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ABSTRACT: This paper describes the fundamentals of in-
elastic moment redistribution in indeterminate prestressed
concrete members, with a particular focus on the new “ uni-
fied design provisions’ of the 2002 ACI Building Code (ACI
318-02) and how they affect moment redistribution. The fun-
damentals and statics of “ secondary moments” inindeter mi-
nate prestressed members is discussed and explained in de-
tail. Examplesare presented for the analysis and the design
of multi-span prestressed concrete beamsin accordance with
the new code. Recommendations are made for changes to
ACI 318 that will modify certain aspects of moment redistri-
bution and secondary moments not adequately addressed in
the current edition.
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1.0 INTRODUCTION

Moment redistribution provides the designer of continuous
prestressed and non-prestressed beams and slabs a valuable
tool for cost-efficient design. Understanding and taking ad-
vantage of the effects of inelastic behavior in indeterminate
members generally permits the designer to reduce both the
maximum elastic positive and negative moments when live
load is*“ skipped” (arranged in patternsthat produce maximum
possible positive and negative moments at all sections), thus
narrowing the envel ope of demand moments across the spans,
and reducing the amount of reinforcing required for any given
factor of safety. Moment redistribution also often permitsthe
“shifting” of moments from cross-sections that are less effi-
cient in resisting moment to those that are more efficient, re-
sulting in further savingsin reinforcing. Significant changes
have been made to “ Building Code Requirements for Struc-
tural Concrete (ACI 318-02) and Commentary (ACI 318R-
02)” that simplify and unify moment redistribution in both
prestressed and non-prestressed continuous beams and slabs.
This paper will address the fundamental s of moment redistri-
bution and how the new code affects design practices. It will
also addressthe related subject of secondary momentsin con-
tinuous prestressed concrete members, and how they interact
in the moment redistribution process.

2.0 WHAT IS MOMENT REDISTRIBUTION?

Moment redistribution isaterm that describes the behavior of
an indeterminate concrete member after first yielding occurs
at some cross-section of the member. As applied load isin-
creased on an indeterminate member, the responseisinitialy
elastic (deflections, moments, shearsarelinearly proportional
to applied load and can be cal culated by elastic indeterminate
theory) up to theload whereyielding first occursin any cross-
section. Theapplied load producing first yielding at any cross-
sectioniscaledw,. Incremental applied load w, greater than
w, is assumed to produce inelastic rotation at the yielded sec-
tion, but no changein applied moment. Sincew, producesno
incremental moment at the yielded cross-section, incremental
moments resisting w, are devel oped at sectionsother than the
initially yielded section. Thus after first yielding, moments
areredistributed to other cross-sections of the member which
aredtill elastic. Asw, increases, eventually other sectionswill
yield and develop hinges. When enough hinges have devel-
oped in any span of the member to makeit unstable (amecha-
nism rather than a flexural member), the member is consid-
ered to havefailed. Theload at which amechanism formsin
any spaniscalled the“limit” load in that span.
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Fig. 1 Idealized bi-linear moment - curvature
relationship

Inelastic behavior in indeterminate concrete membersiside-
alized by abilinear moment-curvature relationship shown in
Fig. 1. Thecross-section isassumed to respond elastically up
to an applied moment of @M, at which point the section de-
velopsa* plastic hinge”, and incremental curvature (rotation)
occurs at the section with no change in moment.

The inelastic behavior of a continuous member depends on
whether yielding first occursin anegative moment region (at
a support) or in the field of the member in the positive mo-
ment region. ACI 318 code requirementspermit first yielding
in either positive or negative moment regions, although thisis
not immediately obvious.

Moment redistribution is used in the design of continuous con-
crete members by providing a flexural capacity @M, at the
negative or positive moment regions of the member (or both)
that is less than the moment at the same point calculated by
elastic theory. The reduced moment capacities must be stati-
cally consistent with moments at other sections of the mem-
ber under the same loading condition.
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Fig. 2 - Moment redistribution - hinging at supports
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3.0 FIRST YIELDING IN NEGATIVE MOMENT
REGIONS (SUPPORTYS)

Fig. 2 showsamoment diagram for an interior span of length
L in a multispan continuous beam with an applied uniform
load w per length of beam. The beam has constant positive
and negative flexural capacities @M of 4.0 “units’. Inthe
elastic range the negative moment at each end of thebeamis-
wL?/12 and the positive moment at midspanis+wL%24. Curve
1isan elastic moment diagram in which the negative moment
has just reached the yield moment of -4.0 units. Under this
load w,, the positive moment is +2.0 units. The load which
producesthismoment diagram (Curvel) is:

Asthe load increases beyond w, the ends of the beams act as
hinges undergoing inelastic rotation with no change in mo-
ment (the moment stays constant at -4.0 units). Thebeamis
stable and can carry additional loadw, as asimple-span deter-
minate beam with pinned ends and a constant end moment.
This post-yielding rotation at the beam ends is an inelastic
behavior, and the amount of rotation possible beforefailure at
the section (crushing of the concrete or tensile rupture of the
steel) is a measure of the ductility of the section. At some
load w,+w, the midspan yield moment of +4.0 units will be
reached and theinelastic moment diagram of Curve2inFig. 2
will be produced. At this point the span has devel oped three
“hinges’ and becomes instable, incapable of resisting addi-
tional load inflexure. Thelimitloadw, .=w,+ w, which pro-
duces the moment diagram of Curve 2 is determined as fol-
lows:

2
—"""fgtL =f M +f M; =8

64 e @
W

limit — 2
L

It isof interest to cal cul ate the moment diagram which would
be produced if the beam responded elastically to thelimit load
w. . The negative moment at each end of the spanis:

limit*

y- =40l _ 64 _
e T&12512 12

The positive elastic moment is:

January 2003

InFig. 2 Curve 3isthe elastic moment diagram which would
be produced by the limit load w, .. At all points where the
elastic Curve 3 exceeds the yield capacity @M , inelastic be-
havior isrequired of the section. Theratio between theelastic
moment and the yield moment at any point isameasure of the
amount of inelastic behavior required at that point to develop
thelimitloadw, .. Theamount of inelastic rotation or “redis-
tribution” required at a section can be defined as:

fM,

%R =100 -
¢

where M, isthe elastic moment at the section under consider-
ation. In the example of Fig. 2 the amount of redistribution
required at the ends of the span to develop the limit load is:

%R=1008- -+ 9= 24,09
& 5335

4.0 FIRST YIELDING IN POSITIVE MOMENT
REGIONS (MIDSPANS)

Itisalso possiblefor yielding to occur first at midspan in posi-
tive moment regions. Fig. 3 showssuch acase, wherein this
span the flexural capacities at supports and midspan are-3.0
unitsand +1.0 unit respectively. A load of w, produces Curve
1, the elastic moment diagram in which the positive moment
has just reached @M _=+1.0 at midspan. The magnitude of w,

A plastic hinge devel ops at midspan under thisload, and addi-
tional load w;, beyond w, is resisted by two cantilevers off of
the left and right supports. The support moments increase
until, at aload of w, . = w,+w, the support sectionsyield. The
moment diagram produced by thelimit loadisshowninFig. 3
asCurve2. Thelimitloadis:

2
—""““g" =f M +fM; =4

32 (8

Wiimit —?
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Fig.3 - Moment redistribution - hinging at midspan

The elastic negative moment which would be produced by
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The positive elastic moment that would be produced by w,
is
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The élastic moment diagram which would be produced by w;, .

isshown in Fig. 3 as Curve 3. The amount of redistribution
required at midspanis:

16
%R=100%- —= 2= 24.8%
0 8 1335 0 e (11
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Notein this casethereisno inelastic behavior required at the
supportsin the negative moment region. All of the inelastic
redistribution occursin the positive moment region at midspan.
The elastic negative moment under w; . has been increased
in magnitude by 12.4% (from -2.67 unitsto -3.0 units) in or-
der to achieve the reduction in positive moment. Note that
the percentage changein the negative support moment (where
no inelastic behavior isinvolved) issignificantly smaller (half)
than the percent change in positive moment, where inelastic
behavior isrequired.

5.0 EXAMPLES

To demonstrate the mechanics of moment redistribution, atwo-
span beam model on pinned supports will be used, sinceit is
the simplest indeterminate member available that illustrates
all of the necessary aspects of moment redistribution. In order
to demonstrate the effects of “secondary moments’ through
the entire range of loading, the beam model will be assumed
to contain both prestressed and non-prestressed reinforcement.
Additional factors such as more spans, support width, support
stiffness, etc., albeit realistic, add only mathematical complex-
ity to thisbasic model without illustrating anything fundamen-
tal about moment redistribution, therefore these factors will
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Fig. 4 - Example beam

beignored. It isassumed that the reader understands such
complexities and can incorporate them as necessary. Inorder
to demonstrate the application of moment redistribution two
models with given reinforcement will first be analyzed, and
then asimilar two-span beam will be designed in accordance
with the new provisions of ACI 318-02.

Assume a two-span beam with geometry and reinforcing as
shown in Fig. 4. Tendons are unbonded with parabolic pro-
files, effective tendon stressf_=173 ks [1193 MPe], unstressed
reinforcing steel is Grade 60 (fy=414 MPa), concretef’ =4,000
psi [27.6 MPa).

51 Analysis Case 1: Bars

“A"=2-#6, Bars “B"=2-#8

Thisexampleillustrates abeam where yielding devel opsfirst
in the negative moment region at an interior support. For the
given reinforcing, the flexural capacity @M at support 2 is
646 ft-kips [876 kN-m] and at each midspan is 868 ft-kips
[1177 kKN-m]. In calculating these capacitiesthe tendon stress
at nominal strengthfpS is203 ksi [1400 MPa] at support 2 and
233 ksi [1607 MPa] at midspans (ACI 318-02 Eg. 18-4), and
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@is 0.9 (both sections are tension-controlled with €, > 0.005,
see 10.3).

When a statically determinate beam is prestressed, the mo-
ment at any cross-section produced by the prestress force is
simply the prestress force multiplied by the distance (“ eccen-
tricity”) between the point of application of the force and the
geometric centroid of the cross-section. Thismoment isoften
called the* primary moment”. External reactionsin determi-
nate beams are unaffected by prestressing since they can be
determined solely by the statics of externally applied loads
(thus the term “ determinate”). When a statically indetermi-
nate beam is prestressed, however, the internal prestressing
force can cause changesin external reactions, producing addi-
tional moments at beam cross-sections. These additional mo-
ments are often called “ secondary moments”.

Consider the beam shownin Fig. 4. Assumethat thebeamis
weightless (no applied external dead or liveloads). If the cen-
ter support at grid 2 was removed, the beam would span be-
tween the external supports at grids 1 and 3. Since the pri-
mary moments are predominantly negative (producing flex-
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Fig. 5 - Secondary moments and reactions

ural compression at the bottom of the beam and tension at the
top) the beam would bend in a convex upward shape, causing
the beam to deflect upward (camber) at grid 2. For the deflec-
tionto be zero at grid 2, arequirement in the actual configura-
tion, an external “secondary” reaction is required at the inte-
rior support. The direction and magnitude of this secondary
reaction, and the momentsit producesin the beam, are calcu-
lated asfollowsand are shownin Fig. 5.

The secondary moment can be determined, at any cross-sec-
tion, by the following equation:

where:

M, , = moment at any section produced by theinternal ten-

don loads (the “balanced” loads) acting on the con-
crete.

F = prestressforce at same section.

e = distance between tendon cgs and concrete cgc at same
section (eccentricity).

For the beam in Fig. 4 the tendon balanced |oad between sup-
portsis:

_ 8Fa _ 8x200x24
W 12xe0°
= 0.889kips/ft[13.125kN/m|
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At the center support the balanced load moment is:

0.889x60°
Mo ==

=400 ft - kips[542 kN - m|

The eccentricity “e” at the center support is 12-4=8 inches,
therefore the secondary moment is:

M, =M, - Fe=400- 200->
12

= +267 ft - kips[ 362 kN-m]

The secondary reaction at supports 1 and 3 is 267/60 = 4.45
kips[19.8 kN], and the secondary reaction at the center sup-
port 2is8.90 kips[39.6 kN]. Since secondary moments are
produced only by external reactions, secondary moment dia-
gramsconsist of straight line segments between supports. For
the exampl e beam, the secondary moment diagram is shown
in Fig. 5. Moments produced by external loading are super-
imposed upon this secondary moment diagram, which is
present throughout the entire range of external loading from
zerothrough failure at the limit load.

Assumethat auniform load per foot of beam isapplied exter-
nally across both spans. Astheload increases, at some level
of applied load the “demand” moment at the center support
will be equal to the capacity at that point (646 ft-kips) [876
kN-m], and aplastic hingewill form. At that point the beam
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Moment diagram from w;=2.03 k/ft [30.0 kN/m]

O )

. 267 ft-ki
+618 ft-ki +
[+838 kN_prSn] [+362 kN-m]
q
-646 ft-kips
[-876 kN-m]

Fig. 6 - First yielding at center support at w,=2.03k/ft [30.0 kN/m]

moment diagram will be as shown in Fig. 6, where the sec-
ondary moment diagram has been superimposed on the exter-

nal load moment diagram.

6,is

®)

+w,L%/8

O O

Moment diagram from w;=2.03 k/ft [30.0 kN/m]

Moment diagram from w;

Hinge

-646 ft kips
[-876 kN-m]

Fig. 7 - Loading beyond w,
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The applied external load producing first yielding at the cen-
ter support, and producing the moment diagram shownin Fig.

1
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Fig. 9 - Inelastic and elastic moment diagrams with limit load
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_ 8(646+267)
W=—"rs
60
= 2.03 kips/ft[30.0 kN/m]

Notethat the el astic positive moment at midspans (618 ft-kips)
[838 kN-m] under w, is|ess than the positive moment capac-
ity (868 ft-kips) [1177 kKN-m] therefore yielding at midspan
has not occurred. The beam at this point is stable and can
resist additional applied load, however incremental load w,
above w, producesinelastic rotation but no additional moment
at support 2 (ahinge has devel oped there), and the incremen-
tal load w, is resisted as two simple-span beams as shown in
Fig. 7 (the baseline of the moment diagram has been rotated to
horizontal for convenience).

Atacertain value of w, the midspan applied moment will reach
the positive moment capacity of 868 ft-kips [1177 kN-m], at
which point the beam becomes an unstable mechanism (it can
no longer respond in flexure) and the limit load has been
reached. The maximum value of w;, (0.57 kips/ft) [8.4 kN/m]
can be calculated considering the statics of span 1-2 asshown
inFig. 8. Thelimit load for thisbeam isw,+w,=2.03 + 0.57
= 2.60 kips/ft [38.39 kN/m]. The moment diagram at limit
load is shown in Fig. 9, where the elastic moment diagram
that would have been produced by aload of 2.60 kips/ft [38.39
kN/m] is superimposed.

Important pointsto note from thisexample are:

Asthe applied load increased, yielding occurredfirst
at the center support, at an applied load of 2.03 k/ft
[30.0 kN/m] and a negative moment of 646 ft-kips
[876 kN-m]. Loading in excess of 2.03 k/ft [30.0
kN/m] produces inelastic rotation at the center sup-
port, with no change in moment.

Positive moment yielding occursat an applied “limit”
load of 2.60 k/ft [38.39 kN/m]. At thispoint the beam
becomes a mechanism and cannot carry additional
load in flexure. All of the inelastic behavior occurs
at the support in the negative moment region; noin-
elastic behavior occursin positive moment regions.

Thelimit load of 2.60 k/ft [38.39 kN/m] would pro-
duce an elastic moment of -903 ft-kips[-1224 kN-m]
at the center support, including apositive secondary
moment of +267 ft-kips [+362 KN-m]. The amount
of inelastic redistribution required for this beam to
develop full limit behavior, expressed as a percent-
age of the elastic moment, is:

)

)

<—Centerline of symmetry

©)

+729 ft-kips \
[+989 kN-m] +267 ft-ki
[+362 kN-m]
/P
24.3
[7.41 m]
|
854 ft-kips
[-1158 kN-m]

Fig. 10 - First yielding at midspan at w,=2.49 k/ft [36.76 k/m]
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Moment diagram from w;=2.49 k/ft [36.76 kN/m] 7

+729 ft-kips
[+989 kN-m]

-854 ft-kips
[-1158 kN-m]

Moment diagrams from w,

Fig.11- Loading beyond w,

b dled

€ W (24.32)=12.15w,

I/ 24.3 [7.41m]| 35.7' [10.89 m]

|\

2
DM =1270- 854 = 416t - kips[564 kN - mj] :12.15w2(35.7)+@

1071 w, = 416
W, =0.39 k/ft [5.76 KN/m]

Fig.12 - Limit load w,
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Elastic moment diagram from w=2.88 k/ft [42.52 kN/m]

(2) ;

wewy
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. ‘e

+729 ft-kips
[+989 kN-m]

. +833ft-kips
", [+1130 kN-m]

......
~~~~
.

Inelastic moment diagram from 2.88 k/ft
[42.52 kKN/m]

!
s
‘
‘
3
.
W}

-1029 ft-kips
[-1395 kN-m]

-1270 ft-kips
[-1722 kN-m]

Fig. 13 - Inelastic and elastic moment diagrams with limit load

¢ ACI 318-02 limits %R to 20%, therefore the amount
of redistribution required in thisbeam to develop full
limit load behavior would not be permitted.

*  Secondary moments and reactions exist throughout
the entire load range from no applied load through
thelimit load condition. They do not “disappear” at
any load level (note that the positive secondary mo-
ments have been included algebraically in the mo-
ment diagrams of Figs. 7, 9, and 11). They have a
significant effect on the amount of applied load re-
quired to produce first yielding, and the amount of
inelastic rotation required at any “hinged” section be-
tweenfirst yielding and failure.

5.2 ANALYSIS CASE 2:
Bars “A"=4-#11, Bars “B"=2-#5

Thisexample demonstratesthe behavior of abeam whereyield-
ing developsfirst in the positive moment region, rather than

January 2003

in the negative moment region at the support. For thisrein-
forcing, the flexural capacity @M, at support 2is 1270 ft-kips
[1722 kN-m] and at each midspan is 729 ft-kips[989 kN-m].
In calculating these capacities the tendon stress at nominal
strength is 203 ksi [1400 MPa] at support 2 and 233 ksi [1607
MPa] at midspans (ACI 318-02 Eq. 18-4), and @ is 0.9 (both

sections are tension-controlled with €, > 0.005, see 10.3).

Assumethat auniform load per foot of beam isapplied exter-
nally across both spans. Astheload increases, at some level
of applied load the “demand” moment in the midspan region
will be equal to the capacity at that point (729 ft-kips) [989
kN-m], and aplastic hingewill form. At that point the beam
moment diagram will be as shown in Fig. 10, where the sec-
ondary moment diagram has been superimposed algebraically
on the external load moment diagram.

The applied external load producing first yielding at midspan,
and producing the moment diagram shownin Fig. 10, is(note
that the secondary moment at the point of the hingeis+100 ft-
kips) [+136 kN-m]:

_ 128(729- 100)
W = 2
9x60
= 2.49 kips/ft [36.76 kN/m|

PTI1Journal 1 15



The el astic negative moment at the center support (854 ft-kips)
[1158 KN-m] under w is less than the negative moment ca-
pacity (1270 ft-kips) [1722 kN-m)] therefore yielding at the
center support has not occurred. The beam at this point is
stable and can resist additional applied load, however incre-
mental load w, above w, produces inelastic rotation but no
additional moment at the midspan hinge, and theincremental
load w, is resisted as a simple-span beam near the exterior
supports and a cantilever off the center support as shown in
Fig. 11 (the baseline of the moment diagram has been rotated
to horizontal for convenience).

At acertain value of w, the applied support moment will reach
the negative moment capacity of 1270 ft-kips[1722 kN-m] ,
at which point the beam becomes an unstable mechanism (it
can no longer respond in flexure) and the limit load has been
reached. The maximum vaue of w, (0.39 kips/ft) [5.76 kN/m]
can be calculated considering the statics of span 1-2 asshown
inFig. 12. Thelimit load for this beamisw,+w,=2.49 + 0.39
=2.88 kipg/ft [42.52 kN/m]. The moment diagram at limit
load is shown in Fig. 13, where the elastic moment diagram
that would have been produced by aload of 2.88 kips/ft [42.52
kN/m] is superimposed.

Important pointsto note from thisexample are:

Asthe applied load increased, yielding occurredfirst
at midspan in the positive moment region, at an ap-
plied load of 2.49 k/ft [36.76 kN/m] and a positive
moment of 729 ft-kips [989 kKN-m]. At this point a
plastic hinge develops at a point in the span located
24.3feet [7.41 m] from each exterior support. Load-
ing in excess of 2.49 k/ft [36.76 kN/m] producesin-
elastic rotation at the hinge, with no change in mo-
ment.

Negative moment yielding occurs at an applied
“limit” load of 2.88 k/ft [42.52 KN/m]. At thispoint
the beam becomes a mechanism and cannot carry
additional loadin flexure. All of theinelastic behav-
ior occurs at the hinge in the positive moment re-
gion; no inelastic behavior occurs in negative mo-
ment region at the support.

Thelimit load of 2.88 k/ft [42.52 kN/m] would pro-
duce an elastic moment of +833 ft-kips [+1130 kN-
m] at the hinge, including a positive secondary mo-
ment of +108 ft-kips [+146 kN-m]. The amount of
inelastic redistribution required in the positive mo-
ment region for this beam to develop full limit be-

&)

)

©)

¢ LL=1.60 k/ft [23.62 kN/m] ¢

¥ DL=108K/ft[1595kN/m] w

+267 ft-kips [+362 kKN-m]

24.16
[7.37 m]

-939 ft-kips
[-1273 kN-m]

Fig. 14 - Maximum elastic negative moment as support
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¢ w LL=160K/ft [23.62 kN/m] ¢ ¢
w wDL=108K/ft[1595kN/M] v W v v v

+267 ft-kips [+362 kN-m]

26.40°
[8.05 m]

-579 ft-kips
[-785 kN-m]

Fig. 15 - Maximum elastic positive moment in span 1-2
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Fig. 16 - Permissible redistribution (f', < 4,000 psi)
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¢ LL=1.60 k/ft [23.62 kN/m] ¢

v

w  DL=108K/ft[1595 kN/m]

24.69
7.53m

-854 ft-kips
[-1158 kN-rr]

Fig. 17 - Redistributed support moment - maximum negative

havior, expressed as apercentage of the elastic moment,
is

M, 6
M. o

%R =100g1- |
e

~100%- 1299
& 8

33 g

e

12.4%

ACI 318-02 permits an increase or decrease in elastic
negative moments up to 20%. Inthisbeam the elastic
negative moment is increased by 100(1270/1020-1)
=12.5%in order to achieve the decreasein elastic posi-
tive moment. Note that no inelastic behavior actually
occurs at the support.

Secondary moments and reactions exist throughout the
entireload range from no applied |oad through the limit
load condition. They do not “ disappear” at any load
level. They have a significant effect on the amount of
applied load required to producefirst yielding, and the
amount of inelastic rotation required at any “hinged”
section between first yielding and failure.
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6.0 DESIGN BY ACI 318-02

Thefollowing example demonstrates the use of moment re-
distribution in the design of acontinuous post-tensioned con-
crete beam, specifically, the determination of design moments
under factored loadsat al critical sections. Design moments
for the beam in Fig. 4 will be calculated assuming the pre-
stress force and profile shown, an unfactored dead load of
0.9 kips/ft [13.29 kN/m] (including the weight of the beam),
and an unfactored live load of 1.0 kip/ft [14.76 kN/m].

Calculate the factored |oads:
DL =1.2x0.9 = 1.08 kips/ft [15.95 KN/m]

LL = 1.6x1.0 = 1.60 kips/ft [23.62 kN/m]

The moment diagram for liveload arranged to produce maxi-
mum negative moment at support 2 isshownin Fig. 14 (the
factored load moment diagram is superimposed algebraically
onto the secondary moment diagram of Fig. 5).

The moment diagram for liveload arranged to produce maxi-
mum positive moment in Span 1-2 is shown in Fig. 15 (the
factored load moment diagram is superimposed algebraically
onto the secondary moment diagram of Fig. 5).
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Fig.18 - Redistributed support moments - maximum positive

Based upon the elastic factored moments, the support section
would require adesign capacity of -939 ft-kips[-1273 kN-m],
and the midspan sections would require a design capacity of
+934 ft-kips[+1267 kN-m]. However ACI 318-02 permitsa
redistribution of elastic moments based upon a percentagein-
crease or decrease of elastic negative support moments of

%R=1000€, , where €, isthenet tensilestraininthetension
reinforcement farthest from the compression face of the beam

(see 18.10.4 and 8.4). %R islimited to 20% and €, must be

equal to or greater than 0.075 before any redistribution is per-
mitted. At this point in the design process, the amount of
unstressed reinforcement is not known, therefore the net ten-
sile strain isaso not known. However, amathematical rela-

o €, and the quantity M /(& bd? "),
assuming asingle layer of tensile reinforcement and B, =0.85
(f" =4,000 psi [27.6 MPa]). That relationshipisshowngraphi-
caly in Fig. 16, where e, has been multiplied by 1000 in

order to read %R directly on the vertical axis. For the ex-
ample beam:

M, _  939x12

u

- = =0.16
f bd2 fc 09X18X332 X4 .............. (20)

From Fig. 16 the permissibleredistribution isslightly greater
than 9%. The maximum negative elastic moment from Fig.
14 can therefore be reduced to - 939 (1-9/100) =- 854 ft-kips
[-1158 kN-m]. The adjusted inelastic moment diagram, con-
sistent with a negative support moment of 854 ft-kips [1158
kN-m], is shown in Fig. 17 (the baseline of the moment dia-
gram has been rotated to horizontal for convenience).

In Fig. 18 the support moment from the load condition pro-
ducing maximum positive elastic moment in Span 1-2 hasbeen
increased by the same percentage, in order to reduce the maxi-
mum positive moment. The adjusted support moment for this
conditionis 1.09 x 579 = 632 ft-kips[857 KN-m], resulting in
a decrease in positive moment from +934 [+1267 KN-m] to
+911 ft-kips[+1235 kN-m]. Momentsinthe symmetrical span
2-3 arenot shown in Fig. 18 since they are non-controlling.

The resulting demand moments for the beam, using moment
redistribution, are -854 ft-kips [-1158 kN-m] at the support
and +911 ft-kips [+1235 kKN-m] at midspans, both reduced
from the extremes of elastic moments. Fig. 19 shows, for one
symmetrical span, the elastic moment diagrams for the load
condition producing maximum negative moment at the center
support (Curve 1); the load condition producing maximum
positive moment at midspan (Curve 2); the redistributed mo-
ment diagram resulting from a 9% reduction in the maximum
negative support moment (Curve 3); and the moment diagram
resulting from a9% increase in the negative support moment
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Fig. 19 - Elastic and redistributed moments
in the maximum positive moment diagram (Curve 4). It can 7.0 OTHER MOMENT REDISTRIBUTION

be seen that moment redistribution has reduced the envelope
of negative and positive demand momentsthroughout the span.

It is important when reducing both maximum positive and
maximum negative moment diagrams that the redistributed
moment diagrams do not “cross’. In other words, when the
moment diagram for maximum negative support moment
(Curve 1in Fig. 19) istransformed upward by reducing the
elastic negative moment (Curve 3), it cannot at any point cross
the moment diagram for maximum positive moment (Curve
2) transformed downwards when elastic negative moments
(Curve4) areincreased. Thetwo moment diagramscan con-
verge into a single curve but they cannot exchange relative
vertical positions at any point. The final envelope of redis-
tributed positive design moments must at all points be coinci-
dent with or more positive than thefinal envel ope of redistrib-
uted negative design moments, and of course vice versa.
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CONSIDERATIONS

Moment redistribution by ACI 318-02 is based upon increas-
ing or decreasing the el astic negative momentsat supportsby

1000€; %, with a maximum increase or decrease of 20%

(8.4.1). When the elastic negative support moment is de-
creased, inelastic rotation occurs in the negative moment re-
gion at the support. However when the negative support mo-
ment is increased above elastic levels, as permitted by 8.4.1,
positive demand moments are reduced below elastic levels,
and the inelastic rotation actually occurs in the positive mo-
ment regions at midspan rather than in the negative moment
region at the support. The code limitstheratio of @M, /M_to
a minimum of 0.8 at supports only, however it provides no
direct control on the amount of inelastic rotation that can oc-
cur in the positive moment regions. The code does state that

€, must be equal to or greater than 0.075 at the section at

which moment isreduced (8.4.3), but it does not limit the ra-
tioof @M_/M_ for positive momentsif the moment reduction
occurs at midspan. A given percent change in negative mo-
ment does not necessarily resultinanidentical percent change
in positivemoments. In certain cases, thiscan resultininelas-
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tic rotations at positive moment regionsthat are considerably
larger than those limited by code at supports.

For example, in Fig. 3 the el astic negative moment at the sup-
ports has been increased from -2.67 unitsto -3.0 units, anin-
crease of 12.4%. However the elastic positive moment has
decreased from +1.33 to +1.0, a decrease of 24.8%. In this
case the percent changein positive moment, representing in-
elastic rotation, is twice the percent change at the supports
where no inelastic rotation isrequired.

Intypical designswhereliveloadsare required to be* skipped”
to produce maximum negative and positive moments, this con-
dition hasminimal practical significance. Reasonsfor thisare
asfollows:

* The moment diagram where a reduction in elastic
positive moment is desirable, and positive moment
hinging would therefore berequired, isof coursethe
moment diagram producing maximum elastic posi-
tive moments.

In the moment diagram for maximum elastic posi-
tive moment, the negative and positive momentstend
to be similar; in fact in many practical casesin this
moment diagram the positive moment isgreater than
the absolute value of the negative moment, particu-
larly in prestressed members where secondary mo-
ments tend to be positive. Thus the percentage
change in positive moment will not be significantly
different than the percentage changein negative mo-
ment, and in many cases will be less.

Theincreased positive moment resulting from a de-
crease in maximum el astic negative moment will of -
ten control the design (it will be larger than the re-
duced positive moment in the moment diagram for
maximum positive moment) and will result in less
inel astic rotation in positive moment areas.

The limitation of 20% on the change in elastic sup-
port moments, with no limitation on the percentage
changein positive moments, has been in the codefor
many years and has been used by designers in the

)
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Fig. 20 - Elastic moment curves for M* and M-
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designs of thousands of buildingswith no known det-
rimental effectson member performance.

This can be seenin Fig. 20, which shows the elastic moment
diagramsfrom aninterior span of atypically proportioned one-
way multi-span post-tensioned slab. Curve 1 is the elastic
moment diagram from the loading pattern that produces maxi-
mum positive moment in the span; Curve 2 isthe elastic mo-
ment diagram from the |oading pattern producing maximum
negative moment at the left support. Moments are expressed
in units of ft-kips per foot of slab width. Both moment dia-
grams include a constant positive secondary moment of 0.37
ft-kips [5.46 kN-m] per foot across the span. It can be seen
that the positive el astic moment (+3.54 ft-kips) [+4.80 KN-m]
in the maximum positive moment diagram (Curve 1) isonly
about 22% larger than the positive elastic moment (+2.91 ft-
kips) [+3.95 kN-m] in the maximum negative diagram (Curve
2). Thus any significant redistribution upward of the maxi-
mum negative moment diagram (normally the most cost-ef-
fective moment pattern) will leavelittle room for adownward
redistribution of the maximum positive moment diagram
(Curve 1) and very littleinelastic behavior will berequiredin
thefield of theslab. It may also be seen that the magnitude of
the positive moment in Curve 1 (+3.54 ft-kips) [+4.80 KN-m]
is greater than the absolute magnitude of the negative mo-
ment in the same diagram (-2.78 ft-kips) [-3.77 kN-m], thus
any percent changein negative moment will resultinasmaller
percent changein positive moment.

There is, however, one type of commonly used framing sys-
tem where the same argument cannot be made, and that isthe
two-way dab system. Intwo-way dab systemswherethelive
load isless than or equal to 75% of the dead load (not an un-
common condition), live load is not required to be skipped
(13.7.6.2). In multi-span two-way slabswith spans of similar
length, the single resulting moment diagram for live load ap-
plied uniformly on all spanstypically contains negative mo-
mentsat interior supports (in the order of wiL?/12) that are sub-
stantially larger than positive moments at midspans (in the
order of wL%24). If elastic negative momentsin an interior
span of such atwo-way slab wereto beincreased per code by
any given percentage less than or equal to 20%, the positive
elastic moment would be reduced by approximately twice that
percentage, resulting in substantially more inelastic rotation
at midspan than at the support when the elastic negative mo-
ment is reduced by the same percentage.

A further concern is the fact that minimum requirements for
bonded reinforcement for moment redistribution in prestressed
concrete members apply only to negative moment regions at
supports, and not to midspan positive moment regions
(18.10.4.1). Under certain conditions no bonded reinforce-
ment is required in midspan positive moment areas in two-
way post-tensioned slabs (18.9.3.1). Itisconceivablethat un-
der 318-02 a two-way post-tensioned slab system with
unbonded tendons could be designed with a midspan flexural
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capacity that is 40% less than the el astic positive moment de-
mand (@M /M_= 0.6), and with no bonded reinforcement in
the positive moment region.

Theauthor isconvinced that two-way post-tensioned dabswith
unbonded tendons can devel op theinelastic rotations required
by the current code without bonded reinforcement in positive
moment areas, even at the highest practical levelsof inelastic
demand currently permitted by the code. Thefollowing points
support thisopinion:

* Two-way post-tensioned slabs are generally lightly
reinforced and are therefore highly ductile, withc/d,
ratios far less than the maximum tension-controlled
limit of 0.375(10.3.4 and R9.3.2.2).

* Testshave shown that two-way post-tensioned slabs
with unbonded tendons develop full negative and
positive “yield lines’ without positive moment rein-
forcement.

* Because of the shallow moment gradient in positive
moment areas, bonded reinforcement is not required
to fully develop a plastic hinge.

It isthe author’ sopinion, however, that ACI 318-02 should be
modified to require arational limitation on inelastic behavior
in positive moment regions. Because of the reasons stated
above, this limit can be more liberal than the limitation on
inelastic behavior in negative moment regions. The follow-
ing addition of Section 8.4.4 will accomplish this, and will
call attention to the entire subject of positive moment redistri-
bution:

8.4.4 —When negative moments are increased in accordance
with 8.4.1, the resultant decrease in positive moments at any
section shall not exceed 30%.

8.0 DISAPPEARING SECONDARY MO-
MENTS

ACI 318-02 addresses secondary moments in 18.10.3 and
R18.10.3. Whilethe commentary discussion of secondary mo-
mentsin R18.10.3 is otherwise comprehensive and accurate,
the second sentence is not correct:

“When hingesand full redistribution of moments occur to cre-
ate a statically determinate structure, secondary momentsdis-

appear.”

Thisis an unfortunate holdover from along series of misun-
derstandings about secondary momentsthat have appeared in
the ACI code and commentary since prestressed concrete first
appeared in the 1963 edition. We have come along way since
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the 1971 edition, where the user wastold, in violation of stat-
ics, to ignore secondary momentsin the calculation of design
moments (ACI 318-71 Section 18.12).

Asisshown in this paper, secondary moments do not “disap-
pear” at any load level. Nor are they modified by the forma
tion of any number of plastic hinges. They are present through-
out the entireload range from zero to the formation of amecha-
nism. When the indeterminate member becomes determinate
dueto theformation of plastic hinges, the moment at the hinge
does not become zero. The moment acting at the location of
the hinge continues to act (unchanged) on the hinge after it
hasformed and asit rotatesinelastically. Secondary moments
are apart of the moment acting on the hinge, along with mo-
mentsfrom applied external loading, and they continueto act
on the hinge throughout the entire post-yielding load range.
Secondary moments affect the demand moments and the re-
quired amount of inelastic rotationsrequired at any load level,
elasticor inelastic.

The author recommends that the cited second sentence in
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R18.10.3 be removed from the ACI code to avoid any misun-
derstandings about the statics and effects of secondary mo-
ments.

9.0 SUMMARY AND CLOSURE

This paper has described the mechanics of moment redistri-
bution in indeterminate continuous concrete members. Ex-
amples of moment redistribution were presented for both the
analysis and the design of a continuous concrete beam. The
beam was prestressed in order to demonstrate the effects and
interactions of secondary moments and moment redistribution.
Recommendations are made for changesto ACI 318 that will
address certain aspects of moment redistribution and second-
ary moments not adequately addressed in the current edition.
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