-in. (305-mm) thickness of the horizontal tie,
which consists of three #7 bars in each face. The magnitude (1128 kips [5.02
MN]) and inclination angle (67.9° from horizontal) of the force in the internal
strut are obtained from equilibrium. The available width of this internal strut (37.9
in. [963 mm)]) can be obtained by considering the width of the other strut and tie
as well as the angles between all three forces. Next, the upper subnode is
constructed as a “hydrostatic” node with the stresses in the two exterior struts
assumed equal to the stress in the internal strut. Thus, the lengths of each side of
this subnode are proportional to the force carried by the corresponding strut. From
equilibrium, lines of action of the tie and all struts coincide at the node point. The
computed width, area, factored load, and factored strength of each strut and tie are
shown in Fig. (8-9).

The lower subnode is of interest for checking the bearing capacity of the wall with
respect to the support reaction. Due to the inclination of the reaction at the
support, the available width of the nodal zone perpendicular to the reaction strut is
given by:

1045

w, =40in (—j =38.0in (966 mm)
1099

The available area of the nodal zone with respect to the reaction is then:
4, =(38.0in)(16in)=608in> (0.393 m?)

The node anchors one tie (CCT node); therefore, a f, value of 0.80 is selected.
The effective compressive strength of the strut concrete is:

f.n =0.858, £ =0.85(0.80)(4000 psi)=2.72 ksi (18.8 MPa)

The factored nominal strength of the nodal zone with respect to the reaction force
is:

OF,, = ¢f. 4, = (0.75)2.72 ksi)(608 in )= 1240 kips > F, =1099 kips

Thus, the bearing area appears large enough to provide adequate strength.
However, the subnode faces bounded by the internal strut are subject to a larger
force (1128 kips [5.02 MN]) than the bottom face of the nodal zone. As indicated
in the figure, the capacity of these faces is also adequate.

The horizontal component of the reaction at this support is transferred to the
footing by means of shear-friction. When designed according to the provisions of
Section 11.7.4 of ACI 318-02, the required amount of shear-friction reinforcement
is given by:

V. 340 kips

Aoy =—2—= =12.6in? (8120 mm®
o = g = 075 60ksif0.6) o ($120mm)
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A conservative value of 0.6 was assumed for u. Thus, at least 12.6 in? (8120 mm?)
of reinforcement must cross the joint and be adequately developed in both the
footing and the wall. This requirement will be satisfied by the 13.2 in? (8520 mm?)
of tension reinforcement provided as tie reinforcement for other load cases.

Sizing of the bearing plates (or bearing areas) for the applied loads is less
complicated. Again, the full thickness (16 in.) of the wall is utilized. For each 450-
kip load, a value of 1.0 may be selected for §; and f,, because the strut enters a
compression-only node and is too short to spread significantly. The required
bearing plate width for each of these loads is given by:

> E, 450 kips

obf.,  0.75(16 in)(3.4 ksi)

=11.0in (280 mm)

Therefore, 11 in. x 16 in. (280 mm x 406 mm) bearing plates are selected. A
similar calculation can be performed for the 170-kip lateral loads. Each lateral
load near the top of the wall immediately enters a node with one tie (CCT node)
for one load case, so a £, value of 0.80 should be selected for computing /... This
results in a required width of 5.21 in. (132 mm). However, for the lower 170-kip
loads, a £, value of 0.6 should be selected because each load enters a CTT node
for one load case. A plate width of 6.94 in. (176 mm) is required. For simplicity, 7
in. x 16 in. (178 mm x 406 mm) bearing plates are selected for all the applied
lateral loads.

The nodal zones and bearing areas described above are the most critical
compression areas in the five strut-and-tie models. Despite the presence of the two
openings, there is ample space to provide adequate widths for all the other struts
and nodes in the models.

S Anchorage of tie reinforcement

Fig. (8-10) illustrates the geometry of the nodal zone immediately above the left-
hand support under the influence of Load Case 1. This load case produces the
critical tension demand in the horizontal tie. Reinforcement was selected for this
tie according to the procedure discussed above. Dimensioning of the nodal zone
was performed as discussed in the previous section. Because of the small ratio of
bar spacing to bar diameter, the reinforcement for this tie has the longest required
straight bar development length of all the wall reinforcement, despite the fact that
the horizontal reinforcement higher in the wall is subject to the reinforcement
location factor (&) of 1.3 (Section 12.2.4). Neglecting any potential benefits of
transverse reinforcement, the development length (/,) for the #7 bars with a center-
to-center spacing of 3 in. (76 mm) is

3 f, afyd , _ 3 60000 1

= d == —
40\/7;(c+1<,,] " 40 /4000 1.71
db

L

(0.875in)=36.3in (0.92 m)
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As shown in Fig. (8-10), this is less than the available anchorage length (/,) of
39.8 in. (1.01 m) (A.4.3(b)). Therefore, straight bar development is adequate for
this tie.

In general, ensuring proper anchorage of the reinforcing steel is not difficult in this
design. The bar sizes and spacings are such that the required straight bar
development lengths are less than the available anchorage lengths. All the
remaining nodes are located at least 15 in. away from wall surfaces, so there is
adequate room for straight bar development of the #5, #6 and #7 bars within and
behind the nodal zones (A.4.3), which typically extend 3040 in. (0.76-1.02 m). If
larger bars had been selected, hooks or mechanical anchorages may have been
necessary.

When terminating reinforcement that is no longer required, such as the vertical #7
bars along the wall boundaries, care must be taken to extend these bars through
the entire nodal zone at which they are no longer required. They must also extend
at least one development length beyond the point at which they enter the extended
nodal zone.

F. = 290 kips
ws =258 ir;
Ac=412in /Fu=209 kips
oFqs = 788 kips w, = 18.61in

A =297 in’
OF hs = 569 kips

w,=41.76in
A, =668 in’

he=12in F,=135kips
Ag=3.60iIn7 =g
oF = 162 kips

la=38.8in>13=36.3in

w,=40.0in
A, =640 in?
oF = 1310 kips
F. =450 kips

Fig.8-10: Nodal zone at support (Load Case 1)
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Summary

Design of a reinforced concrete wall with two large openings is presented. The
wall is designed according to the provisions of the new Appendix A—Strut-and-tie
models of ACI 318-02. Issues related to the use of indeterminate models and the
application of STM for multiple load cases are discussed. Tie reinforcement is
selected after considering the STM’s for all load cases. Capacity checks for typical
struts and nodal zones are illustrated, and an example tie anchorage check is
provided. Straight bar anchorage is adequate for all ties; no hooks or special
anchorage devices are required.

Notation

Unless noted below, notation corresponds to that found in ACI 318-02.
Astreq required area of tie reinforcement

Avfreq required area of shear-friction reinforcement

I, tie anchorage length available in a nodal zone
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Example 9: Pile Cap

Gary J. Klein

Synopsis

The following example illustrates use of STM’s for design of a pile cap. Two
load cases are considered: 1) axial load only, and 2) axial load and overturning
moment. The design is based on Appendix A of ACI 318-02 Results are
compared to section design procedures per ACI 318-99. Compared to section
design methods, STM design is more rational and leads to a more reliable
structure. Because the reinforcing bars are located above the piles, overall footing
depth is increased compared to traditional design in which the bars are placed
between piles.

Gary J. Klein, FACI, is executive vice president of Wiss, Janny, Elstner
Associates Inc., Northbrook, IL, where he has conducted structural investigations
of buildings, Bridges, parking decks, and other structures. He is a member of ACI
Committee 318, Structural Concrete Building Code; 342, Evaluation of Concrete
Bridges and Bridge Elements; 345, Concrete Bridge Construction, Maintenance
and Repair; 445, Shear and Torsion; and 546, Repair of Concrete.
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1 Geometry and loads

Example 9: Pile cap

(1067) (610) {1067 mm)
36" 2’0" 36" ) s
g »| »| » e — (2744) gt
] JE W, 1 9 i
F,u el T [l
:__J'j:[ﬂ”(SSGmm) :__J'
b
14
L L T T
(457)' (1067) {1067} (457 mm)
a)Elevation b)Plan
Fig. 9-1: Elevation and plan
General Data
Footing f. = 4000 psi
Column f.= 6000 psi
Reinf. f, = 60,000 psi
Piles (14 in. sq.) Allow =70T (140%)
Load Case 1:
P, = 445 Mp =
PL = 22 M, =
P, = 1.4Pp + 1.7P, = 1000*
Load Case 2:
Py = 4455 Mp = 0
P = 104 M, = 282 fi-k
P, = 800* M, = 480 ft-k

Load and ¢ Factors:
- Per ACI 318-99, Chapter 9
- Per ACI 318-02, Appendix C
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Pile Reactions

pof M
N SM
2 2
SM = 2d _4x3 5
d 3
Row Case PN M/SM Total Factored
1 133 0 133 200
Left 2 110 2 134 200
Cent ] 133 0 133 200
enter 2 110 0 110 160
. 1 133 0 133 200
Right 2 110 24 86 120

Table 9-1: Pile reactions

2 Section design per ACI 318-99

Shear

Critical section at face of column: ¥, =2x200* =400*
V, <oV, =92,/ 7 bd=0.85x2/4000 x108d > 400,000
=d>344" " use h=39",d =39-3-1.5=34.5"
Flexure

M, =400" x2ft =800 ft —k; Try12-#7,4,=7.2 in’
=4 /bd=0.0019;p_ =0.0018 ok

oM, =0.9x7.2x60x34.5(1 —.59x0.0019x60/4)=13,200 in - k=1099 ft -k
Reinforcement Development

60,000

20~/4000

Hooked #7 Bars:  {,, =1200db/~/4000 =16.6"

Straight #7 Bars: £, = x0.875=41.5"

Although straight bars are fully developed at the face of the column, use hooked

bars in accordance with common practice.

Cracking
Check service load flexural stress at column face SM = 9x3.25% /6=15.8 fi*

M, =133"x2x2'=532ft—k f, =532/15.8 =33.7ksf =233 psi =3.7\[f]

. Cracking is unlikely.

ok
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3 Strut-and-tie model per 318-02 Appendix A (Case 1)

200 .99 200

200 g 200

Tho ll w ‘® ..

[ : *

: - .i.

m = -

[ ] : .i.

: - ..'~

" L 4

a % ..@)l

i )

:
200 0 o 200
2001 =

)

Strut a: 346 Compression
Tie b: 200 Tension
Fig. 9-2: Strut-and-tie model

Strut a

200/sin 35.3 = 346" Comp.

346 cos 35.3/+/2 = 200" Tens.
Strut ¢ = 200" Comp.

Tie Reinforcing

Tie b

9P, =¢4, [, 2P, =0.854,, 60> 200 = A, >3.92in>

Use 6-#8 (4, =4.32in”) or 9-#6 (4, =3.96in")
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Element ¢ 0.85 ,ch’
Type B (ksi)
Comp. 1.0 2.89
Struts Zone
Bottle 0.6 1.73
CCC 1.0 2.89
Nodes CCT 0.8 2.31
CTT 0.6 1.73

Table 9-2: Elements

Strut:

=22 200
e 1.73

A, =14h,=14(14sin35.3+h, cos3.5)
= h_7.6"h,=143"

147

Fig. 9-3: Bottom node
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24"

SECTION A
Fig. 9-4: Top node

Tension Tie

H = 200
e 0.85x60

Use 6 - #8 bars in 2 layers at 2” & 6” above pile

=3.92in*

T, =200

Check development ¢, =1200 x1.0/+/4000 =19.0" ok
Min. Reinf.  ppix = 0.0018, Max spacing = 18”

Use #6 @ 6 between piles  p A _ 04

= =0.0019
bd 6x39

Example 9: Pile cap
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Top Node
P
= _200 =116in’
of., 173

A, =(24% -116)/ 4 =115in*
2

Assume diagonals are square:

h, =~/346/1.73 =14.1"

h, =115/14.1=8.2"

h, =h; sin35.3 + h cos35.3
=k =115"

Check strut d

7 _ 346 cos 35.3
T 14.1x11.5

=1.74 ksi < 2.89
a=(J116 /2+8.2/2)/\2

=6.70" (7" assumed)

Total Pile Cap Depth =29 + pile embed. + (h1/2) pot + (h1/2)0p

=29+9+7.6/2+11.52=47.5
Use 4°0” + 48~

219
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4 Strut-and-tie model per 318-02 Appendix A (Case 2)

Strut d: 246 Compression
Tie e: 46 Tension

Strut f: 51k Compression
Strut g: 31k Compression
Tie h: 200 Tension

Strut j: 320 Compression

Fig. 9-5: Strut-and-tie model

Note: Truss members required to resolve eccentric load shown in black.
Bottom Node
Per Case 1
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14” assumed fgr model
13.4” actual
C
A
_ -
C
10.5" 5”
Fig. 9-6: Top node
Assuming square struts:
ho= B, /91,
of,xh,xh, 2P sinf
=h,2 P, sinb/(g £, h)
hy =h,sin 8 +h cos@
=h =(h, —h, sin@)/cosf
Strut | Node | p | gof | b | 0 | gf, | B | b | hxh
Cent. B 160 | 1.73 9.6 90 2.89 9.6 0.0 92
a C 346 1.73 | 154 [ 353 | 2.89 49 | 139 69
d C 246 173 [ 13.0 {292 | 2.89 35 | 117 42
f C 51 1.73 59 | 642 | 2.89 2.9 6.4 16
Total= A +B +2C=120+92 +2x127 = 466

Table 9-3: Node values
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Total Column Area Available = 24% =576 in®> > 466 in’
Total Pile Cap Depth = 29” + pile embed. + (hi/2) vor + (11/2)10p

=29+9+7.6/2+13.9/2=48.8"
Use 4’0" = 48”

S Summary

jo
C_. o o M
C_-z:-:zzrzzglzz—ii b
_) _

Fig. 9-7: STM Design per ACI 318-02:

| I

I I

I I

I -+ ,

I I

| 5

I I ”

@. — ]

B
.
i
&

Fig. 9-8: Section design per ACI 318-99:
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COMPARISON

Method: STM per 318-02 Section Design per 318-99

Footing Depth | 4°-0” 33"

12 #8 concentrated over 12 #7 each way
piles & 9 #6 (temperature) | between piles
between piles, each way

Reinforcing

Table 9-4: Comparison

6 Conclusions

1 STM’s are applicable to pile caps subjected to vertical load and overturning
moment.

2 Design is dependent on judgment.

3 Detailed calculations at nodes are required to determine node height and thus
the reinforcing details and overall footing depth; however, simplifying
assumptions are needed:

- Assumption of square struts is needed to simplify complex geometry where
struts intersect in three dimensions

- Geometric dissimilarities between struts and notes must be neglected
(but checks should be made to assure the centoid is properly located and
node area is sufficient)

4 Compared to traditional designs where reinforcing is located between piles,
STM design results in greater footing depth and quantity of reinforcing.

5 STM design is more rational and leads to more reliable performance.
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Part 5

Modeling structural concrete with strut-and-tie models
- summarizing discussion of the examples as per
Appendix A of ACI 318 - 2002

Karl - Heinz Reineck

Synopsis

After a brief summary of the contents of the SP and the examples, several general
points are discussed which are based on observations made about the examples.
The choice of a strut-and-tie model is a major issue and different engineers may
propose various models for the same task. This leads to a discussion of the
uniqueness of models and whether it is acceptable that different engineers may
choose different models and thus different reinforcement arrangements and detail-
ing for the same D-region. A further issue identified in some of the examples was
the transition of a B-region to a D-region, and the procedure of modeling is
shown. Finally the role and the importance of detailing is emphasized and some
examples for this are given. Also some observations are made which led to
recommendations for reconsidering some code provisions.

Karl-Heinz Reineck received his Dipl.-Ing. and Dr.-Ing. degrees from the Uni-
versity of Stuttgart. He is involved in both research and teaching at the Institute for
Lightweight Structures Conceptual and Structural Design (ILEK), University of
Stuttgart, and he is head of two research groups and managing director of the insti-
tute. His research covers the shear design of structural concrete, the design with
strut-and-tie models and detailing of structural concrete and the design of high-
performance concrete hot-water tanks. He is member of ASCE-ACI Committee
445 "Shear and Torsion" and chairs two subcommittees and also is a member of
fib Task Group 1.1 "Practical Design".
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1 Summary

The main objections of this Special Publication are to give background informa-
tion on the use of strut-and-tie models (STM) following the new Appendix A of
ACI 318-02 and to present design examples.

Part 2 describes the development of Appendix A and gives background informa-
tion on the Commentary of ACI 318 itself. The strength values given in Appendix
A are justified by comparison to other codes and with recommendations based on
test results.

Part 3 presents important and well known test results which justify the use of
strut-and-tie models for the design of structural concrete.

The examples presented in Part 4 may be classified in different groups:

- classical D-regions: Examples 1, 2, 3 and 6, which have already been designed
using strut-and-tie models since long, and where test evidence is available, as
described in Part 3.

- D-regions in beams: Example 5 with indirect supports, which so far have been
addressed in some codes, often with an additional detailing rule to provide hanger
reinforcement, which is not incorporated in ACI 318-02.

- D-regions in walls of buildings: Examples 4, 7 and 8.

- D-regions in 3D-structures: Examples 9 and 10.

In the following some general observations are made and some issues are
discussed of general relevance for designing with strut-and-tie models.

2 Modeling and uniqueness of models

2.1 Finding a model

Finding a model for a given geometry and loading of a member or a D-region is
the first and major task for the design engineer. The subsequent analysis of the
forces and the check of the stresses then is relatively straight forward. The differ-
ent modeling methods were presented by Schlaich, Schifer and Jennewein (1987),
and these are:

- using a standard example or adapting it to the given geometry or forces, as for
the well known corbels or deep beams;

- using linear elastic stress distributions in decisive sections to determine the loca-
tion of major struts or ties; and

- applying the load path method.

The first two methods are fairly obvious and have already been described by

Schlaich et al. (1987). Therefore, in the following only the load path method is

explained briefly with an example taken from the FIP Recommendations (1999).
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The D-region shown in Fig. 1 with a point load applied in the direction of the
member axis may occur at a beam end with a prestressing anchor or it may repre-
sent a column with an eccentric load. At the end of the D-region, the stress distri-
bution is known and it is that of the B-region, and it can be calculated from well
known formulae according to linear elastic theory, if the member is uncracked. So
all the free-body diagrams shown in Fig. 1 are in equilibrium. The basic model in
Fig. 1a demonstrates the overall equilibrium for a force applied at the end with a
small eccentricity e. However, this model is not representative for the inner flow
of forces within the D-region. The refined model in Fig. 1b is found by splitting
the applied force F into two forces and correspondingly splitting the stress dia-
gram at the right end into two parts with the strut forces C; and C; each equal to
F/2 as resultants. The location of these two forces C; and C; is known and so only
the location of node (N1) and the value for d; has to be assumed to finalize the
strut-and-tie model and determine the tie force T; in Fig. 1b.

The load path method applied to a force with a large eccentricity leads to the strut-
and-tie model shown in Fig. 1c. In this case, the load path for the force F only
covers the lower part of the member and at the right end leaves a couple of equal
forces in opposite direction in the upper part of the section. The magnitude and the
location of these forces are also known so that the strut-and-tie model can fairly
easily be completed.

F C| =F/2
a/4) |t °2=EFF“+6%)
a) basic model b) refined model ¢) model for large eccentricities e

Fig. 1: Load path method applied to a D-region with a concentrated force in direc-
tion of the member axis with a small and with a large eccentricity

In a similar way the load path method can be applied to a beam end with a
prestressing anchor as shown in Fig. 2, whereby at the border to the B-region in
addition to the longitudinal stresses also shear stresses occur. Again the basic
model (Fig. 2a) is not representative for the inner flow of forces. A refined model
is required to find the transverse tie forceT; (Fig. 2b). The further refined model in
Fig. 2c¢ is found by deviating the upper inclined strut C; slightly, and this exhibits
the low tensile forces in the upper left corner.
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Fig. 2: Load path method applied to the D-region at an end-support of a beam
with a prestressing anchor

All of these tensile stresses or forces are traditionally covered in codes, as for ex-

ample in the CEB-FIP MC 90, by rules for so-called "spalling stresses" or "burst-

ing stresses". With the strut-and-tie models such artificial names are not required

and all the tensile stresses and tensile forces clearly follow from applying the load
path method.

Finally it should be pointed out that the load path method here did not require a
Finite-Element analysis, because the required stresses at the border to the B-region
could be found from basic mechanics. This orientation at the linear elastic stresses
gave the major input for the choice of the model. Therefore, only few minor deci-
sions had to be made for the locations of nodes and ties, like e.g. the location of
node (N1) in Fig. 2a or the location of the tie T; in Fig. 2b.

2.2 Uniqueness of models

The above presented modeling techniques still imply that assumptions are made
with respect to the location of nodes and struts or ties, so that several engineers
may come to different solutions. In the above two cases, these differences are
small and of minor importance because the linear elastic stress distributions gave
the major input for the geometry of the model. In other design cases, the differ-
ences may be more significant and may lead to different forces of ties at possibly
different locations and thus to different amounts of required reinforcement

All this poses the question regarding the uniqueness of strut-and-tie models for
given loads and geometry of a D-region, which leads back to the basis for using
strut-and-tie models (STM) in design. When applying STM, the following two
conditions must be fulfilled: equilibrium and strength limits for the elements of
strut-and-tie models. These two conditions comply with the static solution of the
theory of plasticity, i.e. equilibrium and yield conditions are fulfilled, and this
leads to a lower bound of the collapse load, as for example explained by Muttoni,
Schwartz and Thiirlimann (1996).

Thereby compatibility is not fulfilled, i.e. a mechanism is not necessarily found
with a static solution. The different solutions lead to different ultimate loads, and
only the maximum value of the collapse loads corresponds to a mechanism. The
exact or right solution will comply with the lower bound of all the possible kine-
matic solutions.
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The fact that different strut-and-tie models can be found is therefore an imminent
condition of this design method based on the static solution of the theory of plas-
ticity. A unique solution can only be expected if compatibility is fulfilled. Any
consideration of compatibility requires the calculation of strains and deformations
which requires assumptions for the constitutive laws for the elements of STM, and
this leads to a non-linear analysis of the model. In order to avoid this complica-
tion, Schlaich et al. (1987) recommended to orientate the model in accordance
with the stress fields of a linear elastic analysis. This firstly has the advantage that
the changes in the flow of forces within the D-region are small from the elastic
state of stresses to the cracked state of the member until the ultimate load is
reached at the assumed model. Therefore, not much redistribution of the internal
forces takes place which would require a large amount of ductility. Secondly, the
model can also be used for checking the serviceability limit state, i1.e. crack widths
and deformations.

With respect to the ductility, which is assumed to be given in the theory of plastic-
ity, and the check of the yield conditions, it should be noted that normally a design
with strut-and-tie models leads to yielding of the reinforcements but not to failure
of the struts. This is because the widths of the struts are often determined by given
dimensions of loading plates or statical conditions or the widths of the struts are
assumed so that the stress limits for struts are not attained. It is not advisable to
always assume minimum values for the widths of struts so that stress limits are
attained in all struts, because then the connected ties also are concentrated, leading
to reinforcement congestion. Therefore, the practical conclusion for assuring a
ductile behavior is to place reinforcement for all main tensile forces and to design
such that struts and nodes do not govern the failure.

The fact that in design different strut-and-tie models can be found for a given
problem and a single unique solution should not be expected has puzzled many
engineers when STM was presented as a design tool. Perhaps the reason is that
structural engineers are trained to find the only one exact analytical solution. This
is true under given conditions and restrictions, €.g., when analyzing a structure for
given geometry and loading according to linear elastic theory.

Contrary to analysis however, in design an engineer readily chooses a variety of
solutions, and for the same task she/he has many options to satisfy the given con-
ditions and the requirements for safety and economy and of quality. This is dem-
onstrated by Fig. 3 showing the many different types of bridges which a designer
may consider in the conceptual design or in the first design phases. The classifica-
tion of structural systems for bridges in Fig. 3a by Schlaich and Bergermann
(1992) discerns solutions where main structural parts are either in compression or
in tension. Even after such basic decisions have been made and for example
beams have been selected and only the material concrete is favored, there is still
an enormous variety of systems as demonstrated in Fig. 3b. The range is from
statically determinate or indeterminate parallel girders, to haunched beams without
and with a hinge at midspan, to strutted beams shaped according to the moment
diagram (like by Schlaich), to trussed bridges (like by Menn).
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Fig. 3. Variety of statical systems for bridges

In view of this enormous variety in designing structures, it should be accepted that
also in structural concrete design many solutions are possible, and thus different
strut-and-tie models may be favored by different engineers leading to different
reinforcement schemes. All the models will provide the required capacity of the
member when tested, if the ductility is provided. The required ductility may be
expected to be provided if the structural behavior near the ultimate load of the
member or the D-region is governed by yielding of the steel and if the nodes and
especially the anchorages are properly designed. Less ductility can be expected if
struts and compressive stresses govern the design, which should not be the case in
a well selected design.

A good example of different equally valid models is the dapped beam end, dealt
with in Part 3 and in Example 2. Fig. 4 shows the models in question. The model
in Fig. 4a requires a concentration of stirrups at the face of the beam end, whereas
model in Fig. 4b leads to a second tie T, for anchoring the tie T4 and thus pro-
motes the distribution of the stirrups over some length. A third model (Fig. 4¢)
was proposed in the FIP Recommendations (1999), which was developed under
the aspect of minimizing the corbel dimensions for the corbel.

Every model has both advantages and disadvantages as identified by different
researchers. The model in Fig. 4a may lead to short lengths for the horizontal tie
(force 281), but the inclined strut from node D to the node B (force 195) seems not
to comply with the observed failure mechanism, because it crosses the inclined
crack starting from the inner corner (see Fig. 9b of Part 3).
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This is avoided by the model in Fig. 4b, but this model like that in Fig. 4a is based
on orthogonal reinforcement, which is not favorable for limiting the width of the
inclined crack starting from the inner corner. The inclined reinforcement for tie Ts
in Fig. 4c more efficiently controls the width of the inclined crack which opens
widely at failure, but this model is not capable of dealing with horizontal forces at
the support, which may unintentionally occur due to friction at the support. There-
fore, the FIP Recommendations (1999) recommend a combination of the latter
two models.

Finally it should be pointed out that all three models may exhibit the full desired

capacity if properly designed and detailed as demonstrated in Part 3 for the model
in Fig. 4a.
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a) model for the test by Cook and Mitchell (1988), see Fig. 9¢ in Part 3
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Fig. 4: Different models for dapped beam ends

A similar discussion was carried out for the proper design model for corbels, and
this i1s demonstrated in Fig. 5 for a corbel loaded at the bottom. The first model in
Fig. 5a follows the practical request to use only orthogonal reinforcement, whereas
the model in Fig. 5b shows an inclined tie that directly follows the trajectories
according to linear elastic theory. Such an inclined reinforcement is more efficient
and this is visualized by the shorter length of the ties in this model.
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a) model for orthogonal reinforcement b) model for inclined reinforcement

Fig. 5: Strut-and-tie models for corbels loaded at the bottom
[Schlaich and Schifer (2001)]

However, such a discussion on the flow of forces is not sufficient for deciding on
the better model. Such a decision requires the detailing of the nodes and anchor-
ages, which may govern the whole design of the D-region.

2.3 Discussion on the uniqueness of models for different examples
2.3.1 Example 1

Example 1 is a basic example of deep beams for which the design principles and
different design models can be studied and discussed well, as was done in Exam-
ple 1a. Additionally, in section 3.6 of part 3 an extensive report is given on a test
of this deep beam which gave insight into the structural behavior and validity of
the models shown in Fig. 6.

The three models shown in Fig. 6 differ in the amount of required transverse rein-
forcement and subsequently in the distribution of the tie force in the bottom chord.
The first model in Fig. 6a was selected for the design of Example 1a, and is surely
on the safe side for the design of the transverse reinforcement, because the force of
the vertical tie is equal to the applied load. The force in the bottom chord is stag-
gered and the anchorage at the support has to be designed for a far smaller force
(i.e. 50%) than that at midspan.

The model in Fig. 6b appears to be a simpler model. It does not exhibit a vertical
tie and the force in the bottom tie is constant from support to support. As a conse-
quence the anchorage at the support has to be designed for 100% of the force at
midspan. The fact that there is no vertical tie in the model does not mean that no
stirrups are required, but these stirrups would be added following the rules for
minimum reinforcement, as shown in section 3.6 of Example 1b.
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¢) model according to the FIP Recommendations (1999)
Fig 6: Different models for Example 1

The third model in Fig. 6¢ lies between the previous two models and is internally
statically indeterminate. An empirically derived rule is given in the FIP Recom-
mendations (1999) to determine which part of the applied load should be assigned
to the vertical tie; this depends on the distance of the load from the support axis.
This provides a consistent transition for the design of a deep beam with loads near
the support to a slender beam, where the total applied load has to be transferred by
means of a truss with no direct load transfer to the support by an inclined strut.
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The lack of an explicit transverse tie fact in the model in Fig. 6b may appear criti-
cal, since it requests the designer to remember to specify minimum required rein-
forcement. On the other hand it may be argued, that by placing a minimum trans-
verse reinforcement it will carry some load, so that in fact the model of Fig. 6c¢ is
effective. The difference is only that the capacity of the transverse tie representing
the minimum reinforcement is always the same and does not depend on the dis-
tance of the load from the support axis.

In concluding this discussion, the model of Fig. 6¢ appears to be a proper and
practical solution, which demonstrates the necessity for an increasing amount of
transverse reinforcement with increasing a in the range between a=0.5z and
a=2 z (a=distance of load from support axis; z = inner lever arm). Therefore, in
section 8.3 of Part 2 MacGregor (2002) proposes that a similar provision should
be considered by ACI Subcommittee 318 E as a possible addition to Appendix A.

2.3.2 Example 4

Example 4 presents a new and unknown problem for which no solutions are avail-
able in textbooks and no tests have been carried out. It is therefore not surprising
that completely different models were proposed by several engineers to which this
example was given, some of which are shown in Fig. 7.

The model selected in Example 2 (Fig. 4-3) is shown in Fig. 7 al, and it may be
described as a "beam on beam® solution, which means that the upper part is re-
garded as a statically determinate member supported on inclined supports. Be-
cause the support reactions of this member are equal, i.e. half of the load is carried
in each inclined strut, the lower beam has to transfer a part of the load below the
opening to the left support so that the overall equilibrium is fulfilled, which re-
sulted in a support reaction at the left support higher than half the applied load
(see section 2.2 in Example 4). The upper part is regarded as a deep beam and the
model selected is the same as for Example 1b shown in Fig. 6b.

The model in Fig. 7 a2 is a variant of this first model where the right inclined strut
is split into a vertical and an inclined strut. The vertical strut carrying the part of
the load to be transferred to the left support is nearer to this support than in the
previous model. The model for the upper deep beam is that of Fig. 6¢.

The models in Fig. 7b are based on the assumption that the vertical short members
besides the opening provide a flexural stiffness that may be assessed by a frame
analysis. The upper part of the model in Fig. 7 bl then reflects a deep beam
clamped at both sides with a tension chord over the opening. Contrary to that, the
model of Fig. 7 b2 may be described as two corbels branching out from the verti-
cal members besides the opening up to the load point and picking up there half of
the load each. The corbels are just touching each other under the load but are not
connected there, so that tension only occurs in the top chord and no reinforcement
is required in the bottom chord directly over the opening.
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For all models addressed so far, the upper beam was symmetrically supported, but
this assumption is abandoned for the model presented in Fig. 7c. The load is split
into two portions equal to the support reactions and consequently no load is
transferred by the beam under the opening. Therefore, no transverse reinforcement
must be provided in the lower beam. The left upper part over the opening
dominantly exhibits a corbel-like action, whereas the right part is a simple beam
like the model shown in Fig. 7 al.
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Fig. 7. Different possible models for Example 4
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In view of the remarkable differences between all these models the designer may
seek some direction in choosing among the possible models. This is provided by a
linear-elastic analysis of the wall. However, even without such an analysis, sound
engineering judgement will provide a critical perspective:

- the models in Fig. 7b are less likely than those in Fig. 7a because they are less
stiff, which is visualized by the longer ties required.

- the model in Fig. 7 b2 is obviously violating compatibility at the midspan of the
upper beam over the opening, because there is no connection at all.

- in the model in Fig. 7c the lower beam only acts as a tension member, but with
the tension at the bottom; this is not compatible with the flexural stiffness of this
member.

Therefore, a combination of the models in Fig. 7 a2 and Fig. 7 bl may be a sen-
sible solution with some preference for the first model so that it carries more than
the second. However, other options are possible.

3 Transition between D- and B-regions of beams

The transition between D- and B-regions of beams has already been addressed
when explaining the load path method in Figs. 1 and 2. It is clear that a consistent
transition has to be modeled and that is guaranteed by applying the stress distribu-
tion of the B-region at the border section of the D-region. In Figs. 1 and 2 these
stresses were calculated from a linear-elastic analysis, but likewise the stresses
from a cracked section design may be applied, like a flexural design for the mo-
ment and axial compressive force in case of Fig. 1¢ if the stresses would show that
the section was cracked.

In case of shear forces acting at the border section like in Fig. 2, the model for a
cracked section in the B-region is the well-known truss model as shown in Fig. 8
for a beam with a cantilever [Reineck (1996)].
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Fig. 8: Truss model and stress fields for a beam with a cantilever
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In the D-regions the load is transferred by fan-shaped stress fields, and in the
B-regions the truss model is characterized by a parallel stress field inclined at an
angle 0 to the x-axis. A section in the B-region of the beam contains the forces of
the truss as shown on the left end of the beam in Fig. 8, and likewise these forces
must be applied at the border of a D-region if the member is cracked.

Therefore, in order to have a consistent transition between B- and D-regions in
concrete structures, like in beams, the inner lever arm z and the angle 6 must be
known. This poses the problem to derive the angle 6 for the inclined struts in the
web from the shear design carried out according to chapter 11 of ACI 318. As
shown in Example 5, the angle 0 of the inclined struts in the web of the truss
model can be derived because the amount of stirrups is known. The model in
Fig. 8 (see also Fig. 5-5 of Example 5) shows that the shear force in the B-region
has to be taken by the stirrup forces over the length (z cot6):

Vi = (A sy) £y, z cotd

and from this expression the angle 0 can be calculated as follows:
Vh Sy

fyz . Ay

cotf =

In this way the shear design of ACI 318 using a V- and a V-term is interpreted by
a truss model, in order to model the transition of a B-region to a D-region.

4 Detailing

Finally the important topic of detailing has to be addressed, as pointed out ever so
often by Leonhardt (1965, 1973) and Leonhardt and Ménnig (1977). With strut-
and-tie models (STM) this emphasis has continued, because the nodes are defined
as an element to be checked. The STM method automatically forces engineers to
look at nodes and anchorages. Thus many problems may be detected in early de-
sign stages so that the necessary changes can be made to avoid damage through
better detailing. In addition to presenting the design concept of STM Schlaich and
Schifer (2001) give many examples for detailing in the continuation of the article
by Leonhardt (1973) in the Beton Kalender.

Based on the experience with the examples presented in this report some detailing
issues are addressed in this section. They show that detailing again means dimen-
sioning and modeling of the stress fields, only on a smaller scale; the overall equi-
librium of struts and ties at a node must be refined and consequently followed up
to the stress fields.
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The first issue is the use of standard hooks in several of the examples. The hook
shortens the required anchorage length in comparison to a straight bar but not to
an overwhelming extent, and in European codes the benefit is only 30%. In addi-
tion, a hook is critical in case of a support directly at a beam end as in Example 1,
because there is the danger that the unreinforced corner below the bend may spall
off as shown in Fig. 9. This is especially true for bars with large diameters which
are customary in American practice.

corner may
spall off

Fig 9: A standard hook at an end support directly at the beam end

In such cases it is necessary to provide some length behind the support as shown
in Fig. 10. In principle such details have to be looked at 3-dimensionally (see Figs.
10b and 10c¢) in order to secure good anchorage as well as not to congest the detail
with too much reinforcement so that the concrete cannot be cast properly.
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Fig. 10: Detailing at an end support with a standard hook
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A more generally experience gained from the examples is, that the provisions for
the development length in ACI 318 should be discussed further. The rules in Ap-
pendix A do not comply with the rules in the main body of the code, and there are
many discrepancies between ACI and European codes.

For example, the influence of transverse pressure or tensile stresses on the anchor-
age length is not clearly addressed in ACI 318 nor in Appendix A of ACI 318. As
the Example 5 showed, there is no difference between a TCC-node, like a direct
end support, and a TTC-node, like an indirect end-support. Tests have showed that
the anchorage at indirect supports is a critical issue [Leonhardt, Koch and Rostasy
(1971); Leonhardt, Walther and Dilger (1968); Baumann and Riisch (1970)).

Further, the definition of the anchorage length of Appendix A as shown in
Fig. 10a should be reviewed, because in European codes the anchorage length
starts from the inner face of the support.

The relation between standard hooks and 180°-hooks should also be reconsidered.
In all codes there is no difference with respect to shortening the anchorage length
as compared to a straight bar; e.g. in European codes there is the same benefit of
30% for both anchorage elements. However, any180°-hook confining the concrete
within its bend is a better anchorage at the ultimate limit state (ULS) as compared
with a hook. The reason for this discrepancy is that presently the rules for the de-
velopment of anchorage lengths are based on serviceability considerations, that for
e.g. only a slip of 0.10 mm should occur. If the conditions at ULS would be con-
sidered, then the anchorage values would show a clear benefit for using 180°-
hooks.

The use of 180°-hooks certainly means that possibly smaller bar diameters are
selected in order to account for the diameter of bend. However, there is a clear
advantage if short anchorages occur as in the case of the corbel shown in Fig. 11.
Here Schlaich and Schéfer (2001) showed that thorough considerations are re-
quired to design and detail such a critical detail.

Generally, it is indispensable to define realistic values for bond strength and real-
istic factors for the different anchorage elements when determining the develop-
ment length at the ULS. Only then the designer can consider the different condi-
tions for TCC- or TTC-nodes where reinforcing bars are anchored. There should
be more investigations on the dimensioning of the nodes and development of rein-
forcement like that carried out by Bergmeister, Breen and Jirsa (1991).
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Fig. 11: Detailing of a corbel at a column with a short anchorage length
according to Schlaich and Schéfer (2001)

5 Closure

The Appendix A of ACI 318 is a major step forward towards a consistent design
of structural concrete. It should enable improved design and detailing of D-regions
of concrete structures. This report gives the background for this important
achievement and should encourage designer to use strut-and-tie models. The nine
examples presented in this Special Publication of ACI should help practicing
engineers to apply Appendix A in their daily work.
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CONVERSION FACTORS—INCH-POUND TO SI (METRIC)*

To convert from

inch
foot
yard
mile (statute)

square inch
square foot

square yard

ounce
gallon
cubic inch
cubic foot

cubic yard

kilogram-force
kip-force
pound-force

kilogram-force/square meter
kip-force/square inch (ksi)
newton/square meter (N/mz)
pound-force/square foot

pound-force/square inch (psi)

inch-pound-force
foot-pound-force

meter-kilogram-force

to

Length
millimeter (mm})
meter (m)
meter (m)
kilometer (km)

Area

square centimeter (cmz)

square meter (m2)

square meter (m2)
Volume (capacity)
cubic centimeter (cm3)
cubic meter (m3)i
cubic centimeter (cm3)
cubic meter (m3)

cubic meter (m3)i

Force
newton (N)
newton (N)

newton (N)

Pressure or stress
(force per area)

pascal (Pa)
megapascal (MPa)
pascal (Pa)
pascal (Pa)
kilopascal (kPa)

Bending moment or torque
newton-meter (Nm)
newton-meter (Nm)

newton-meter (Nm)

mulitiply by

25.4Et
0.3048E
0.9144E
1.609

6.451
0.0929
0.8361

29.57
0.003785
16.4
0.02832
0.7646

9.807
4448
4448

9.807
6.895
1.000E
47.88
6.895

0.1130
1.356
9.807



To convert from

ounce-mass {avoirdupois)
pound-mass (avoirdupois)
ton (metric)

ton (short, 2000 ibm)

pound-mass/cubic foot
pound-mass/cubic yard

pound-mass/gallon

deg Fahrenheit (F)
deg Celsius (C)

to
Mass

gram (g)
kilogram (kg)
megagram (Mg)
megagram (Mg)

Mass per volume
kilogram/cubic meter (kg/m3)
kilogram/cubic meter (kg/m>)
kilogram/cubic meter (kg/m3)

Temperatures
deg Celsius (C)
deg Fahrenheit (F)

multiply by

28.34
0.4536
1.000E
0.9072

16.02
0.5933
119.8

tc= ([F - 32)/1.8
tg = 1.8t + 32

* This selected list gives practical conversion factors of units found in concrete technology. The reference

source for information on SI units and more exact conversion factors is “Standard for Metric Practice” ASTM E

380. Symbols of metric units are given in parentheses.
1 E indicates that the factor given is exact.

1 One liter (cubic decimeter) equals 0.001 m3 or 1000 cm>,
§ These equations convert one temperature reading to another and include the necessary scale corrections. To
convert a difference in temperature from Fahrenheit to Celsius degrees, divide by 1.8 only, i.e., a change from 70
to 88 F represents a change of 18 For 18/1.8=10C.



