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FOREWORD

One of the aims of the IASS is the preparation of Recommendations for the various aspects of
design, analysis and construction of thin shells and spatial structures. This important phase
of the work of the Association is conducted through the activities of its Working Groups.

Because of their historical importance, both in the development of spatial systems and in the
organization and growth of the [ASS, a major effort extending over a number of years was
devoted to the problem of thin shells. It is this effort which is culminating now in the publica-
tion of these Recommendations.

The work began in 1969 with the creation by the then president of the IASS, Professor Haas,
of the IASS Working Group on Recommendations under the chairmanship of Dr. Riihle.
Several meetings were held, and an outline of the Recommendations was developed, thus
completing the first phase of the task.

In 1974, on recommendation of Dr. Riihle, I appointed Dr. Medwadowski as the new chair-
man, and the Working Group was enlarged by the addition of several experts. A well
atiended meeting was held at Udine, Italy, where several issues were discussed at length,
resuiting in assignment of tasks to all members. Following the Udine meeting, various
chapters of the Recommendations were drafted, commented on, edited and re-edited,
Completed text was presented to the Executive Council of the IASS which, at its meeting in
Montreal in 1976, approved it for publication.

It is my pleasant duty to express my sincere thanks to all members of the Working Group
who worked so hard preparing successive drafts, editing, attending meetings and participating
in many a long discussion. My special thanks go to the chairman of the Working Group,
Dr. Medwadowski, who through unceasing hard work, almost like a magician, managed to
produce the final text of the Recommendations in an astonishingly short time.

I am contfident that these Recommendations will prove helpful to all those throughout the
world who work in the field of design, analysis and construction of concrete thin shell
structures.

Prof. Dr. Ir. A. Paduart
President of the IASS
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PREFACE

The development of Recommendations for the design, analysis and consirtiction of concrete
shells and folded plates constitutes a difficult and time-consuming task, made even more com-
plex by the world-wide character of the sponsoring organization. 1ASS — the Imernational
Association for Shell and Spatial Structures — consists of individual and institutional
members from some seventy five countries all around the globe. It is desirable, therefore,
that a publication such as these Recommendations be applicable throughour the world. Yer
the conditions under which shells are designed and built vary not only from coniinent to con-
tinent, but from country to country. The physical environment and climate, the degree of
development of the technology of construction, the availability of skilled labor and of building
materials, the cost of construction, even the sophistication of analytical tools gvailable to a
designer, all are likely to vary significantly between different locations. For these reasons, the
decision was made to keep these Recommendations general in character; when dealing with
specific, narrower problems reference should be made to the specialized literature of the given

field. Here the published Proceedings of the IASS Symposia where specified topics are studied
in detail may prove helpfiil,

The effort involved in the development of these Reconunendations encompassed many people
and extended over many years. The assistance of many individuals and institutions who pro-
vided informations about existing shell regulations in their countries was invaluable. It gives
me very real pleasure, indeed, to take this opportunity 1o express my appreciation of their con-
tribution to all members of the Working Group who labored so hard over a long period of
time to make these Recommendations a reality. Particular thanks are due Dr. Riille, the
first chairman of the Working Group, and Prof. Scordelis, who comtributed so much to the
development of the ideas and the language of the texi. Above alf, the steadv support and
encouragement of Frof. Paduart, president of the I1ASS, who took a lively and active personal
interest in the activities of the Working Group, is gratefilly acknowledged.

Dr. Stefan J. Medwadowski, Chairman
1ASS Working Group on Recommendations
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LIST OF SYMBOLS

s "Upper” critical load
Pir.reinf Reduced "upper” critical load
plast Plastic critical load
Priast Plastic load, with buckling disregarded
r Reduction factor in Equation (4.3)
w Normal displacement
W, Computed or measured normal displacement (before buckling)
W, Amplitude of shape deviation
w Weight of concrete in Equation (2.1)
P Airy stress function
o, 0, ay Shell coordinates in Equation (3.3) and (3.6)
81,82 83 Shell parameters in Equations (3.3) and (3.6)
€, Flexural strain at extreme fiber
€ Extensional strain at middle surface
€ Free shrinkage strain of hardened concrete
K Ratio of principal stresses
A "Wavelength" of the pattern of deformation of shells
n Coeflicient in Figure 3.3
v Poisson ratio
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¢ Angle between a principal stress and reinforcing
Y Coeflicient in Figures 3.3 and 3.4
A, 2nd order differential operator which first occurs in Equation (3.1)
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CHAPTER 1
INTRODUCTION

1.1. GENERAL REMARKS

Shell-like structures have been built by man since antiquity, when the arcuated forms of
Roman architecture were extended into three dimensions. However, rational use of concrete
thin shells is a relatively new development dating back to the early decades of the twentieth
century. Since those early beginnings, the use of shells as roof structures and as elements of
buiidings has increased rapidly so that, at the three-quarter point of the century, concrete thin
shells are being built with appreciable frequency on all continents.

With the increased use of shells has come an increased understanding of their behavior. Field
observations, laboratory tests, development of theories of analysis and, in the last decade,
development of rapid solutions aided by digital computers, all contributed to progress in suc-
cessful realizations. However, because of the wide range of geometry possible with thin shell
structures, the accumulated understanding is still limited. For some thin shell systems, such as
cylindrical barrel vaults or spherica! domes, sufficient past experience permits designs to be
made with the same degree of accuracy as in conventional reinforced concrete construction. For
other thin shells, less extensive experience and greater difficulty in performing accurate and
thorough analyses, including all important effects, require sound structural knowledge and judg-
ment to execute a safe and satisfactory design.

The purpose of the Recommendations is to provide assistance in the development of such
knowledge and judgment to persons active in the design, analysis and construction of concrete
thin shells which occur in building structures, and to facilitate their tasks as follows:

- by outlining problems common in concrete shell structures, and by discussing
generally accepted solutions to these problems;

- by identifying those problems of design, analysis and construction which, perhaps,
are not yet fully understood and for which generally accepted solutions are still
lacking;

- by providing a selected bibliography of shells,

In view of the limited purpose of these Recommendations, and the fact that the design, analysis
and construction of concrete thin shells requires thorough knowledge in this field, the recom-
mendations contained herein are not sufficient of themselves for the satisfactory execution of
shell structures. For additional information, designers are referred to specialists in the field, to
the technical literature cited, and to the many other available texts and publications.

1.2. DEFINITIONS

1.2.1. Shells

Thin shell: A structural system which, in the large, has the form of a surface or a combination
of surfaces in three-dimensional space. The thickness of a shell is small compared to its other
dimensions. These geometrical properties endow shells with their characteristic three-
dimensional load-carrying ability — loads being carried predominantly by in-plane stresses as
determined by the shell geometry, the manner of its support, and the nature of applied loads.

Membrane: A thin shell which carries loads solely through in-plane stresses and is incapable of
transmitting bending stresses.

Tension shell: A membrane capable of transmitting only tensile in-plane stresses.

Skeletal shell: A thin shell which consists of an assembly of one- or two-dimensional elements
connected at nodal points which, in its entirety, forms a surface in space. Unlike a more typical
thin shell, a skeletal shell does not necessarily enclose space.
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Folded plate: A special type of thin shell structural system formed from a combination of two-
dimensional planar elements connected at the edges. This structure forms a combination of
surfaces in space. Because the elements are planar, significant bending action may occur.

1.2.2. Auxiliary Members

An auxiliary member is any structural element tocated along the boundary of a shell or shell
segment with the capacity to stiffen the shell and to distribute or carry loads in composite action
with the shell. Typically, an auxiliary member serves in a combination of capacities. In
accordance with the established usage, the following types of auxiliary members may be
distinguished.

Supporting members: Beams, arches, trusses, diaphragms, etc., along the edges of thin shells
which serve both to support and stiffen the thin shell.

Edge members: Beams, trusses, etc., along the edges of thin shells which do not form a part of
the main support structure but which serve to stiffen the shell and act integrally with it in
transferring the load to supporting members.

Stiffening members: Ribs which serve to stiffen the thin shell and to control local deforma-

tions. The participation of stiffening members in transferring the load to supporting members
is minor.

1.2.3. Geometrical Terms

Some of the more common geometrical terms which occur in shell design are defined as
follows.

Middle surface: Surface which defines the form of a shell with a theoretical zero thickness.
Usually, but not always, the middle surface is assumed to be equidistant from the two faces of
the shell. If, as is usually the case, the middle surface is definable analytically, it is said to be of
geometric form. If it is not so definable, it is termed a free form surface.

Curvature and radius of curvature: At any point on a surface, it is possible to construct a plane
at that point through the normal to the surface. This rormal plane intersects the surface along a
curve. The radius of curvature of the curve at the point of intersection with the normal is the
radius of curvature of the surface at that point, and the corresponding curvature is the surface
curvature. Since the value of the radius may vary depending on the orientation of the normail
plane, it is possible to establish the maximum and minimum values of the radii, called the prin-
cipal radii of curvature, their orientation, and the associated principal curvatures.

Gaussian curvature: Product of principal curvatures at a point of the surface. The product may
be positive, zero, or negative. The Gaussian curvature index takes on, respectively, the value of
<41, 0, and -1, and the surface is called, respectively, synclastic (or elliptic) a surface of zero
curvature (or parabolic), and anticlastic {or hyperbolic) at that point. The value of the Gaussian
curvature index has a profound influence on the behavior of the shell, i.e., on the manner in
which it transmits loads.

Mean curvature: Arithmetic mean of princtpal curvatures at a point of the surface.

Generairix: A curve in a plane which defines a surface by moving in a prescribed manner
through space.

Directrix: A curve in a plane which, in combination with others, serves to define the motion of
the generatrix.

Developable surface: Any surface of zero Gaussian curvature. Such surfaces are capable of
being unfolded onto a plane without stretching.

Ruled surface: Surface such that, and any point, a straight line may be ruled which lies in the
surface. If one such line can be ruled, the surface is said to be singly ruled; if two lines can be
ruled at any point of the surface, the surface is termed doubly rufed.
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Minimal surface: Surface such that its mean curvature is zero everywhere. Minimal surfaces
possess the property of having the least surface area for a given closed boundary contour.

1.3. CLASSIFICATION OF SHELLS

Shells may be classified in a number of ways. As an example, the system of classification
might be based on the manner in which a concrete thin shell is constructed: cast in place, or
precast. Another basis for classification might be the manner in which a shell transmits loads: a
membrane, a tension shell, or a general sheli capable of transmitting bending. However, the
most meaningful classification is based on the geometry of the surface of the shell. The reason
for this is that the geometry of the shell has decisive influence on essentially all aspects of shell
behavior: the manner in which it transmits loads, the ease and economy of construction, and
finally the aesthetic qualities of the completed structure.

In the following, thin shells are classified on the basis of the manner in which the surfaces
which define these shells are formed: i.e., according to the shape and the manner of motion of
the generatrix.

1.3.1. Shells of Revolution

Shells of revolution are formed by rotating the generatrix about an axis located in its plane.
Some of the more common surfaces of revolution are as follows.

Cone: The generatrix is a straight line which intersects the axis of revolution. The surface is
singly ruled, the Gaussian curvature is zero; hence the surface is developable. It is used princi-
pally for tanks, etc., but also for dome-like roofs and for covering of trapezoidal plans.

Circular cylinder: The generatrix is a straight line parallel to the axis of revolution. The sur-
face is singly ruled; Gaussian curvature is zero, hence the surface is developable. This type of
shell has found wide application in building construction. Segments of circular cylinders, alone
and in combinations, are perhaps the single most common type of thin shell.

Sphere: The generatrix is a circle with the center at the axis of revolution. Gaussian curvature
is positive and constant. In building construction, it is used most often as a spherical cap called
a spherical dome. Tt is one of the oldest of thin shell forms, dating back to Roman times.
Segments of spherical caps are sometimes used to cover areas which are polygonal in pian.

Dome: The generatrix is any plane curve segment extending from the axis of revolution. The
surface is usually not ruled and the Gaussian curvature sign depends on the shape of the
generatrix. Common shapes of the generatrix are: parabola, which forms a paraboloid of revolu-
tion; ellipse, which forms an eflipsoid of revolution. In these cases the Gaussian curvature is posi-
tive.

Hyperboloid of revolution of one sheet: The generatrix is a hyperbola, with the imaginary axis
parallel to the axis of revolution. The surface is doubly ruled. The Gaussian curvature is nega-
tive and the surface is not developable. This is used most commonly in the construction of
cooling towers, but occasionally to provide the form for whole buildings.

Hyperboloid of revolution of two sheets: The generatrix is a hyperbola rotated about its real
axis. The Gaussian curvature is positive, and the surface is not developable. One sheet of this
surface might be used as a domical roof.

Torus and toroids: The generatrix is a conic with the axis of symmetry not coincidental with
the axis of revolution. In the particular case when the generatrix is a circle, the surface is
called a torus. Torus is a closed surface, in contrast with the open surface of the toroid, which
results from the rotation of the generatrix in the form of, say, a parabola. The surface is of
double curvature. Gaussian curvature varies depending on the shape of the generatrix and the
location of the point on the shell surface. As an example, in the case of a torus, Gaussian
curvature varies from positive through zero to negative as one approaches the axis of revolu-
tion. Segments of torus have been used, in combinations, to form roof structures.
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1.3.2. Catalan Surfaces

Catalan surfaces are formed by the motion of a straight generatrix in space in such a way that
the generatrix remains always parallel to a given plane and in contact with two directrices. The
directrices are plane curves located in planes parallel to each other and perpendicular to the
datum plane. Catalan surfaces are suited, therefore, to covering areas rectangular in plan.
Some of the more common shapes are as follows.

Hyperbolic paraboloid: The two directrices are straight lines, not parallel to each other. The
surface is doubly ruled, Gaussian curvature is negative and the surface is non-developable. It

has found wide application in building construction. This surface can be thought of also as a
translational surface.

Conoid: One of the two directrices is a straight line. Depending on the shape of the second
directrix, the conoid is termed circular, parabolic, elfiptic, etc. In the special case when the
generatrix is tangent to a prescribed director sphere, the conoid is said to be spherical. The sur-
face is of double curvature, ruled, typically of negative Gaussian curvature, and is non-
developable. The conoids have found wide use in building construction, particularly in combi-
nations as north-light roofs.

Cylindroid: Both directrices are curves. The surface is singly ruled. The sign of Gaussian
curvature depends on the shape and arrangement of the directrices. The surface is not
developable,

1.3.3. Translational Surfaces

Translational surfaces are formed by motion of the generatrix along a directrix, the motion
being parallel to a datum plane. The surface is suited for covering areas rectangular in plan,
Many shapes are possible, some of the more common one being the following.

Cylindrical surfaces: The generatrix is a plane curve, the directrix a straight line. The surface
is singly ruled, Gaussian curvature is zero, and the surface is developable. The special case in
which the generatrix is in the form of a segment of a circle or a combination of such segments,
forms a circular cylindrical barrel vault — perhaps the most common of all thin shell types used
in roof construction.

Elliptic paraboloid: Both the generatrix and the directrix are parabolas with the curvatures of
the same sign (they are "open" in the same direction). The surface is of double curvature.
Gaussian curvature is positive and the surface is non-developable. This type of thin shell is
commonly used in roof construction.

Hyperbolic paraboloid: Both the generatrix and the directrix are parabolas but their curvatures
are of opposite sign (they are "open" in opposite directions). The surface is of double curva-
ture, Gaussian curvature is negative and the surface is non-developable. This surface can be
thought of also as a Catalan surface.

1.3.4. Helicoidal Surfaces

Helicoidal surfaces are formed when the motion of the generatrix is defined by means of two
directrices: a helix and a straight line which is the axis of the helix and which is also the axis of
the helicoid. The generatrix may be a straight line, when the surface is ruled, or a plane curve.
If the generatrix intersects the axis, the helicoid is said to be closed. If the axis and the genera-
trix are skew in space, the helicoid is said to be open. A helicoidal surface is further modified
depending on the type of helix directrix. The most common type is the cylindrical helicoid:
other types are conical helicoid, parabolic helicoid, etc.

In the special case of a ruled, open, cylindrical helicoid with generatrices tangent to the director
cylinder, the resulting surface has zero Gaussian curvature and is developable.

Common helicoid: The generatrix is a straight line, intersecting the axis at a right angle; the
helix directrix is cylindrical. The resulting surface is a ruled, closed cylindrical helicoid of dou-
ble curvature, the Gaussian curvature being negative. The common helicoid has the property
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of being a minimal surface, i.e., its mean curvature is zero everywhere.

1.3.5. Generalized Translational Sarfaces

Translational surfaces were defined in Paragraph 1.3.3 as those surfaces defined by the parallel
motion of the generatrix along a directrix perpendicular to the plane of the generatrix. This
motion can be generalized in two ways. The motion might be no longer parallel, the angle that
the generatrix makes with the datum plane changing in accordance with specified law. In addi-
tion, the shape of the generatrix might be permitted to vary, again in accordance with some
specified law depending on the position of the generatrix. In each case, the laws of variation of
the shape of the generatrix, and the variation of the motion, are constructed to suit a given
problem. The resulting surface is said to be a generalized translational surface.

Parabolic surfaces: The generatrix is a parabola with a constant base width and a variable
height. The law of height variation is such that the directrices are also parabolas. Parailel
motion law is retained. This results in a surface of double curvature covering a rectangular
plan, non-ruled and non-developable.

Elliptic surfaces: The generatrix is an ellipse with a constant base width and a variable height.
The law of height variation is such that the directrices are also ellipses. Parallel motion is
retained. The surface is of double curvature, covers a rectangular plan, is non-ruled and
non-developable,

Sinusoidal surfaces: The generatrix and the directrix are segments of the sine curve so that the
surface covers a rectangular plane, paraliel motion being retained. The surface is of double
curvature, non-ruled, and non-developable.

In all the three cases mentioned above, the sign of the Gaussian curvature may vary depending
on the location of the point on the surface.

1.3.6. Affine Surfaces

Any surface of geometric form can be transformed into another surface through an affine
transformation in space such that there exists a one-to-one correspondence between points of
the two surfaces.

Under affine transformation a point, a line and a plane are transformed, respectively, into a
point, a line and a plane, with the parallel properties of lines and planes retained. In general,
the length of the metric ds is not preserved, nor are the angles between lines. For example, a
circular cone can be transformed into an elliptical cone, and a circular conoid may be
transformed into an elliptic conoid. Thus the technique of affine transformation can be used to
adjust the geometry of a shell to given conditions.

1.3.7. Compound Surfaces

Segments of surfaces may be combined to create new shell forms. The new compound surface
usually does not retain the continuity properties of the segments, making the number of pos-
sible forms of practical significance virtually unlimited. This variety is the source of the rich-
ness of architectural solutions attainable with shell structures. A few examples are as follows.

- Intersection of two circular cylinders of equal radius at a right angle. This type of a
compound surface has been used since antiquity and, depending on the segments
retained, is known as a cross vault (or groin vault), or a domical vault. New forms
can be introduced by varying the angle of intersection, the profile of the cylinders,
and the number of the intersection cylinders — which is by no means restricted to
two.

- An assembly of cylindrical barrel vaults to cover a rectangular plan area. This struc-
ture has been used since the early days of the modern shell era. New forms can be
achieved by varying the form of the segments, by changing the manner in which
they are connected (concave, convex, north light), by making the segments straight
lines (folded plates), and by changing the shape of the plan.
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- An assembly of hyperbolic paraboloids to form an umbrella-type roof. This type of
compound shell surface has been widely used, particularly in the tast two decades.
Variation of form results from changing the location of supports, the height, the
number of segments, or the shape of the plan area.

1.3.8. Folded Plates

As defined in Paragraph 1.2.1, folded plates are assemblies of two-dimensional planar elements
connected at their boundaries to form a structural system in space. Depending on the nature of
the final assembly, two types of folded plates can be distinguished:

- folded plates which, in the limit as the size of the plane elements becomes smaller,
tend to a segment of a surface of geometric form;

-  folded plates which, in the limit, tend to a combination of surfaces of geometric
form.

According to common usage, folded plates are classified on the basis of the shape of the plane
elements of which they are formed, as follows.

Prismatic folded plates: Plane elements are rectangles with two opposite sides significantly
longer than the other two sides. The rectangles are connected along the long sides to form a
cylindrical surface which frames into transverse and supporting members. Prismatic folded
plates can be thought of as translational surfaces, with the generatrix in the form of a chain of
straight line segments, and a straight line directrix.

Non-prismatic folded plates: The plane elements are elongated trapezoids, or triangles, con.
nected at the long edges and framing into transverse and supporting members,

Faceted folded plates: The plane elements are polygons with the length of all sides of the same
order of magnitude, connected along the boundaries to form a surface-like assembly in space.

1.3.9. Minimal surfaces

From the definition of minimal surfaces, it follows that the principal curvatures at any point are
of opposite sigir-and equal in absolute value, Therefore, they are particularly suited to the con-
struction of tension shells, a subject outside the scope of these Recommendations.

1.4. SCOPE OF RECOMMENDATIONS

Except where stated otherwise, these Recommendations are applicable to the design, analysis
and construction of concrete thin shells used in building construction; including the thin shell
portions, the elements of skeletal shells (if any), and the auxiliary members of such structures.

In general, these Recommendations are not intended to apply to two special types of shell
structures: tension sheils and shells made of ferrocement. The characteristic material properties
of these two systems require special consideration and reference to specialized literature.

Similarly, if shelt structures other than those used in building construction are to be designed
(such as tanks, cooling towers, bridges, etc.), full consideration should be given to the differing
conditions of load, permissible stresses and deformation, proportioning of concrete and
reinforcement, and details of construction characteristic of such structures.

These Recommendations are intended to supplement, not to supercede, any applicable codes or
regulations. Accordingly, the provisions contained herein should apply to those conditions
which are not covered in the codes, or where they are the more stringent of the two. Only in
exceptional cases, and where departures from the applicable codes are permitted, should sheli
designers consider adhering to the provisions of these Recommendations even when those of
the codes are more stringent.
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Fig. 1.2—Cylinder

Fig. 1.3 —A dome-like surface of revolution

Fig. 1.4 —Hyperboloid of revolution (one sheeted)
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Fig. 1.6. (a)—Hyperbolic paraboloid
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Fig. 1.5~ Torus

Fig. 1.6  (b)—Hyperbolic paraboloid
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Fig. 1.7—Conoid Fig. 1.8 ~Elliptic paraboloid



Fig. 1.10—Prismatic folded plate

Fig. 1.9~Helicoid

Faceted folded plate

Fig. .12

Fig. 1.11—Non-prismatic folded plate
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CHAPTER 2
STRENGTH AND SERVICEABILITY

2.1. GENERAL REMARKS

In common with other structural systems, concrete thin shells need to be analyzed for strength
and serviceability,

Strength design: Consists of analysis of the shell, and proportioning of concrete and reinforce-
ment so that allowable stresses are not exceeded. All shells should be designed for strength at
working load, with elastic behavior the commonly accepted basis for analysis. Normally, it is
also the basis for proportioning of concrete and reinforcement, although some exceptions to
this are discussed in Chapter 4. Strength design at ultimate load should be used only if it is
performed in addition to that at working load, and only if it has been shown to predict satis-
factorily the behavior of the shell. Here, strength design at ultimate load means calculation of
stresses based on a linear, elastic analysis. for load combinations listed in paragraph 2.5 of these
Recommendations.

Serviceability design: Consists of ensuring that allowable displacements are not exceeded, and
that such cracking as may occur is controlled as to width, length, and frequency of distribution.
Serviceability design should be performed at working load in all cases, whether the strength
design is performed at working or at ultimate load.

Additional conditions to be investigated during shelt analysis are discussed in Chapter 3 of the
Recommendations.

2.2. LOADINGS

A number of loadings and load combinations need to be considered in the design of a shell
structure. In general, the nature of the loads and their intensity should be as prescribed by the
applicable regulations. In the following, some special considerations peculiar to shell structures
are discussed.

2.2.1. Dead Load

In addition to dead loads typical of all structures, consideration should be given to the effect of
the weight of edge members, such as the edge beams in hyperbolic paraboloids or cylindrical
barrel vaults, as well as to the effect of any additional shell thickness which may be provided in
some areas of the shell, such as the valleys of cylindrical barrel vaults or at shell boundaries. In
many instances, the effect of these weights on shell stresses may be greater than the stresses
due to the weight of the shell itself.

The sequence of decentering of form work should be considered in determining the manner in
which the dead load comes onto the shell structure.

2.2.2, Live Load

Typically, shells are not sensitive to partial loading. The reason for this is that, unlike the more
conventional structures such as arches, a shell of a given geometry is capable of transmitting
loads primarily through in-plane stresses for any arrangement of distributed load. Accordingly,
an investigation of the effects of partial loads is not normally required as far as the shell itself is
concerned. However, it may still be necessary to investigate partial load effects on supporting
members, columns and foundations.

2.2.3. Snow Load

Where snow might tend to collect, as in the valleys of barrel vaults, due consideration should
be given to the load due to the added weight of the snow.




2.2.4. Wind Load

In general, the effects of wind load on shells are not severe and can be accounted for by the
usual procedures. The possibility of suction over the entire shell surface should be recognized,
as in the case of domes or c¢ylindrical barrel vaults.

2.2.5. Earthquake Load

During an earthquake, foundations of the structure of which the shell is a part are subjected to
horizontal and vertical accelerations. In consequence, the shell itself experiences motion and
deformation, and heuce internal stresses. The magnitude of these stresses and deformations
should be investiga‘ed. )

Typically, a shel! structure is stiffer than a conventional framed structures and hence is subject
to larger earthquake stresses.

Foundations of shell supports should be interconnected by a system of grade beams to mini-
mize the :elative horizontal movement which might occur between the supports during an
earthquake. Similarly, to reduce the effect of the vertical component of ground motion, the
foundations should be designed to minimize as much as possible the differential vertical
motions of supports.

2.2.6. Temperature, Shrinkage and Creep

In general, loads are induced as a result of restraints placed on the motion of the structure, or
as a result of differential movements due to these effects.

Careful consideration should be given to the forces induced in supporting or edge members
having centroids which are eccentric to the shell so as to avoid progressive deflection and
possible significant bending in these members.

2.2.7. Erection Loads and Movement of Supports

Each stage of construction should be studied to ascertain the erection loads and the structural
system in existence capable of transmitting loads at that stage. Differential movement of sup-
ports may induce severe stresses in shells and thus should be minimized, or their possible
effects should be included in the analysis.

2.2.8. Prestressing Loads

Local stress concentrations at anchorages should be investigated as in other structural systems,
due regard being given to the thinness of the shell at these points and to the need to prevent
the tendons from breaking out of the shell in the transverse direction as well as from splitting
the shell in its own plane.

Tendon force components due to tendon curvature and normal to the shell surface, where they
occur, should be allowed for in the analysis. ‘

2.3. MATERIAL PROPERTIES

Some of the material properties of concrete of particular interest in shell design are discussed
below. For detailed information, reference should be made to specialized publications such as
the authoritative publications of the Comite Eur-International du Beton and the American

Concrete Institute,
2.3.1. Concrete

Strength: The specified cylinder compressive strength at 28 days, £., should be not less than 20
N/ mm?.

Modulus of elasticity: The modulus of elasticity of concrete, E., measured in N/mm?, may be
calculated from the formula:
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E. =% 00441 (1440 < 7 < 2480): (2.1)

where w is the mass of concrete in kg/m® and f, is the specified cylinder strength at 28 days in
N/mm?.

Poisson’s ratio: The value of the Poisson ratio » of concrete is usually taken as zero in the
analysis of thin shells. In those cases where the effect of the Poisson’s ratio is deemed
significant, its value should be ascertained from experiment or, lacking experimental data, it
may be taken as 0.20.

Variation of f, and E, with time: Compressive strength and modulus of elasticity of concrete
increases with time. The values shown in TABLE 2.1 represent range of experimental data
obtained at 28 days, 1 year and 3 years.

TABLE 2.1 — RANGE OF ONE- AND THREE-YEAR RELATIVE
INCREASE OF VALUES f, AND E.

Relative Compressive Strength f, Relative Modulus of Elasticity E,

28 days i year 3 years 28 days 1 year 3 years
1.00 12t0 1.4 1.26to01.48 1.00 140t01.53 1.40to 1.58

Shrinkage: In the case of shrinkage properties, it is possible to generalize only within rather
broad limits, and test data which incorporate the effects of local aggregates and conditions
should be used where available. In the absence of such test data, the following shrinkage infor-
mation may prove helpful. For design purposes, often the free shrinkage strain of hardened
sand and gravel concrete (exclusive of plastic shrinkage) may be calculated from the formula:

€. = 0.0000125 - (90—H): (2.2)

where e, is the free shrinkage strain, and H is the relative humidity in percent.

Creep: The caveat on generalizations made in the preceding paragraph with regard to shrinkage
applies also to creep properties of concrete. Accordingly, test data incorporating local condi-
tions should be sought. In absence of such data, the approximate ultimate values of the creep
coefficient for both normal weight and lightweight concrete under average design conditions
given in TABLE 2.2 may be used. In this table, the smaller values tend to be applicable in ali
cases, except when the age of concrete at the time the sustained loads are applied is on the
order of a few days to a week, or so. For load durations less than "permanent,” the percentages
of ultimate creep are approximately 12, 35 and 75 percent for load durations of 1 day, 1 month,
and 1 year, respectively.

TABLE 2.2 — RANGE OF VALUES OF CREEP COEFFICIENTS C,,
RATIO OF ULTIMATE CREEP STRAIN TO INITIAL ELASTIC STRAIN

Concrete Strength Average Relative Humidity | Average Values
for Normal
100% 70% 50% Conditions
Ordinary (20N/mm?+) 1-2 1.5-3 2-4 2
High (33N/mm?+) 0.7-1.5 1-2.5 1.5-3.5 1.5
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2.3.2. Reinforcing Steel

The maximum specified yield strength f, of reinforcing steet should not exceed 420N/ mm?,
unless allowable stress is suitably restricted to preclude large strains. The modulus of elasticity
E, of nonprestressed reinforcement may be taken at 210, 000N/ mm?.

2.3.3. Prestressing Steel and Tendons

The tensile strength and the modulus of elasticity of prestressing steel and of the tendon
assemblies should be determined by tests, or should be as prescribed by the applicable codes.

2.4, WORKING LOAD DESIGN (Strength and Serviceability)

2.4.1. Allowable Stresses

Allowable stresses in concrete and reinforcing steel used in strength design at working load
should meet the provisions of the applicable regulations.

-2.4.2. Allowable Displacements

Shell, edge members and stiffening members: In view of the great variety of the possible
geometry of the shell surface and the arrangement of edge and stiffening members, a univer-
sally applicable prescription of allowable displacements does not appear practical. A number of
factors should be considered by the designer when investigating allowable shell displacements.
These factors include the desire to avoid unsightly sagging, the need to prevent cracking, the
requirements of connections between the shell and non-structural elements such as window
walls and finally, in the case of roofs, the need to ensure proper drainage. Additional com-
ments on shell displacement limitations are contained in Chapter 3 of these Recommendations.

Supporting members: The displacement of supporting members should not exceed the limits of
displacement of conventional structural elements set by the applicable regulations.

In general, the displacements of shells with substantial support along their periphery, such as
domes, are seldom excessive. Shells more likely to develop significant displacements are the
shells with free boundaries, or with boundaries at which only edge members or stiffening ribs
occur, such as some types of hyperbolic paraboloids and cylindrical barrel vaults. This is partic-
ularly true in the case of large spans.

For long-term loads, creep and shrinkage may increase elastic displacements calculated at work-
ing load by a factor of 2 to 3; this effect should be recognized in the analysis.

Provisions should be made in attaching non-structural elements to shell structures to accom-
modate the anticipated displacements of the shell under live and long-term permanent loads.

2.4.3. Crack Control

Crack control can be aided by following the provisions discussed in Chapter 4 of these Recom-
mendations, pertaining to proportioning of shell reinforcement. In general, the use of larger
numbers of smaller sized bars with closer spacing to achieve the required steel area will be
beneficial to crack control.

2.5. ULTIMATE LOAD DESIGN

Calculated ultimate load capacity of the shell and its auxiliary members should not be less than
the load U calculated from the following formulae, where D is the dead load, L is the live load,
W is the wind load, and E is the earthquake load.

Dead Load and Live Load:
U=14D + 1.7L; (2.3)
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or

U=09D +1.7L;
Dead Load, Live Load and Wind Load:
U=075(0.4D + 1.7L + 1.7W):

¥

or

U=09D + 13w,

Dead Load, Live Load and Earthquake Load:
U=14D+L + E);

or

U=09D + 14E,

Effects of Creep, Shrinkage, Temperature and Motion of Supports:

(2.4)

(2.5}

(2.6)

(2.7

(2.8)

These effects should be added to the effects of the Dead Load, and the load U should be calcu-

lated from the formula
U=07504D +1.7L),

(2.9

The value of the capacity reduction factor should be as prescribed by the applicable regulations,
except that it should be taken as 0.70 for the calculation of the shell itself for in-plane compres-

sive forces.

It should be noted that equations (2.3) through (2.9) are not unique; they are based on the
publications of the American Concrete Institute. Similar equations contained in the applicable

regulations showld be used whenever available.



CHAPTER 3
ANALYSIS
3.1. INTRODUCTION

3.1.1. General Remarks

Analysis may be defined as that part of the design process during which the strength and
serviceability of the shell together with its auxiliary members are investigated. Typically, the
process is quite intricate, and it is made even more difficult by the non-homogeneity and aniso-
tropy of the material. Further, it may be recalled that the response of a reinforced concrete
structure is not uniform in that the pre-cracking (elastic), post-cracking (inelastic) and uitimate
stages exhibit different behavior characteristics.

The purpose of analysis is to evaluate deformations and internal stresses in the shell. From a
reasonable prediction of the intensity and distribution of internal forces the required thickness
of concrete and the amount of reinforcing can be obtained, to ensure that the criteria of
strength, serviceability, and stability are met, as follows.

Strength: The strength of the shell together with its auxiliary members should be such the
stresses at working loads do not exceed the allowable stresses set in paragraph 2.4.1, and that
the ultimate load capacity of the structure is greater than the load combinations listed in
paragraph 2.5,

Serviceability: The displacements of the shell together with its auxiliary members, at working
load, should meer the criteria discussed in paragraph 2.4.2.

Stability: The shell and its auxiliary members should remain stable, i.e., it should not expe-
rience large increase in deformations under small increase in applied loads. In addition, the
shell should not be a mechanism, i.e., its geometry and manner of support should be such that
significant changes of shape with but small changes in the magnitude of in-plane strains are pre-
cluded (see also a discussion of inextensional bending below).

3.1.2. Types of Analysis
Two general types of analysis may be distinguished.

Mathematical analysis: The shell is represented by a mathematical model derived from a
rational set of assumptions consistent with the laws of structural mechanics, with the properties
of materials, and with the observed behavior of structures. Any simplifying assumptions aimed
at a reduction of the complexities of analysis should be consistent with the nature of the prob-
lem under consideration. The solution itself may be analytical or numerical in nature. An
example of the latter is the computer-oriented finite element method. Mathematical analysis
should be used in the design of all shell structures.

Experimental analysis: This type of analysis consists of measurements performed on a full size
or scale model of the shell, constructed with due regard for the geometry of the shell and its
supports, the nature of the materials and loads, and the laws of similitude. The model may
represent either the prototype or the mathematical model. Experimental analysis should be
used only as an aid in the derivation of a rational mathematical model, or as a check on the
results obtained from mathematical analysis. With the advent of the powerful computer
methods, model analysis lost some of its significance. Its primary field of application now
appears to be investigation of shell behavior in the inelastic and ultimate phases where the
corresponding mathematical analysis may not be practicable; it may be useful also in the con-
ceptual design stage.
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3.1.3. Checks

After the completion of analysis a statical check of equilibrium should be made at several sec-
tions of the shell selected for their overall importance to ensure that the internal forces
obtained from analysis are in equilibrium with external forces. In the case of shells of unusual
geometry and dimensions it may be desirable that the behavior of the shell as predicted by
analysis be checked through the elastic, inelastic and ultimate ranges by means of an experi-
mental study conducted on a properly scaled microconcrete model.

3.2. ANALYTICAL FORMULATIONS AND SOLUTIONS

3.2.1. General Remarks

A shell structure, however thin, is three dimensional. Therefore, the problem of shell analysis
could be formulated as a problem of the three dimensional theory of elasticity, subject to
prescribed geometry, loads, and material properties of the structure. However, even if the
resulting system of equations were linear, shell analysis based on this approach would be prohi-
bitively difficult and is not normally attempted. Thus it becomes necessary to make the prob-
lem more tractable through the introduction of some assumptions aimed at a simplification of
one or more of its several aspects. The assumptions might be intended to simplify the formu-
lations of the problem, to simplify its solutions (including numerical work), or to reduce the
conceptual difficulties which may occur in shell analysis, In general, associated with each
simplification is a loss of accuracy in the numerical solution.

Fundamental assumption of shell theory: The thickness of a shell is assumed small compared
to its other dimensions. This assumption permits the reduction of the problem from three spa-
tial dimensions to two, and allows the analyst to view the shell as a two dimensional elastic sur-
face. There results a system of equations which, together with the equations of the boundary
conditions, governs the behavior of shells. The system contains the equations of equilibrium, the
strain-displacements relations, and the constitutive relations between stress resultants or couples,
and the strains or changes of curvature of the middle surface. In addition, the latter must
satisfy also a set of compatibility equations which reflect the condition that the shell, viewed as an
elastic surface, experience no geometric discontinuities as a result of deformation. In an inter-
nally consistent shell theory, the equation which describes equilibrium of moments about the
normal axis is identically satisfied. Further, a consistent shell theory exhibits a static-geometric
analogy, in that the equations of equitibrium of forces from which the transverse shears have
been eliminated with the aid of the remaining two equations of equilibrium of moments are
analogous to the three equations of compatibility.

In addition to the fundamental assumption of the thinness of the shell, further simplifying
assumptions can be made. Each additional assumption is associated with a new mathematical
model and with a new governing system of equations. Ideally, it would be desirable to derive a
single, universally accepted theory of shells valid for all types of shell geometry. This does not
appear to be practical, however. The best approach may well be to consider each shell
geometry and each type of load separately, using the simplest formulation appropriate to the
given case.

3.2.2. Brief Review of Shell Theories
Several formulations of shell theory are briefly reviewed in the following.

First approximation theory: This is the simplest possible consistent shell theory. Initially pro-
posed by Aron' (1874), a more complete version is due to Love,23 (1888): for this reason it is
often called Love's first approximation. Some inconsistencies in Love’s formulation were
corrected by Sanders* (1959), and independently by Koiter’ (1959). Shell thickness is assumed

INumbers in superseript refer to similarly numbered references in paragraph 6.2 of Chapter 6, Selected Bibliography of
Shells.
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small compared not only to its other dimensions but also to the smallest radius of curvature of
the undeformed middle surface. The effect of the transverse normal stress is assumed small
compared to the effect of other stress components, and the shell is assumed to deform in such
a way that straight lines normal to the middle surface before deformation remain unstretched.
straight and normal to the middle surface after deformation (Kirchhoff’s assumption). Four
boundary conditions must be specified at the boundaries, involving combinations of stress
resultants and couples. The first approximation theory does not predict correctly the behavior
of shells near the singularities of load or boundary, much in the same manner as the
Kirchhoffean theory of plates.

Higher approximation theories: Refined shell theories, presumably leading to more accurate
results, can be obtained by re-examining one or more of the assumptions of the first approxi-
mation theory. In the Fligge®-Lur’s’-Byrne® (FLB) theory the thickness to radius of curvature
ratio is not assumed small compared to unity, (although the square of this ratio is dropped from
the equations). Although this removes some inconsistencies from the Love formulation, boun-
dary conditions are still the same as those of the first approximation, and the theory still fails at
the singularities of load and boundary. The FLB formulation is significantly more complex and
analytical solutions are significantly more difficuit to obtain. In the Reissner’ theory, in addition
to the relaxation similar to that of the FLB formulation, the shell is assumed to deform so that
lines straight and normal to the middle surface before deformation remain straight but not
necessarily unstretched or normal to the middle surface after deformation. The resulting equa-
tions require prescription of five boundary conditions in terms of the five stress resultants and
couples. This permits obtaining solutions near singularities of load and boundary.

Commenly, the analysis of reinforced concrete shells is performed on the basis of the linear
first approximation theory or some simplified version of it.

3.2.3. Koiter’s Classification of Approximate States of Stress in Shells.

The equations of shells, even in the relatively simple formulation of the first approximation
theory, are quite involved and solutions of specific problems are difficult to obtain. Possible
exceptions to this are shells of particularly simple geometry, such as spheres and some other
shells of revolution. The difficulty in obtaining analytical solutions becomes even greater in the
case of refined theories. To make the solutions easier to attain, additional approximations are
evidently required.

Several such approximate shell theories have been devised. Among them, of particular interest
are approximate theories of general type, i.e., theories applicable to shells of any geometry.
Their importance is due also to the fact that they shed a light on the manner in which shells
carry loads and deform,

A systematic classification of approximate states of stress in shells is due to Koiter.!'® The
classification is based on two parameters. One of these is the ratio of flexural strain e, at the
extreme fiber to the extensional strain €, of the middle surface, each calculated in the shell
region of interest. The other parameter is the ratio A%/(AR) where A is the "wavelength" of the
pattern of deformation of the shell, h is the shell thickness, and R is the minimum principal
radius of curvature of the shell; all these quantities are calculated in the same region of the
shell. The order of magnitude of the two parameters may be significantly less than, of the
order of, or significantly greater than unity. Accordingly, nine possible cases of the state of

stress in the shell region under consideration may be distinguished. These are listed in
Table 3.1.
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TABLE 3.1 — KOITER'S CLASSIFICATION OF
APPROXIMATE STATES OF STRESS IN SHELLS
N/(hR) <<1 [ M/(hR)=1 [ AY(RR)>>1
€,/€,<<1 | plane stress mixed membrane
€,/€,~=1 mixed shallow shell mixed
€;/€,>>1 | bending of mixed inextensional
plates bending

Of the nine states of stress listed in Table 3.1, three are of particular theoretical and practical
interest. They are the shallow shell, membrane and inextensional bending states of stress, dis-
cussed in more detail in the following paragraphs.

3.2.4. Shallow Shell Theory

The importance of the theory in practical applications can be anticipated from its central posi-
tion in Koiter’s classification. Its development is usually associated with the names of
Donnell,!! v. Karman,!? Jenkins, ' and Vlasow.

Assumptions: Assumptions additional to those of the first approximation theory are that the
contribution of transverse shears to the in-plane force squilibrium, and the contribution of in-
plane components of displacement to the changes of curvature of the middle surface are
negligible.

Equations: Fundamental features of the first approximation theory are retained: the system is
of eighth order, with both bending and in-plane effects being present; prescription of four con-
ditions at the boundary is required. A significant simplification over the first approximation
formulations is possible, in that all shell quantities can be expressed in terms of just two vari-
ables, the Airy stress function & and the normal displacement w. In absence of in-plane
applied loads the equations, written in intrinsic coordinates of the shell surface, are:

AAD + CAw =0, (3.1
KAAw + A, = p;

where K is the flexural stiffness of the shell, p is the applied normal load, C is a parameter pro-
portional to the extensional stiffness of the shell, A the Laplacian, and A, is a second order par-
tial differential operator which depends on the geometry of the middle surface, contains shell
curvatures, and may be elliptic, parabolic or hyperbolic. In the special case of a flat plate this
operator becomes identically zero and equations (3.1) reduce to the well known equations of
plane stress and bending of plates. The structures of equations (3.1) makes their solution simpler
than that of the first approximation theory. Boundary conditions are the same as in the case of
the first approximation theory.

Range of validity: The shallow shell theory fails near singularities of load or boundary. A
further loss of accuracy results from the two additional assumptions on which the theory is
based. In particular, small rigid body motions result in physically inadmissible strains.
Nevertheless, the range of validity of the shallow shell theory appears to be quite wide,
particularly for shells of practical significance. In case of doubt, the validity of predictions of
the theory should be tested by substituting the results into the more accurate equations of the
first approximation theory, thus obtaining an estimate of error.
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3.2.5. Membrane Shell Theory

Assumptions: The assumption additional to those of the first approximation theory is that
resultant couples are small compared to in-plane forces. This is equivalent to taking flexural
stiffness of the shell as vanishingly small compared to its extensional stiffness, or to taking the
changes of curvature of the middle surface as small compared to its in-plane strains.

Equations: Accordingly, membrane theory equations can be obtained directly by setting K = 0
is the second of equations (3.1); the result is

AAD + CAw=10;, AD=p; (3.2)

The system is of fourth order — a reduction from the eighth of the first approximation theory.
It is seen that integration can be performed in stages, first obtaining the Airy stress function ®
from the second equation, and then the normal displacement w from the first equation (3.2).
The membrane is internally statically determinate, in complete analogy to the technical theory
of beams.

The number of conditions which may be prescribed at the boundary depends on the nature of
the operator A, {but is never more than two). If A, is elliptic, two conditions must be
prescribed. If it is parabolic, one condition must be prescribed. Finally, in the case of a hyper-
bolic operator (shells of negative Gaussian curvature), two conditions must be prescribed,
However, in general, a membrane shell of zero or negative Gaussian curvature is incapable of
satisfying prescribed conditions all along its boundary. Literature should be consulted for a
complete discussion of this problem.!®

Range of validity: The assumption of vanishing stress couples carries with it a limitation on the
type of load which may be applied to a membrane shell. Concentrated loads normal to the shell
must be excluded, since their presence would imply a zone of bending at least near the vicinity
of the point of application of the load.

Membrane theory predicts the behavior of shells with reasonable accuracy if the manner of sup-
port of the shell is compatible with the permissible boundary conditions. If this condition is not
met, or if normal concentrated loads occur, membrane theory fails near the so-called lines af
distortion, i.e., near the boundaries or near the lines of discontinuity of the shell or its loads.
Starting from a line of distortion, the width of the zone where the membrane theory does not
apply depends primarily on the geometry of the shell, and on the nature of the distortion. In
shells which occur in building construction, the most important line of distortion is the edge of
the shell.

The edge effect: It appears that for a relatively large class of shells, including shells of revolu-
tion, the zone where the membrane theory does not apply is relatively narrow, and the neces-
sary analysis of bending in that zone can be performed with sufficient accuracy through an
approximate analysis of the edge effect. The governing equation of the edge effect can be
derived through an asymptotic procedure. The equation is!®
4
-Q—W; + Bila)w =0, (3.3)
aal

where w is the normal component of displacement of the middle surface, «; and a, are shell
coordinates, and B,(a,) is a parameter which depends on shell geomeiry and is assumed
{approximately) to be a function of only one of the two shell coordinates, a;.

Membrane theory, together with the edge effect, is of significant value to designers and
analysts. With its help, a formidable analytical problem is reduced to manageable proportions.
The assumed manner of transfer of forces by means of in-plane stress resultants is consistent
with the desirable behavior of shells which make them an efficient structural system — a shell
designed to satisfy membrane boundary conditions will certainly prove a satisfactory structure.
Finally, the solution of the membrane theory often constitutes an approximate particular

integral of the bending theory, thus being an important first step in obtaining the complete
solution of a shell problem.
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3.2,6. Inextensional Bending

A shell is said to be in an inextensional state of stress when changes of curvature may occur
without appreciable changes in in-plane strains. Accordingly, the assumption can be made that
tangential strains, and hence also the in-plane forces, all vanish. It follows that the term AA®

also vanishes in the first of equations (3.1), and the inextensional bending state of stress is
governed by the equation

Akw = 0; (3-4)

Since the operator in equation (3.4) is the same as that which governs the behavior of mem-
branes, the discussion of the boundary conditions to be placed in this case is the same as the
corresponding discussion in paragraph 3.2.5.

An example of inextensional bending is afforded by a cylindrical shell supported along two
directrices. However, the same cylindrical shell supported also along the two end generatrices
will experience a change in in-plane strains, and the inextensional bending state of stress will
not arise.

From the point of view of a shell designer, the importance of inextensional bending lies in the
fact that in this state of stress the shell behaves in an undesirable manner, resisting loads
through bending instead of in-plane action, and experiencing significant deformations. Accord-
ingly, the design should be checked to make sure that the geometry of the shell, and the
manner in which it is supported, preclude the inextensional bending state of stress from arising,
particularly as regards the deformations.

3.2.7. Approximate Shell Theories of Specific Type

The shallow shell, membrane, and inextensional bending formulations discussed in the pre-
ceding paragraphs may be considered approximate shell theories of general type since, within
the limits of their approximations, they apply to shells of all geometries.

It is possible on occasion to construct an approximate shell theory valid only for a limited class
of problems. The nature of the additional assumptions introduced into the equation of the
more general theory depends on the nature of the problem. Several examples of such approxi-
mate formulations are discussed in the following.

Approximate geometric theories: The geometry of the shell is approximated by a new
geometry, possibly by assuming that it consists of a number of segments of simple surfaces. In
the limit, as the size of segments becomes smaller, the assembly tends to the geometry of the
prototype. As an example, a cylindrical surface may be approximated by a series of flat plane
segments, and a surface of revolution by a series of conical frusta. Intuitively, it seems plau-
sible to expect that the solution based on the approximate geometry will tend to the true solu-
tion based on that of the prototype. The obvious practical condition for the usefulness of this
approach is that the solution based on the approximate model be simpler to obtain than the
solution based on the true geometry.

Approximate static theories: For a shell of given geometry it may be possible to maxe addi-
tional assumptions regarding the relative magnitude of the various stress resultants ar.! couples,
with the corresponding simplifications of the governing system of equations. An -.xample of
this type of approximation is the semi-membrane theory of cylindrical shells.!’

Approximate mixed theories: For a shell of given geometry it may be possible to inake addi-
tional assumptions regarding the manner in which the shell will deform, as well as r2garding the
relative magnitude of the various stress resultants and couples. An example »r this type of
approximation is the beam theory of cylindrical shells, and the correspr ‘ding theory of
prismatic folded plates.!®

The range of validity of the approximate shell theories of specific type should receive careful
consideration in each case. An estimate of the error can be obtained by substituting the results
into the system of equations of a less restrictive formulation.
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3.2.8. Folded Plates

The geometry of folded plates — an assembly of planar elements — introduces added
simplification into analysis. Since the elements are planar all curvatures vanish, and the opera-
tor A, is identically zero everywhere, Equations (3.1) become

AAD = 0; KAAw = p; 3.9)

where all symbols are as defined in paragraph 3.2.4. Equations (3.5) are recognized as those of
plane stress and of Kirchhoffean bending of plates, the two modes of behavior no longer
coupled. Solution of equations (3.5) can be obtained analytically only in some simple cases,
such as the case of prismatic folded plates simply supported at the end generatrices, when the
Levy-type solution is effective. Usually, recourse has to be made to an approximate method of
analysis, or to a computer-oriented numerical procedure,

Prismatic folded plates: This type of folded plate structure occurs most often in practical appli-
cations. Two basic methods of analysis can be distinguished (although many variants of these
methods exist in literature}). The beam method assumes that the folded plate behaves like a
beam. This presupposes that the cross-section of the folded plate does not change shape during
deformation and rigid body motions are the dominant part of its displacements. This assump-
tion makes the beam method valid for long folded plates only, i.e., those with the span
significantly greater than the cross-sectional dimensions. The method can be applied to folded
plates of all types of transverse sections, but numerical work is not simple when the cross-
section is not symmetric. In the ordinary theory,’’ the cross-section of the folded plate is per-
mitted to change shape during deformation under loads. Accordingly, its range of validity
encompasses somewhat shorter foided plates.

Nonprismatic folded plates: Analysis becomes significantly more complex in the case when the
folded plate is nonprismatic. For this reason, approximate methods of analysis established as
firmly as those used in the case of prismatic folded plates are lacking. In the extended ordinary
theory®” the analysis proceeds as in the case of the ordinary theory, although it is more compli-
cated due to the geometry of the structure. In a further modification of the procedure,
transverse and longitudinal actions, including the effect of relative translation of joints, are
matched simultaneously at a number of sections along the span. The range of validity of this
modified formulation has not been fully established.

Faceted folded plates: No systematic methods for the analysis of faceted folded plates appear to
exist. Recourse has to be made to numerical methods, of which the finite element method

appears most suitable, since uncoupled planar finite elements represent the geometry of a
faceted folded plate exactly.

3.2.9. Some Comments on Analytical Solutions

Because of the highly complex nature of the governing system of equations of shells the prob-
lem of obtaining solutions is typically very difficult. A discussion of the many techniques for
arriving at the solution of a given boundary value problem is outside the scope of these Recom-
mendations. It seems appropriate to note that, due to the wide availability of computers and
packaged programs suitable for solving problems of shells, the importance of analytical solution
methods as a design 100! has greatly diminished, numerical methods having essentially replaced
them for this purpose. Nevertheless, analytical procedures remain significant in that they pro-
vide the necessary insights into the gualitative behavior of shell structures.

General character of solution: Integrals of the governing homogeneous system of equations
can be written approximately, in an asymptotic sense, in the form

f= exp(iﬁza)ggg(ﬁga); (3.6)

where { is any of the shell quantities sought, 8, and B; are shell parameters, and a is a spatial

coordinate. It is seen that the solution has the form of an exponentially decaying or growing
wave.
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Solution aids: For a number of shell geometries and loads, solution aids can be found in litera-
ture. Such aids are in the form of closed form solutions, and tabular and graphical represen-
tations of various shell quantities of interest in design. Some of these are listed in Chapter 6 of
these Recommendations.

3.3. NUMERICAL METHODS

3.3.1. General Remarks

Since analytical solutions of the governing system of equations of shells are difficult to obtain,
often the only practical approach is to resort to a numerical procedure. Two general categories
of numerical methods may be distinguished.

Classical numerical methods:?! These are procedures developed in the pre-computer era.
Among them are the step-by-step integration procedures, and the finite difference method in its
various forms, often combined with the use of a relaxation method. A number of the classical
procedures have been adapted to the computer, often with great success.

Computer oriented methods: These are procedures which were developed largely because of the
availability of the electronic computer.: Examples are the finite difference energy method and
the finite element method. It must be realized that the importance of these methods goes
beyond the extremely rapid computational abilities of the computer.

Due to the prodigious development of the computer and of the numerical methods associated
with its use, only a very brief discussion of this topic will be included here. For a detailed
treatment the rapidly growing literature of the subject should be consulted.

3.3.2. Numerical Integration of Shell Equations??

This is a classical numerical integration procedure which has been adapted to the computer. It
is applicable to those shell problems which are reducible to the form of an ordinary differential
equation, such as shells of revolution. The boundary value problem is converted into an initial
value problem in terms of a system of first order equations. The system is then integrated
numerically using some suitable algorithm, such as that of the Runge-Kutta method (RK),
usually in conjunction with the matrix transfer technique. The RK algorithm is self starting in
that the value of the function at the next step is obtained from the value of the function at the
current step. If desired, a refined algorithm can be used which utilizes the value of the func-
tion and/or its derivatives at several prior points. In addition, an iteration can be performed at
every step to improve accuracy. Because of the exponential form of the solution, as discussed
in paragraph 3.2.9, round-off error may require subdivision of the problem into several sub-
problems, which increases the amount of numerical work.

3.3.3. Classical Finite Difference Procedures?’

The finite difference method (FD) is a discretization procedure in which the field problem of a
continuum is converted into a discrete problem through the introduction of a system of nodal
points so that the system of differential equations is converted into a system of algebraic equa-
tions in the values of the unknowns of the problem at the nodal points. The procedure
requires that the value of a derivative of a function at a nodal point be expressed in terms of
the values of the function itself at that nodal point, and at several neighboring points. The
error of the method is due to the approximate nature of the resuiting expressions. Accuracy
can be improved by reducing the length of the interval between nodal points. A further loss of
accuracy results from numerical differentiation. For this reason, the governing system of equa-
tions should be written in terms of equations of the lowest order possible: a system of eight
equations of first order. However, this increases the number of the resulting algebraic equa-
tions. In the case of bending of shells, the usual approach is to use the basic system which con-
sists of the first three equations of equilibrium written in terms of the components of displace-
ment of the middle surface. To avoid certain inconsistencies, the equation which involves even
order derivatives should be written at the regular nodal points, while the equations which
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contain odd order derivatives should be written at half-spacing nodal poeints.

Several alternate approaches to the formulation of the algebraic equations at the boundaries are
possible. The approach which preserves the same accuracy as that at the interior points is to
write at each point of the boundary the group of equations which is applicable at an interior
point, and in addition the appropriate equations of the boundary conditions converted to the
finite difference form. This requires the introduction of fictitious points outside the boundary
of the shell, and increases the total number of the algebraic equations in the system.

In order to improve accuracy, an extrapolation procedure may be used, based on two or more
solutions obtained for different sized nodal point grids. Richardson’s extrapolation is an exam-
ple of such a procedure; however, it should be used with caution, since it improves results
reliably only in the case of monotonic convergence.

Finite difference procedures are capable of accommodating irregular grids, and boundary points
located not on the grid of nodal points. However, this can be accomplished only at the cost of
considerable increase in numerical work.,

Several formulations of the finite difference procedure can be distinguished. The standard FD
formulation utilizes terms such that the error is proportional to the square of the nodal point
interval, Richardson’s extrapolation procedure applies in this case. Higher order FD formulation
utilizes formulae with an error proportional to the fourth power of the nodal point interval. At
the boundaries, forward or backward FD expressions have 1o be used, resulting in decreased
accuracy and an increase in numerical work; Richardson’s extrapolation may not apply. Finally,
the accuracy may be increased without increasing the number of nodal points through the use
of the Hermitian FD procedure (French: methode plurilocale; German: Mehrstellenverfahren), ertor
for the same number of points as in the standard FD procedure is proportional to the fourth
power of the nodal point interval. The essence of the formulation lies in its utilization of the
differential equation of the problem itself, in addition to the relations between the function and
its derivatives. at each nodal point. The convergence of the Hermitian FD method is not
necessarily monotonic, and Richardson’s extrapolation may not apply. A special case of the
procedure is the method of lines which consists of separating variables in a partial differential
equation in such a way that these equations are satisfied simultaneously along several (typically
three) tines. The Hermitian FD method is known in literature also as the funicular polygon
method.

3.3.4. Finite Difference Energy Method*!

This method is a numerical procedure which belongs to the category of variational methods in
that it makes use of the variational principle of the minimum total potential energy of the
system. All quantities which enter into the calculations are discretized through the introduction
of appropriate FD expressions. In the calculation of the total strain energy, and the potential of
the work done by external forces, integration is replaced by summation. Once the expression
for the total potential energy of the system in terms of nodal displacements is obtained, it is
extremized with respect to these unknown displacements, resulting in a system of algebraic
equations. The method is applicable to linear as well as non-linear problems. Although this
formulation of the FD energy method was introduced prior to the advent of computer, it
received its widest application in computer-oriented solutions. Two computer programs,
BOSOR and STAGS, the latter of particular power and generality, are based on the FD energy
method; refer also to paragraph 3.3.6 below,

3.3.5. Finite Element Method®®

The finite element method (FEM) is a discretization procedure in which the structure is divided
into a finite number of component elements connected at a finite number of nodes and acted
upon by a load system equivalent to the original load. The manner in which each element
transmits loads and deforms, i.e., its elastic properties, is assumed known. This being the case,
the solution proceeds using well eslablished methods of structural mechanics cast in matrix
form well suited to the use-of digital computers. The displacement method is most commonly
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used, in which case the elastic properties of each finite element are described by its stiffness
matrix. Thus the power of the finite element method lies in it generality, in that exactly the
same procedure, utilizing the same computer program, can be employed to analyze structures of
alt kinds and of all geometries, subject to any load conditions.

In the case of structures composed of simple finite elements, such as a skeletal shell which con-
sists of one-dimensional beam-like elements, the elastic properties of the component members
are known exactly (to within the accuracy of the theory of beams), and the final element solu-
tion is the same as the classical solution. In the case of general shells, elastic properties of
component elements considered as shell segments are very difficult to establish. For this rea-
son an approximation is introduced. The usual procedure is to assume a pattern of deformation
for each element, and to derive the elastic properties of the element from this pattern. In this
sense, the finite element method may be considered a special case of the wvariational Ritz
method.

Several sources of error exist in the finite element method as applied to shell analysis, apart
form the approximations introduced by the shell theory itself. The elastic properties of the ele-
ments are approximate, and there is also the geometrical approximation involved in repre-
senting a shell as an assembly of elements. Intuitively, it seems plausible to assume the the
solution resulting from the use of the finite element method converges to the "exact” solution
as the size of the elements becomes smaller. One of the important aspects of the use of a vari-
ational procedure in deriving the elastic properties of finite elements lies in the fact that, if the
condition of minimum potential energy of the system is met, monotonic convergence of solu-
tions resulting from a consistent reduction in element size to the exact solution is assured.

To satisfy the minimum energy condition, the assumed displacement pattern of the element
must satisfy several conditions. The continuity of displacements and rotations between ele-
ments must be preserved; the pattern of displacements must be capable of accommodating rigid
body motions; finally, the constant strain states must be included. It appears that violations of
the condition of continuity of inter-element displacements, by itself, need not preclude conver-
gence, although monotonic convergence is no longer assured. Similar conclusion appears to
hold if rigid body motions are not accommodated, although in each of these cases the rate of
convergence may be stowed down. The violation of the condition that constant strain states be
included may lead to erroneous results, in that convergence to an incorrect result may occur.

The shape of the finite element itself may vary depending on the nature of the problem under
consideration. The element may be flat or curved, and it may be one or two dimensional. The
elastic properties associated with the membrane state of stress and with the bending state of
stress may be coupled or uncoupled.,

As mentioned at the beginning of paragraph 3.3.5. the power of the finite element method is
targely due to its generality, in that many types of structures can be analyzed using the same
procedure. This characteristic makes FEM particularly suited to the analysis of shell structures,
since elements representing the shell or wall or edge beams, supporting elements, etc. can be
accommodated with equal facility.

One dimensional elements: As mentioned above, one-dimensional beam-like elements occur
in the problems of skeletal shells. In addition, any continuum shell may be represented in an
approximate fashion as a network of one-dimensional elements, in effect as a skeletal shell. In
this case, the elastic properties of such elements should be derived through some rational pro-
cess based on the laws of structural mechanics. Apart from these cases, many shells can be
reduced to one dimensional; examples are shells of revolution and cylindrical shells, For
cylindrical surfaces the element may be flat (a rectangle, usually elongated; this model
represents exactly a prismatic folded plate, and approximately a curved cylindrical shell,) or it
may be curved. Elements which exist in literature are segments of circular cylinders, with the
stiffness matrix that of a shallow shell simply supported at the ends. Specialized computer pro-
grams based on this approach are available. For shells of revolution the corresponding flat ele-
ment is a frustum of a cone, and the corresponding curved element is a frustum of a shell of
revolution such that the geometry of the shell is fully preserved, including the curvatures at the
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nodal points. In each case the stiffness matrix is based on the prototype shell. Computer pro-
grams based on this model are available in literature.

Two dimensional elements: These are elements applicable to shells of any geometry. As in the
case of one dimensional elements, there are flat and curved elements. Plan forms include tri-
angles, gquadrilaterals and other elements. Isoparametric elements are available in the form
suited for analysis of moderately thick shells. Many different types of elements are available in
literature, based on different functional representations of element displacements. In general,
the higher the order of the element, i.e., the greater the number of degrees of freedom
assigned to it, the larger is the size of the stiffness matrix of the structure. [t appears that for
problems of shells which occur in building construction flat elements of quadrilatera! type, with
twenty degrees of freedom per element, offer sufficient accuracy, convergence and a reasonably
smal!l computer cost,

3.3.6. Computer Programs*

A number of computer programs capable of analysis of complex shell structures have been
implemented on commercially accessible computers. These programs are based usually on the
finite element method, but also on the finite difference energy method and on the classical
numerical integration procedure, particularly in connection with the analysis of shells of revolu-
tion. Some of these programs are: ANSYS (Swansons Analysis Systems, Inc.), ASKA (Univer-
sity of Stutigart), BOSOR 4 (Lockheed Missiles and Space Company), EASE 2 (Engineering
Analysis Corporation), ELAS {Duke University), MARC (MARC Analysis Research Corpora-
tion), NASTRAN (University of Georgia), SAP IV and NONSAP (University of California,
Berkeley), STAGS (Lockheed Rescarch Laboratories), and STRUDL 11 (ICES User’s Group).

Computer programs and languages are subject to changes as rapid as the changes in the avail-
able equipment, both in the Central Processor Unit and in the peripherals. For this reason, the
user should become throughly familiar with each program and language to be used, with its
capabilities and limitations, and with the limitations of the method of analysis and the theory on
which the given program is based. The importance of such familiarity cannot be
overemphasized.

3.4. NONLINEAR BEHAVIOR OF SHELLS

3.4.1. General Remarks

As stated in paragraph 3.2, the design of reinforced concrete shells is based usually on a linear
elastic analysis in which the structure is assumed uncracked, homogeneous, isotropic, linearly
elastic and subject to small displacements. Section and material properties used in the analysis
are based on the gross uncracked sections, the effect of reinforcement being neglected. The
internal forces and moments found from this analysis are then used to determine the required
concrete dimensions and reinforcement for the shell and its auxiliary members. This approach
is satisfactory for most design problems.

In some cases, however, the behavior of the shell can be described with sufficient accuracy only
if a refined model is used, based on the specific material properties, or on the nonlinear
behavior of the shell.?

The problem of anisotropy is essentially the same as that which occurs in other reinforced con-
crete structures. In the following, the problem of nonlinear behavior is briefly discussed.

*Refer to paragraph 6.3.7 for a partial listing of compuier program references.
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3.4.2. Nonlinearities in Shells

Nonlinearity of the mathematical model which describes the behavior of a reinforced concrete
shell may arise from two principal sources. These are material nonlinearities and geometric
nonlinearities.

Material nonlinearities: In this case, nonlinear behavior is due to the cracking of concrete, due
to the nonlinear stress-strain relations for concrete, steel, bond and aggregate interlock, or due
to time dependent effects such as creep, shrinkage, temperature, and load history. Some recent
nonlinear analyses have incorporated some of these effects, with the aid of the finite element
method, in order to trace the response and crack propagation of a reinforced concrete shell
through the elastic, inelastic and ultimate ranges. Two different approaches to modeling
reinforced concrete shell material have been used. The first is based on an empirical relation-
ship, with changing flexural and extensional stiffnesses assumed for the total shell thickness for
different-levels of loading and cracking. The second is based on dividing the shell thickness
into several concrete and reinforcement layers so that the state of stress in each layer can be
traced through the entire load history, allowing for the cracking of concrete, yielding of
reinforcement, creep, shrinkage, and temperature changes. In both methods, the analysis is
carried out by dividing the loading into a finite number of increments. For each load increment
iterations are performed until the equilibrium and constitutive relations are satisfied to within
some prescribed limits appropriate for current material and cracking states. Analyses of this
type are useful at this time primarily as a research tool, since the required computer time is
vastly greater than that required by the usual linear analysis used in design.

Geometric nonlinearities: Nonlinear behavior is due to large displacements, and due to large
strains and changes of curvature of the middle surface. Recent advances in numerical methods
based on the computer make possible an evaluation of these effects.

3.5. STABILITY ANALYSIS

3.5.1. General Remarks

Analysis of stability of traditional structural systems consists of the determination of the lowest
value of the applied load at which the onset of buckling takes place. Such analysis is based on
the linear buckling theory involving small displacements. In the case of a number of types of
shells such analysis is not sufficient because the post buckling behavior has an important effect
on the magnitude of the buckling load, an sffect which the small displacement theory is inca-
pable of predicting.

As a thin shell deforms under load, principal in-plane forces develop. If one of these forces is
tensile, it tends to return the shell back to its original position, which generally enables the
shell to carry in the post buckling range loads greater than the buckling load predicted by the
linear small displacement theory. If, however, both principal in-plane forces are compressive,
they tend to increase the deformation of the shell. In this case, in the post buckling range after
the initial buckling load has been reached, the shell can transmit only loads smaller than the
buckling load predicted by the linear theory. These two types of behavior are illustrated quali-
tatively in Figure 3.1.

Therefore, the first step in the analysis of stability of a shell is to calculate the initial buckling
load (or critical load) predicted by the linear, small displacement theory; next, this critical load
is modified as required to altow for the given case of geometry, type of support, type of load
acting on the shell, and the consequent type of shell response. The basic modification, in
effect, introduces into the calculation the influence of large displacements on the magnitude of
the buckling load.

In addition, modifications should be made to take into account the material properties of con-
crete, the effect of reinforcement, and the deviation of the shell geometry as built from the
idealized shape.?’
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Fig. 3.1~Shell behavior in postbuckling range

3.5.2. Case 1: Post Buckling Behavior Does Not Govern

In the case when post buckling behavior does not govern, bucking load may be calculated using
the linear, small displacement theory in which the shell is assumed to possess an idealized
geometry. Material and sectional properties are based on uncracked and non-reinforced con-
crete. The value of this idealized linear critical load p2” is available in literature for a number
of types of shells and applied loads.

No moedification of the linear load need be made to account for the imperfections of the shell
geometry as built. Modifications of the linear critical load due to other effects should be made
as described in paragraph 3.5.4.

The linear buckling load should be used only when, on the basis of established analytical or
experimental results, the shell is known to experience no decrease in the value of the initial
buckling load in the post buckling range.

3.5.3. Case 2: Post Buckling Behavior Governs

This approach to stability analysis should be used whenever the shell geometry or its load are

known to result in a decreased value of the initial buckling load, or whenever firm evidence to
the contrary is lacking.

The linear buckling load p/* is used as the starting point, and the effect of large deflections is
taken into account as follows. The deflection w(; of the shell is computed (or ascertained by
other means, i.e., from the results of experiments). Next, the ratio of this deflection to shell
thickness, or w,/h, is calculated, and the reduced value of the upper critical load pi is obtained
from Fig. 3.2. Graphs similar to that in Fig. 3.2 are available in literature for a number of shell
geometries and configurations of the applied load. It is recommended that, in absence of other
information, the lowest of the curves in Fig. 3.2 (i.e., the curve applicable to an axially
compressed cylinder) be used.
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3.5.4. Shape and Material Modifications

Geometric imperfections: The geometry of the shell as built differs, as a rule, from the ideal-
ized geometry postulated in the design. In the zones where the shell is flatter than the design
shape, in-plane forces larger than the design forces will occur. As a result, for shells such that
the post buckling behavior is important, a reduction in the value of the initial buckling load will
occur. The magnitude of the reduced buckling load can be evaluated by first computing, or
assuming, the value of the deviation w, of the shell shape as built from the design shape, and
by proceeding as if this were the deflection of the shell. The ratio w,/# is again formed, and
the reduced value of the buckling load is obtained with the aid of Fig. 3.2. As before, the
lowest curve in the figure should be used, unless specific information for the given shell
geometry is available. It should be noted that if both w, and w, terms are present then,
because of the nonlinear nature of the problem, the above reduction procedure should be per-
formed simultaneously.
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Fig. 3.2— Upper critical load p2,  {based on Kollar & Dulacska®)
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Effect of creep: The effect of creep may be estimated by reducing the value of the modulus of
elasticity E. of concrete in accordance with the formula

E,
a+c,)’

where £, is the reduced —~ due to creep — modulus of elasticity of concrete, and £, is the
strength of concrete at the time of loading, measured in N/mm? The previously calculated
upper critical load p} must be reduced in the same proportion as E,, since the latter occurs in
the first power in the formulae for the linear critical load p,,. Above reduction presupposes that
all loads acting on the shell are long term loads. If some of the loads are short term, such as
wind load or the loads due to seismic activity, the modulus of elasticity E. should be reduced
only partially, in proportion to the ratio of short term loads to all loads.

E, = C, = 4-2logf,; 3.7

Effect of reinforcement and cracking: This effect may be taken into account as follows. Calcu-
late the quotient (E/E,)-(4,/A4.), where the area of steel A, is taken in one direction only.
From Fig. 3.3 obtain the value of coefficient ¥ appropriate to the stress range and to the
arrangement of reinforcement. Then, for the given value ¢ and of the deflection to thickness
ratio w,/h, the reduced value of the upper critical load pg reins, €210 be obtained from Fig. 3.4
where w, is the sum of the two previously defined deflections w, and w

Effect of plasticity of comcrete: So far, the material of the shelf has been assumed elastic. Plas-
tic properties of materials may be allowed for with the aid of the semi-quadratic Dunkerley
interaction formula

pfasr
Dy

ppl'as.'

= 1; (3.8)

plast
cr
i
Perreinf

from which the critical load p£“¥ of the plastic shell can be obtained. In equation (3.8), pyy
denotes the load that the shell with a computable eccentricity w, of the compressive in-plane
forces can carry (buckling being disregarded), with both concrete and reinforcement at yield. It
is recommended that in the calculation of p,,, the thickness of the shell be reduced by approxi-
mately 1 cm for shells thinner than 8 cm, as a means of allowing for the possible cross-sectional
imperfections and weaknesses. The above calculation does not include the effect of shell
imperfections w,, since these may be assumed to be associated with in-plane forces only, and
since equation (3.8) yields results which are conservative compared with the results of the more
exact quadratic formula.

3.5.5. Factor of Safety

The factor of safety F.S. is defined in the formula
plast

FS§ = ——: (3.9
p
where p is the real load. In the case of shells with critical load increasing in the post buckling
range (paragraph 3.5.2), the value of the factor of safety may be taken at 1.75, the same as that
used in the case of reinforced concrete columns, since in each case failure will occur through
plastic collapse. In the case of shells where post buckling behavior governs (paragraph 3.5.3),
the value of the factor of safety should be taken as a minimum at 3.5.

3.5.6. Experimental analysis of stability

Buckling loads may be obtained experimentally by testing microconcrete models, as discussed in
paragraph 3.6,




3.6. EXPERIMENTAL ANALYSIS

3.6.1. General Remarks

As noted in paragraph 3.1, experimental analysis, by itself, shouid not be used as the basis for
shell design. It is useful in confirming the validity of the mathematical model; in checking the
validity of the results of analysis; and in obtaining a qualitative insight into the behavior of a
shell and into the relative importance of some influence on the behavior of the shell.

3.6.2. Types of Experimental Analysis

Depending on the basis for classification, different types of experimental analysis may be
distinguished.

Nature of the structure tested: Analysis of a model or the prototype.

Aim of experimental analysis: Testing of a model simulating the prototype, or the mathe-
matical model.

Nature of the model: Flastic or inelastic; with the laws of similitude being obeyed (direct experi-
mental analysis) or not obeyed {indirect experimental analysis); large scale or small scale model.

Nature of load: Loads may be static, dynamic, thermal, wind, ete.

Nature of shell behavior to be tested: Working or ultimate load; small or large deflections;
stability; various special effects.

3.6.3. Stages of Experimental Analysis

Whatever its type or its purpose, the following three phases of experimental analysis may be
distinguished.

Design of the experiment: At this phase decisions are made regarding the nature of the model
and its size, the nature and magnitude of the applied loads, and the scope of the required
instrumentation.

Testing: Behavior of the model under loads is observed, and the data are recorded.

Interpretation: Analysis and interpretation of the data is petformed and conclusions and
recommendations for design are made.

3.6.4. Laws of Similitude

The following laws of similitude must be observed in the case of direct experimental analysis
{assuming time independence).

Geometrical similitude: All linear dimensions of the model are obtained by appropriately scal-
ing using a constant scale factor the corresponding dimensions of the prototype.

Materials similitude: The stress-strain curve of the model material should correspond to that
of the prototype in the range of loads under investigation.

Load similitude: The magnitude, point of application and direction of model loads are obtained
using a proper scale factor from the loads of the prototype.

In the case of experimental analysis which includes time dependent effects the #me scale should
be obtained by means of the general laws of similitude (Buckingham-Pi Theorem).

3.6.5. Elastic Analysis

If both the prototype and the model materials are linearly elastic, homogeneous and isotropic,
the material similitude laws will be satisfied if the Poisson ratio of the materials is the same.
However, since the effect of the Poisson ratio on concrete shell behavior is usually assumed
small, this requirement is often abandoned, permitting the use of metals or plastics to simulate
concrete. Consideration should be given to this effect where warranted. Metals involve large
moduli of elasticity, requiring large model loads to produce measurable strains. For this reason
aluminum might be preferred to steel.
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Plastics, either thermoplastic or thermosetting, are the most common material. Their disad-
vantages include large Poisson ratio, time dependent behavior, introduction of residual stresses
during the manufacture of the model, disturbances in measurements due to local stiffening
associated with the metal gage sensing units, and "hot spots" produced by the low thermal con-
ductivity of the plastic in the readings of the electrical resistance gages. Some of these disad-
vantages can be avoided through the use of specialized techniques described in the literature of
the subject.

Properly designed elastic models made of metal or plastic can be used also to study geometric
nonlinearities due to large displacements. The important problems of buckling or post buckling
behavior of shells can be studied using such models, but great care must be exercised in fabri-

cating the model, and in making sure that the boundary conditions of the prototype are
correctly simulated.

With the advent of sophisticated numerical methods based on the computer, such as the finite
element method, which can be used to make elastic analyses of complex shell structures, the
need for elastic model analysis has greatly diminished.

3.6.6. Inelastic and Ultimate Strength Analysis

Experimental analysis to study the behavior of a reinforced concrete shell through the elastic,
inelastic and ultimate range requires a more complex model than that used purely for an elastic
analysis. The concrete and steel reinforcement in the prototype must be simulated in the
model with appropriate nonlinear materials having properties similar to those of the prototype
throughout the entire range of behavior, from elastic to ultimate.

In general, it is difficult to simulate all the properties of the concrete in a prototype. A mixture
of plaster, diatonites and water is sometimes used.

Microconcrete: The most suitable material appears to be microconcrete. Certain inherent
difficulties arise. Complete scaling down of all materials is not possible, since a more finely
ground cement is not available, and since the model mix requires relatively more water. The
model material is a mixtare of cement, aggregates and water, with the maximum size of the
aggregates dictated by the practical requirements of the model shell thickness and the model
reinforcement spacing. Usually, the important model material properties are compressive
strength (fc'), tensile strength, Poisson ratio, secant modulus of elasticity, maximum compres-
sive strain, shrinkage and creep characteristics, and workability.

Some of the other difficulties which arise in working with microconcrete are as follows: its ten-
sile strength increases as the size of aggregate decreases, which can influence the amount and
extent of cracking visible at a particular load case; microconcrete contains relatively more water
and its shrinkage is greater; some concrete characteristics depend on the size of the specimens
tested and for this reason it may be desirable to consider the size of the test specimen as a
function of the size of the model.

Microconcrete reinforcing presents problems in simulating prototype reinforcing; the shape of
the stress-strain curve should be the same; bond characteristics are difficult to reproduce, as is
the cracking pattern of concrete.

Microconcrete models usually need to be larger than the elastic models made of metals or
plastic,

Notwithstanding its inherent difficulties, the microconcrete model analysis represents the only
presently available practical procedure which can trace the behavior of a reinforced concrete
shell through its elastic, inelastic and ultimate range. The use of a microconcrete model should
be considered, in addition to mathematical analysis, as an aid in the design of large and impor-
tant reinforced concrete shell structures.
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3.6.7. Loads and Supports

Loading apparatus should be designed to permit loads up to ultimate stage. Supports should be
designed to provide stiffness very much greater than the stiffness of the model.

3.7. ANALYSIS OF AUXILIARY MEMBERS

3.7.1. Supporting Members

Supporting members should be designed in accordance with the applicable regulations to satisfy
strength and serviceability requirements.

Supporting members should be analyzed for partial loads, with due regard to the eccentricity of
the element with respect to the shell, and to the participation of a portion of the shell in the
action of the element, as discussed in Chapters 2 and 4 of these Recommendations.

3.7.2. Edge and Stiffening Members

These elements are a part of the shell structure and should be analyzed in conjunction with the
analysis of the shell. A common procedure in incorporating the effect of stiffening members on
the analysis of the shell is to consider it as possessing new extensional and flexural properties
equivalent to those of the original shell but uniformly distributed throughout the middle sur-
face. This procedure is known as smearing.

-43



CHAPTER 4

PROPORTIONING AND REQUIREMENTS FOR DESIGN

4.1. GENERAL REMARKS

In addition to strength requirements, a number of factors influence the determination of con-
crete dimensions and the size and spacing of reinforcement of the shell and auxiliary members.
These factors include the need for crack control, the requirements of placing and cover to

reinforcement, the detailing of bars, splices and anchorages, and the design and detailing of
prestressing.

Comments presented in this chapter pertaining to the proportioning and design of concrete
shells are intended to apply generally to all types of shells and folded plates.

4.2. SHELL CONCRETE

4.2.1. Shell Thickness

In most cases shell thickness is dictated not by the requirements of strength but by other
factors pertaining to the process of construction and to the performance of the shell. These
factors include the quality of construction attainable for a given project, the requirements of
placement and cover to reinforcement, the requirements of the stability of the structure, and
the possible need to control the deformations of the shell and its auxiliary members.

Although shells as thin as 25mm have been successfully realized, a more practical range of the
thickness appears to lie between 50mm and 100mm. This thickness permits a reasonably sim-
ple placement of reinforcement and concrete and allows for adequate cover to reinforcement.

In certain shell areas near edge and support members, additional thickness of concrete may be
required in order to accommodate a somewhat greater quantity of reinforcement, particularty
bending reinforcement. Experience indicates that the thickness of the shell in these areas may
reach up to twice or even three times the typical thickness of the shell. This increase in thick-
ness, where it occurs, should be obtained gradually, in a smooth transition, so as to avoid con-
centration and redistribution of stresses. The width of the zone where an increase in thickness
occurs should be at least five or, if possible, up to ten times the additional shell thickness.

4.2.2. Concrete Cover to Reinforcement

In determining concrete cover to reinforcement, a balance must be reached between the need
for protection of bars from injurious and unsightly rusting, and the desire to place the bars as
close as possible to the surface of the shell, so as to reduce the width of the inevitable surface
cracks. Based on these considerations, the following minimum cover to bars is recommended.,

Edge members and supporting members: Use minimum cover as recommended in the appli-
cable regulations for typical concrete elements, except that shell reinforcement which penetrates
into these members may receive the same minimum cover as it does in the area of the shell
itself.

Stiffening members: Use the same minimum cover to reinforcement as in the shell itself.

Shell: For shell surfaces protected from atmosphere, deleterious influences, or contact with
ground, use minimum cover to reinforcement listed in TABLE 4.1.



TABLE 4.1 — MINIMUM COVER TO REINFORCEMENT

Type of Construction Bar Size {(mm) Cover (mm)
Cast in place <16 12.5
=16 18
Precast <16 10
216 15
Prestressed (bars, wire, <16 10
tendons,ducts, fittings) all other 15

but not less than bar,
wire, tendon or duc
diameter '

For shell surfaces exposed to atmosphere, deleterious influences or ground, additional cover to
bars should be provided. The location of the surface (whether exterior or interior) and the
degree of exposure should be taken into account in the determination of the additional cover
required. In addition, consideration should be given to increasing the minimum cover to
reinforcement where the shell is steep, or where forming is used at both faces. In this case,
minimum cover should be not less than the maximum size of the aggregate, and not less than
the bar diameter.

If fireproofing requirements place more stringent demands on the minimum cover to reinforce-
ment, such additional requirements should apply only to the principal stress reinforcement, and
to bending reinforcement where its yielding would result in failure,

4.3. SHELL REINFORCEMENT

4.3.1. General Remarks

Design and detailing of reinforcement requires careful consideration of a number of factors per-
taining not only to the requirements of analysis but also to the dictates of the practicalities of
construction. Many of these requirements are common to all structural systems, and some are
pertinent to shell construction only. The following procedures are believed to represent current
practice among experienced shell designers.

Types of shell reinforcement: Three types of shell reinforcement may be distinguished: mem-
brane reinforcement, bending reinforcement, and special reinforcement such as that at shell
boundaries and shell openings. Accordingly, shell reinforcement is typically arranged in a
number of layers. Membrane reinforcement usually occurs in two orthogonal layers placed near
the mid-surface of the shell. Bending reinforcement is typically placed near the surfaces of the
shell.

Bar size: In general, to reduce crack width, small bar diameters are preferred to large.
Deformed bars should be used throughout, except in the case of welded wire fabrics. Spacing
of bars should receive careful consideration, although it is recognized that even very dense bar
spacing will not preclude the appearance of microcracks smaller than 0.2mm in width. How-
ever, such cracks may be considered insignificant.

High strength bars: As a rule, use of high strength bars (i.e., bars of steel with the yield point
S, greater than 280N/mm?) should be avoided because of the increased tensile strains and
cracking. If high strength bars are used, their effect on the deformation and cracking of the
shell should be carefully considered, and a limit should be placed on the allowable steel stress.

Distribution of bars: The distribution of bars within the shell should generally follow the distri-
bution of calculated stresses. This results in a relatively smooth variation of bar quantities
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within the shell and provides for a reasonably limited departure from the assumption of uni-
form distribution of elastic properties typically made in the analysis. Nevertheless, it appears
that in some cases concentration of bars in small areas in the shell may be beneficial. These
cases are discussed further in section 4.3.2, below.

4.3,2. Membrane Reinforcement

Membrane reinforcement should be provided to carry full calculated membrane tensions in the
shell; no participation by concrete should be permitted.

In principle, it is possible to calculate principal stresses and their directions throughout the
shell, and then to place the reinforcement along the lines of principal tensile stresses. In appli-
cations this approach is seldom practical since the magnitude and the direction of principal
stresses vary depending on the load system, while the geometry of the shell surface may require
that membrane reinforcement be shaped in three directions in space, generally a difficult under-
taking for larger size bars. For these reasons, a more typical approach to the design and detail-
ing of membrane reinforcement is to provide two orthogonal layers of bars located near the
mid-surface of the shell and directed along some geometrically convenient system of lines, thus
making the manufacture and placing of the bars relatively simple. In the case of circular
cylindrical shells, as an example, the bars are typically placed along the straight lines of the
generatrices, and along the circular lines of the transverse arches.

Nevertheless, in the shell areas subjected to high tensile stresses, a desirable common practice
is to provide membrane reinforcement parallel, or nearly so, to the lines of principal tensile
stresses. In practice this is sometimes done by providing a third layer of membrane reinforce-
ment, appropriately directed, in the high stress areas only.

Minimum membrane reinforcement: Should consist of two layers of bars placed in orthogonal
directions. The minimum cross sectional area of reinforcement per unit width of shell should
be as specified by the applicable regulations for temperature and distribution reinforcement.
Minimum diameter of deformed bars should be 6mm, and minimum diameter of wires in
welded wire fabric should be 5mm in poured-in-place shells, and 4mm in precast shells.
Minimum area of reinforcement in one direction should be 0.20%, and the sum of areas of
reinforcement in two directions should be not less than 0.60%. In the case where shell thick-
ness exceeds 14cm, two curtains of steel should be used,

Maximum membrane reinforcement: Should be calculated from the formula:

'

y .
p=—= 0.6%; for /, < 28 N/mm?, @V
[ ¥
- 168, for f, = 28 N/mm?,
By

where A4,/A, is the ratio of reinforcement area to concrete area for a given section of the shell,
f. is the cylinder strength of concrete, and fy the yield strength of steel, both measured in
N/mm?. Formula (4.1) applies to the case when the lines of reinforcement coincide with the
lines of principal stresses. If the deviation is more that 10 degrees, the maximum areas of rein-
forcement should be reduced in the same manner as the allowable steel stress in accordance
with formula (4.3).

Spacing of membrane bars: Deformed bars should be spaced not more than five times the shell
thickness, nor more than 300mm. Welded wire fabric bars should be spaced not more than
four times the shell thickness, nor more than 200mm.

Where the computed principal tensile stress in concrete is greater than the stress calculated
from the formula

o ="1611; (N/mm) (4.2)

where f, is the cylinder strength of concrete measured in N/mm?, membrane reinforcement
should be spaced not more than three times the shell thickness. This restriction need not apply
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in shell areas where bending reinforcement is provided at each surface, spaced in each direction
not mere than three times the shell thickness.

Deviation from lines of principal stresses: Membrane reinforcement deviating not more than
10 degrees from the direction of the lines of principal tensile stresses may be designed on the
basis of the allowable stresses given in Chapter 2 of these Recommendations. If the deviation
is more than 10 degrees. allowable stresses should be reduced. The reduction factor varies
depending on the angle of deviation (which may be from 10 degrees to 45 degrees), and
depending on the ratio « of the principal tensile siress to the principal compressive siress at a

given point of the shell. For the important in practical applications case of k = —1, the stress
reduction factor r mayv be taken as follows:

foreé <€ 10°; r=1.00

for 10° < & < 30°; r=1.30-0.03 ¢ 4.3)

for & = 30°; r =040

where & is the angle of deviation. For values of the reduction factor r when the ratio « is other
than —1. current research literature should be consulted.

The effect of bending moments on the magnitude of the angle of deviation need not be
considered.

Concentration of reinforcement: Experience shows that in some cases the distribution of
reinforcement in some section of the shell need not follow the calculated distribution of
stresses in the same section, as recommended in 4.3.1. Two examples may be cited. In the
case of cylindrical shells with edge beams, the longitudinal reinforcement resisting total tensions
is sometimes placed concentrated at the bottom of the edge beams. Similarly, in the case of
surfaces of revolution, reinforcement resisting hoop tensions is sometimes placed concentrated
in the area of the tension ring.

A number of projects have been realized using this approach. Caution should be exercised to
ensure adequate ultimate strength of the shell in such cases. If this procedure is used, the
minimum ratio of steel area 10 concrete area in any portion of the tension zone of the shell
should be not less than 0.0035.

4.3.3. Bending Reinforcement

In calculating the required amount of bending reinforcement, due regard should be given to
any axial forces which may act together with the bending moments.,

In bending zones of a shell, reinforcement should be provided at both the top and bottom sur-
faces. Draping of reinforcement by transferring it from one surface to the other to follow the
bending moment curve should be avoided, since the point of the moment sign reversal may
vary with the load system.

Design of bending reinforcement should follow the precepts of the applicable regulations.

Where a shell terminates in a bending zone near an edge or supporting member, the reinforce-
ment normally governed by bending requirements may become governed instead by the tor-
sional requirements of the edge or supporting members.

4.3.4. Special Shell Reinforcement

Careful consideration should be given (o any additional reinforcement which may be required in

the zone of the shell near the supporting members for the proper transfer of forces from the
shell into the supporling members.

Shell reinforcement at the junction of the shell and auxiliary members should be anchored into
or through such auxiliary members by means of an appropriate embedment, the use of hooks,
or the use of mechanical anchoring devices. The length of the embedment, and the detailing of
hooks and mechanical devices should meet the requirements of the applicable regulations.
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Edges of shell openings should be always reinforced. As much as possible, edge members
should be used. Reinforcement should extend beyond the end of the opening so that it might
be lapped with the shell reinforcement. The amount of edge reinforcement should be calcu-
lated or, as a minimum, it should be twice the amount of reinforcement made discontinuous by
the opening. In addition, careful consideration should be given to the possible need for
diagonal bars across the reentrant corners, particularly in zones of high stresses.

4.3.5. Splices in Reinforcement

Splices should be kept to a practical minimum. Where splices are necessary, they should be
staggered so that no more than every third bar in the same layer is spliced in the same section,
with the minimum distance between splice locations of neighboring bars at least 100 times the
larger bar diameter. Bars should be spliced within the same layer.

Splice length should be as prescribed by the applicable regulations, but not less than the lengths
given in TABLE 4.2. Note that the splice lengths given in this table are based on bars made of
steel with the yield point strength of 280N/mm?, and must be adjusted proportionately for steel
of higher yield strength.

TABLE 4.2 — MINIMUM SPLICE LENGTHS
Type of bar Splice length Minimum
(larger bar diameters) {mm)

Bars in tension 45 600
Bars in compression 30 450
Reinforcement not 24 300
required by calculation

Welded fabric 3 mesh sizes 300
Welded wire fabric not 1 mesh size 150
required by calculation

Principal membrane tensile bars size 34mm and larger should be not spliced but welded using
full penetration butt welds. Careful attention should be given to the possible need for pre-
heating the bars, and for the use of low hydrogen electrodes to avoid brittle connections.

No hooks need be used in deformed bars of all sizes, nor in plain wire bars which are a part of
a welded wire fabric. The splice lengths given in TABLE 4.2 apply to deformed bars. An
adjustment of the splice length of plain bars should be made if hooks are not used.

4.4. REINFORCEMENT OF AUXILIARY MEMBERS

4.4.1. Reinforcement

Auxiliary members should be reinforced as required by calculations and by applicable regula-
tions.

Consideration should be given to the possibility of extending bars from supporting members or
edge members into the adjoining shell along the lines of principal stresses.

Reinforcement in edge beams may be designed on the basis of recognized theories of rein-
forced concrete. Thus, longitudinal bars may be designed concentrated in the area of iargest

48




tensile strains. If this approach is used, due consideration should be given to the possible need
for provision of additional longitudinal reinforcement in the remainder of the edge beam, serv-
ing to reduce surface cracking. Alternatively, edge beam reinforcement distribution may be
designed to follow the distribution of calculated stresses.

4.4.2. Shell Participation

A portion of the shell may be assumed to act as a part of the auxiliary member. The width of
the zone of participation depends on the geomeltry of the shell, and may be less than the width
of the flange for tee beams specified by codes.

4.5. PRESTRESSING REINFORCEMENT

4.5.1. Losses
The following losses should be considered in determining effective prestress:
Concrete losses: Elastic shortening, creep and shrinkage.

Tendon losses: Slip at anchorages, relaxation of steel stresses, and the frictional losses due to
intended and/or unintended curvature in the tendons.

4.5.2, Tendon Force Components

Where prestressing tendons are draped within the thin shell, the tendon forms a curve in space
which may not lie in a plane. The tendon will exert in this case a force on the shell which can

be resolved into components; these components should be taken into account in the analysis of
the shell.

4.5.3, Anchorages

At prestressing tendon anchorages, special reinforcement should be added to ensure that local
overstressing does not occur, and that the tendon anchorage assembly is precluded from break-
ing out of the shell in a transverse direction.

Where tendon anchorage plates bear against thin shell section, care should be taken to ensure
that adequate bearing area of concrete is available,

4.6. WELDED INSERTS

4.6.1. Design

Welded inserts are sometimes embedded in the shell or its auxiliary members to attach loads,
or to joint precast shell elements. Such inserts should be adequately attached to concrete. The
inserts and their attachments should be designed to transfer all shell membrane forces and
bending moments to be developed. Due consideration should be given to the possible eccentri-
cities and accidental loads which may arise during construction or under long-term loads.

Consideration should be given to the direction of anchors which attach the insert to concrete.
Placement of anchors along the lines of principal stress is preferred. If the anchors are in form
of reinforcing bars welded to the insert, consideration should be given to possible preheating of
bars and to the use of low hydrogen electrodes to reduce brittleness in connections.

4.6,2, Protection

Whenever insert assembly is exposed to atmosphere or deleterious influence after construction,
such assembly should be adequately protected by, for example, galvanizing by a hot dip process
prior to installation. Areas of galvanizing damaged by field welding, and field welds, should be
further protected by field galvanizing.
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CHAPTER 5

CONSTRUCTION-ARCHITECTURAL DETAILS-ECONOMICS

5.1. GENERAL REMARKS

The behavior of thin concrete shells is affected markedly by the manner in which a shell is con-
structed and detailed. The term "behavior" includes in this case not only the manner in which a
given shell transfers loads and deforms, but also its functional efficiency and the extent to
which it is pleasing aesthetically. Similarly, the matter of economics of shell design and con-
struction is all important; if the cost of a concrete shell structure cannot be justified by its
presumed benefits, it will simply not be built. The project will remain unrealized, or it will be
constructed using some other more efficient and economical structural system.

For these reasons, full consideration should be given from the very outset of conceptual design
to the anticipated manner of construction and detailing of a given shell, and to its projected

cost. In many cases, such considerations will prove decisive in selecting the type and geometry
of the shell structure.

Some of the factors invoived in construction, detailing, and economics of concrete thin shells
are considered in this chapter. Discussion is limited to the factors pertinent to thin shell con-

struction; those common to all structural systems are not discussed, or receive only a brief
mention.

5.2. CONSTRUCTION

5.2.1. General Remarks

Te an extent greater, perhaps, than is the case with other structural systems, the method of
construction of a concrete thin shell has a strong effect on its behavior, its functional and
aesthetic acceptability, and on its cost. Thus, in selecting the type and geometry of a shell it is
necessary to consider all phases of the process of construction, including forming and
scaffolding, fabrication and placing of reinforcement, placing and curing of concrete, the
manner of erection, and the manner and sequence of stripping forms and decentering. In addi-
tion, the possibility of precasting, the possibility that prestressing might be used and, in general,
all other pertinent characteristics of a given method of construction should be considered.
Attention should be given also to the quality required of the finished product, and to the
dimensional tolerances attainable under a given procedure.

5.2.2. Formwork and Scaffolding

Materials: Many different materials have been used successfully in the realization of shell pro-
Jjects. Wood (and plywood) is the traditional material. Earth Jorms have been used not only in
the construction of shell-type foundations but also in the construction of a number of large
span roofs. Fiberglass is used on occasion where a particular concrete surface pattern is desired.
Steel forms are used primarily in conjunction with precasting. Special paper, reinforced with
welded wire mesh, has been used as a form for a shell suspended from permanent reinforce-
ment. Forms may be also made of concrete, in which case they may become a part of the com-
pleted structure, or they may be reused. Recently, progress has been made in the use of
inflatable forms made of treated canvas or some other appropriate material, and in the use of
rigid polyurethane shell forms which become the insulation of the finished structure, Each of
these different types of forms has been used: the choice depends on the economics and on the
desired type of surface treatment.

Single and double forms: The use of single (one sided) forms is recommended as much as pos-
sible. In the event that concrete is placed by traditional methods, the use of single forms per-
mits a reduced water/cement ratio, easier placing and vibration, an hence stronger concrete and
better finished surfaces. The single form can be used up to the shell stope of 30 degrees, pos-
Sibly up to 45 degrees. If shell slopes exceed these angles over a substantial area of the
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structure, double (two sided) forms have to be used, or recourse has to be made to a different
method of concrete placing, such as guniting.

Construction of forms: Forms should be built as for all concrete construction. They should be
tight to prevent loss of cement paste, and they should be coated to facilitate stripping. Coating
material itself should be non-deleterious to the finished product, should be non-staining, and
should be applied prior to the installation of reinforcement so as to avoid a loss of bond
between the bars and concrete. Consideration should be given to making forms battered to
facilitate stripping, particularly where movable forms are used. A typical batter used in the con-
struction of plane surfaces of edge beams varies from 1% to 5%, the upper limit being by no
means restrictive,

Strength and stiffness of forms: Formwork and scaffolding should be sufficiently strong and
stiff to support all dead and live loads which may be placed on it in the course of construction.
Consideration should be given to the possible lateral loads which may arise as a result of the
existence of unbalanced vertical loads, or due to wind or seismic loads. Designers should
specify form camber required to accommodate sheil deformations.

Formwork and scaffolding removal: Whenever practicable, and certainly in the case of thin
shells of large span or unusual geometry, the engineer should determine the manner, the time
and the sequence of form stripping and decentering. The time should be determined by speci-
fying the minimum required strength of concrete, as measured by testing field cured standard
specimens, and by specifying the minimum required stiffness, by measuring the modulus of
elasticity E of concrete. The latter is measured by testing in flexure lightly reinforced beam
specimens cured in the field. A typical dimension of the specimen beam may be 100mm x
150mm x 1m long. The manner and sequence of form stripping and decentering should be
established before the method of scaffolding has been determined. Appropriate jacks should be
incorporated into the scaffolding to facilitate removal. The sequence of decentering should be
such that the thin shell is not subjected to concentrated loads, even temporarily. Generally,
decentering should begin at the points of largest deflection and should progress towards the
points of smallest deflection. Edge members and auxiliary members should be decentered at
the same time as the shell; the scaffolding under the supporting members should not be
removed until after the decentering of the shell proper. Where reshoring is to be used, its
detailing, manner of installation and spacing should be determined by the engineer. On occa-
sion, it may be useful to remove column forms first; this affords the opportunity for inspecting
the quality of concrete as placed prior to shell form stripping.

Telerances: The accuracy with which a form can be constructed and placed varies with the loca-
tion of the project, the nature of the form material, and with the skill of the artisans and labor-
ers who build it and erect it. Stee! forms used in a precasting plant can be manufactured to
closer tolerances than wood forms or earth forms built at the site. Further, the importance of
maintaining close tolerances may also vary, depending on the nature of the project. For these
reasons it is difficult to make a recommendation as: to the attainable tolerances, and the
designer should review the factors involved in each case, and should place tolerance limits in
the light of the circumstances of the given project.

5.2.3. Reinforcement

A number of remarks regarding the preferred size, type and strength characteristics of bars
occur in paragraph 4.3 of Chapter 4 of these Recommendations. Some additional comments are
as follows.

Bar size: Although small bars are preferred to large, it should be noted that bars of small dia-
meter are quite flexible and are subject to becoming permanently bent and displaced during the
process of construction. For this reason, smaller bars should be supported more often on the
forms than would be the case with bars of larger diameter. Since the thickness of shells is
often determined by the requirements of reinforcement, a minor deviation from the design
location of a bar may represent a relatively major deviation from the design strength of the
shell. For this reason bars should be placed carefully and held in position firmly, particularly in
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the areas of shell which are subject to bending stresss.

Welded wire mesh: This type of reinforcement is economical for shells of single curvature, for
ruled surfaces (such as hyperbolic paraboloid shells), and for shallow shells of double curvature
where advantage can be taken of the rather simple installation procedures. The disadvantages
of the bars of small diameter were mentioned above. In addition, the cold drawn wire of which
a welded wire mesh is made has a lendency to spring back and hence the welded wire mesh
should not be used for shells of large curvature. In general, the accuracy of placement of
welded wire mesh is less than that of more rigid bars,

Trajectory bars: It is almost never practical to place bars in an orthogonal system along the
principal stress trajectories, due to the high cost of manufacture of the bars and their place-
ment. A more commonly used approach is to place an orthogonal system of bars compatible
with the geometry of the shell, and utilize a third layer of bars placed as closely as possible to
the trajectories of principal tensile stresses in those areas of the shell where such stresses are
high.

5.2.4. Prestressing

In general, the design and construction of prestressing follows usual practice and applicable
codes. Characteristic of shell construction are the possible limitations due to the small thick-
ness of the shell. The thickness has to be sufficient to accommodate all tendons, and in the
anchorage zones care must be taken to prevent out-of-plane spalling of concrete, as discussed in
Chapter 4 of these Recommendations. Finally, consideration should be given to adequate pro-
tection of tendons against corrosion and against fire.

5.2.5. Concrete and Concrete Placement

Aggregate: The size of aggregate should not exceed one fourth of the thickness of the shell,
nor the clear distance between reinforcing bars, nor one and one half the clear cover to
reinforcement. In the cases where two-sided formwork is used, the maximum size of the
aggregate should not exceed one fourth of the minimum clear distance between forms (or the
thickness of the sheil), nor the clear cover to reinforcement. These limitations on the max-
imum size of the aggregate are dictated by the desire to limit material variations due to the
heterogeneous characteristics of concrete, to reduce the chance of formation of rock pockets or
portions of the shell with excessive proportion of mortar, and thus avoiding creation of
significant variation in concrete strength,

Concrete placement: As much as possible, concrete should be placed near its final position, in a
symmetrical pattern which avoids the creation of unbalanced loads and hence the need for addi-
tional bracing of scaffolding. Construction joints should be detailed on drawings and should be
placed, preferably, in compression zones of the sheil. The effect of shrinkage stresses in the
shell which is to be poured in several segments can be reduced by using a checkerboard
sequence of pours, by scheduling an appropriate delay between pours, and by appropriate
curing. Where deep beams or diaphragms are to be cast integrally with the shell, care should
be taken to use the rate of concrete placing which will permit consolidation of concrete in the
deep beams or diaphragms and preclude the formation of cold Jjoints in the thin shell,

Vibration: Immersion vibrators commonly used in concrete construction should not be used,
since the thickness of the shell is insufficient to accommodate the vibrators (the vibrator should
never be laid flat, since this results in the splattering of concrete instead of its compaction).
Vibration by means of vibrators attached to reinforcement is not desirable since it may result in
the break of the bond between concrete and reinforcement, and cracking of concrete. Also, to
be effective, vibrating reinforcement requires that the bars be fairly large, larger than typical
shell reinforcement. Form vibrators are often used in the case of two-sided forms, particularly
in the case of prefabricated elements. To avoid possible segregation due to the thinness of the
shell, form vibrators should be moved as concrete placement progresses, so that energy dissi-
pation is minimized. For satisfactory results the equipment used should be designed on the
principle of small dissipation of energy together with normal amplitude of vibration. In the
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case when formwork is supported on rigid beams — such as steel beams — it is possible to
attach the vibrators directly to these beams and thus vibrate the entire form. Usually in this
case the damping of the system is sufficient to transmit only low energy levels to concrete. In
the case of poured-in-place shells with one-sided forms, vibrating surface plates or screeds can
be used more successfully than immersion vibrators, since the depth of the concrete to be com-
pacted is shallow.

Concrete curing: Thin shells are susceptible to shrinkage cracking unless adequately cured. It is
recommended that, as much as possible, fog spraying be used followed by the application of
burlap mats which are kept continuously wet for at least 7 days. The use of sprayed curing
membranes is less satisfactory, but may be found acceptable on occasion in moderate weather

conditions. In cold weather, the use of accelerators and special provisions against freezing of
concrete are recommended.

5.2.6. Precast Shells

The advantage of precast shells is that tighter tolerances and better quality of construction can
be expected as a result of using factory methods. In addition, a reduction in cost may occur.
More exacting tolerances permit the use of thinner elements, typically cast in two-sided forms.
Reinforcement is often prefabricated in large-size panels of appropriate curvature, welded at
intersection of bars to increase its rigidity and to reduce its thickness. The problems of con-
crete placement, vibration and curing are significantly simpler under factory conditions, leading
to stronger, better finished and more accurately dimensioned shell elements. Otherwise, the
probiems of prefabrication of shell elements are the same as those encountered in the prefabri-
cation of other concrete structures.

Prefabrication introduces two important elements which require careful consideration; the prob-
lem of transportation and erection of the shell elements after manufacture, and the problem of
joints which are introduced into the structure in order to keep the size of the prefabricated ele-
ments to manageable and trarsportable proportions. The matter of joints should be given full
consideration at the time of shell design; it is discussed further in article 5.3. The size of ele-
ments which can be prefabricated is limited by the requirements of transportation and by the
capacity of the equipment used during the erection of the shell. Again, these factors should be
given careful consideration at the time the shell is being designed.

In order to reduce stresses and deformations to which a prefabricated shell element might be
exposed during transportation and erection, the shell designer may choose to thicken the edges
of these elements or, conversely, the designer may place the boundaries of the prefabricated
elements along the lines of already provided auxiliary members. Such auxiliary members may
be incorporated into the precast element, or may be poured in the field, thus creating very

effective monotithic joints. This sclution offers the additional advantage of reducing the need
for tight tolerances.

Environmental conditions which affect corrosion should be given consideration since they may
control the design of prefabricated shells.

5.3. ARCHITECTURAL DETAILS

5.3.1. General Remarks

The importance of architectural detailing on the performance of concrete thin shell structures is
generally recognized. All architectural details should be designed and executed to satis{y func-
tional requirements, to enhance appearance, and to be consistent with the economic require-
ments of the project. In the following, some of the architectural details characteristic of con-
crete thin shell structures are considered. The problems which thin shells share with other
structural systems are not discussed, or receive only brief mention.
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5.3.2. Concrete Finishes

Due to their nature as a structural system, thin shells are often designed so that after comple-
tion large concrete surface areas are exposed to view. For the purpose of these Recommen-
dations, such concrete may be termed architectural, Thus, because of the size of the exposed
surfaces, the impact on the appearance of the project may be significant. Hence the need for
careful design and control of the process of manufacture of these surfaces, aimed at the unifor-
mity of texture and color within assigned areas, minimization of the visual impact of cracking,
and reduction in the number of blemishes. It must be borne in mind that, due to the nature of
concrete as a construction material, complete uniformity of color and texture is not attainable,
and that cracking will occur. Accordingly, a prudent, pragmatic designer should attempt to
detail well within the capabilities of the material and of the construction technology available
for the given project.

Design of surfaces: Architectural surfaces of concrete should be designed at two levels. Large
scale design involves the organization of the surfaces in the large. This may be achieved by sub-
dividing the total exposed surface into smaller areas more nearly related to the human scale.
As much as possible the subdivision should follow the lines which result naturally from the
intrinsic structure of the shell, or from the manner in which the shell is built. Examples are
the lines of change of geometry of the shell (such as the hip lines of a hyperbolic paraboloid
umbrella), the lines along any stiffening ribs, the lines of Jjoints between shell elements, or the
lines of construction joints, Whatever the method of division of the surface, it should be
related logically to the structure, to its function, and to the method of construction used, and it
should be readily perceptible to an observer. Small scale design involves the design of surface
area within the large scale design lines. It entails the design of concrete finishes, their texture,
color and other characteristics.

Types of concrete finishes: Two general types of concrete finish may be distinguished. Form
imprint finish results from leaving the surface essentially unfinished, the visible part of it being
mortar; the texture may be smooth or rough depending on the nature of the form and its liner.
Treated surface finish results from treating the surface after the removal of forms in any of a
number of ways so as to remove a portion of the surface mortar and to expose the aggregates to
a desired degree. As an aid in this process, retarder coating, surface washing, acid washing,
sandblasting, mechanical treatment (bushhammering is an example), aggregate seeding, aggre-
gate preplacing and aggregate transfer have been used. The procedures are essentially the same
as in general concrete construction.

Color: Desired color can be achieved by adding an appropriate coloring agent to the mix, by
exposing aggregate of desired color to the desired extent, or by painting, which changes color
without changing the texture,

5.3.3. Watertightness

Shells are sensitive to water- and weather-tightness problems because of the size and degree of
exposure of the concrete surfaces. It does not seem to be possible to ensure watertightness
through the use of any concrete additives. Carefully designed and executed prestressing may
provide a solution in some instances. Most often, however, tested roofing materials are used
because of their proven reliability.

5.3.4. Joints

Joints between shell elements, and construction joints, should be designed to transfer loads as
discussed elsewhere in these Recommendations. In addition, care should be exercised to
ensure watertightness, and protection from corrosion. An appropriate caulking compound may
have to be used, of a non-running type. When designing joints between prefabricated ele-

ments, consideration should be given to the possible rotations of the shell at the joints. .
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5.3.5. Mechanical and Electrical Services

Mechanical services do not present problems different from those encountered in other types of
concrete construction. The possible exception is the attachment of various lines and ducts to
the structure, where care should be taken to preciude significant concentrated loads from being
attached directly to the shell,rather than to some auxiliary elements capable of distributing such
loads. Electrical conduits should not be placed within the thickness of the shell, unless the
diameter of the conduit is less than one tenth of the thickness of the shell. In addition, parailel
conduits should be spaced a minimum of 6 sheli thicknesses apart {within the plane of the shell
surface), and care should be taken to ensure that the conduits do not interfere with and do not
displace shell reinforcement.

5.4. ECONOMICS

5.4.1. General Remarks

The cost of design and construction of a concrete thin shell structure varies greatly not only
with the type and dimensions but also with the location of the project. Availability of construc-
tion materials and equipment, availability of skilled iabor, finally also the availability of design
aids such as computers, all affect the final cost of the project to a very great extent. For this
reason, it is not possible to consider the economics of shell design and construction so that the
discussion would be applicable on ail continents and in all countries. The remarks contained in
this article are of necessity restricted in scope and applicability. It is assumed that, in each case,
the economic aspects of a project involving shells need to be examined.

In general, concrete thin shell structures utilize materials effectively in that the ratio of material
required to enclose space to the volume of space enclosed is smaller than for other structural
systems. Further, the material itself is predominantly the rather inexpensive concrete, with a
relatively small amount of reinforcing. However, successful construction of shells requires
highly skilled design and construction personnel, and hence the labor-to-materials cost ratio
tends to be higher, perhaps, than for other structural systems constructed in the same location.

5.4.2. Design Cost

The cost of design of a shell structure depends primarily on the geometry of the shell. In some
cases, such as circular cylindrical shells, spherical domes, hyperbolic paraboloids of typical
spans, and prismatic folded plates, the cost of design is of the same order of magnitude as the
cost of design of other structures. Thin shells of more complex geometry cost significantly
more to design, unless the solution can be obtained with the help of some existing computer
program well understood by the user — it seems safe to say that the cost of development of a
custom designed computer program intended for a specific project is prohibitive. It may be well
worth it to change the geometry of a proposed shell structure even at the expense of the
amount of material used so that it becomes one of the well established shapes, or shapes for
which an established well functioning computer program is readily accessible.

5.4.3. Construction Cost

For a shell of a given geometry, the cost of construction materials — concrete and reinforcing
— is essentially fixed to within some narrow limits. The primary component of cost over which
the designer and the builder have a significant degree of control is the cost of formwork and
scaffolding. Therefore the primary effort at reducing the cost of construction of concrete thin

shells has been directed over the years at a reduction of the cost of forms. Several approaches
are possible.

Geometry of the shell: The cost of shell can be reduced by using particularly convenient
geomeltry so that forms can e constructed of plane elements, or of linear elements. As an
example, the formwork for a hyperbolic paraboloid shallow shell can be constructed of small
rectangular or square plane (flat) elements, and the formwork for the cylindrical shell can be
built using boards placed in the direction of the directrix. As a rule, then, shallow shells and
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shells in the form of developable or ruled surfaces will offer some savings in construction cost.

Cost of form material: Typical form material is wood or plywood. Where this material is not
available, or where it is expensive, attempts have been made to use cheaper, more readily avail-
able materials. A great many approaches have been tried. Earth forms were used in the con-
struction of shell-like footings, in the construction of large-span domes, and in the construction
of shells formed of a number of elements. Paper reinforced with welded wire mesh and
suspended from permanent reinforcement has been used in the construction of inverted domes,
Prefabricated reinforced concrete forms which are eventually incorporated into the finished
structure have been used with great success in the construction of a number of ribbed shells of
different geometries.

Re-use of forms: Where possible, the cost of forms can be reduced if the forms are reused.
This approach applies to projects involving a number of shells of the same geometry, to large
surfaces where the shell forms may be moved from one segment of a surface to another, and to
shells prefabricated from a number of smaller precast identical elements. By reusing the form a
great many times, the cost of it per unit of area of the shell surface may become significantly
smaller than if the traditional methods of construction were used.

Method of depositing concrete: The cost of forms can be reduced on occasion by appropriately
adjusting the method of depositing concrete. As an example, where the slope of the shell
exceeds the limits of applicability of one-sided form, the need to use two-sided forms might be
obviated through the use of pneumatically deposited concrete.

Precasting: Precasting represents a different approach to construction which may result in cost
savings not only due to the possible reduction in the cost of forms, but also in reductions due
to more industrialized methods of production. In addition, in some countries, the cost of fac-
tory labor is less than the cost of field labor. The necessary condition for applicability of prefa-
brication of shells is that their geometry be suitable; in addition, relattvely heavy construction
equipment must be available if full advantages of prefabrication are to accrue.

5.4.4. Detailing

The influence of detailing on the cost of construction is the same in shells as in other structural
systems. Attempt should be made to use the same types of detailing repetitively, aimed at
reducing the amount of material and labor while maintaining the efficiency of the detail.
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CHAPTER 6
SELECTED BIBLIOGRAPHY OF SHELLS
6.1. GENERAL REMARKS

The literature of concrete shells is vast and no attempt is made here to present a compre-
hensive bibliography. References included here were selected on the basis of their importance,
utility and accessiblity to concrete shell and folded plate designers. An attempt was made to
include shell literature from many different countries and in many different languages. Because
of the restrictions of space, to keep this bibliography within manageable proportions some refer-
ences of unquestioned historical or theoretical importance are not necessarily included if the
information contained in them is available in other, more readily accessible texts. The sole
exception to this policy is the group of references cited in Chapter 3 of these Recommendations
and listed in paragraph 6.2 of the bhibliography. It should be noted that many of the references
listed in this chapter contain extensive bibliographies.

Information on the design, analysis and construction of concrete shells and folded plates con-
tinues to appear in many technical, research and professional publications. A special mention
should be made in this connection of the Bulletin of the International Association for Shell and
Spatial Structures, published in Madrid, Spain; this Bulletin of the IASS is the only regularly
appearing periodical devoted exclusively to shell and spatial structures.

The bibliography is organized as follows: references cited in Chapter 3 are grouped in paragraph
6.2; selected bibliography of paragraph 6.3 is further divided into separate groupings such as
textbooks, and works devoted to some specific aspect of shell design, analysis or construction.
Separate groupings are listed for the Proceedings of Shell Symposia organized by the IASS or by

related organizations, and for the few existing shell regulations from various countries of the
world.

The manner in which a publication is listed follows a generally recognized format. In the case
of a periodical, its name is followed by the volume number, issue number (where available),
the year of publication in parenthesis, and page numbers. The use of the original title proved
impractical. English translation of the title, followed by the identification of the language of the
original, is used instead. It should be noted that a great many of the publications listed have

been translated into a number of languages; in such cases, only one reference is given, not
necessarily to the original publication,

6.2, REFERENCES CITED IN THE TEXT

1. Aron, H.,, "The equilibriom and motion of an infinitely thin curved elastic shell" (in
© German), Journal £ reine und ang. Math. v. 18 (1874).

2. Love, A. E. H., "On the small free vibrations and deformations of thin elastic shells,” Phil.
Trans. Royal Society (London), v. 17A, pp. 491-546 (1888).

3. Love, A. E. H., 4 treatise on the mathematical theory of elasticity, fourth edition, New
York, Dover Publications {1927).

4. Sanders, J. L., An improved first-approximation theory for thin shells;, NACA TR R-24
(1959).

5. Koiter, W. T., "A consistent first approximation in the general theory of thin elastic

shells," Proc. of the IUTAM Symposium on the theory of thin elastic shells, Delft 1959, North
Holtand, Amsterdam (1960), pp. 12-33.

6.  Fliigge, W., Statics and dynamics of shells, (in German), Berlin, Julius Springer-Verlag
(1934).
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27.

58
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v. 4, no. 7 (1940).

Byrne, R., Theory of small deformations of a thin elastic shell, University of California (Los
Angeles) Publications in Mathematics, N.S., v. 2, (1944), pp. 103-152.
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(1950).
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thin shells," Proc. Kon. Acad. Wettenschapen afd. Nat. Amsterdam, May 1961.

Donnell, L. H., "A new theory for the buckling of thin cylinders under axial compression
and bending,"” Trans. ASME, v. 56, (1934), pp. 795-806.

v. Karman, T., and H. S. Tsien, "The bending of thin cylindrical shells under axial
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Jenkins, R. S., Theory and design of cylindrical shell structures, The O. N. Arup Group of
Consulting Engineers, London, May 1947. -

Viasov, V. Z., "Basic differential equations in the general theory of elastic shells” (in
Russian), Prikl. Mat. Mekh., v. 8, no. 2 (1944).

Goldenveizer, A. N., Theory of elastic thin shells (trans. from Russian), New York, Per-
gamon Press (1961).

Green, A. E., and W. Zerna, Theoretical elasticity, Oxford, Oxford University Press
(1954).
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Netherlands, P. Nordhoff Ltd. (1959).
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Engineers, Copenhagen, The Danish Technical Press, (1949),

Evans, H. R. and K. C. Rockey, "A critical review of the methods of analysis for folded
plate structures," Proc. Inst. Civ. Engrs., v. 49 (1971), pp. 171-192.

Johnson, C. D. and T. Lee, "Long nonprismatic folded plate structures,"” J. Struct. Div.
ASCE, v. 49, ST 6 (1968), pp. 1457-1484.

Collatz, L., The numerical treatment of differential equations, third edition, New York,
Springer-Verlag (1966).

Kraus, H., Thin elastic shells, New York, John Wiley & Sons (1967).

Soare, M., Application of finite difference equations to the analysis of shells (in French), Paris,
Editions Eyrolles (1962).

Bushnell, D., B. O. Almroth and F. Brogan, "Finite difference energy method for non-
linear shell analysis," Computers and Structures, v. 1 (1971), pp. 361-387.

Zienkiewicz, O. C., The finite element method, third edition, New York, McGraw-Hill
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6.3. SELECTED BIBLIOGRAPHY OF SHELLS

6.3.1. Proceedings of IASS Symposia
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