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Esfuerzo Cortante y Tensién Diagonal

Se revisan los conocimientos cientificos, ingenieria practica y experiencias en
construcciones relativas al esfuerzo cortante y tensién diagonal en vigas, arma-
duras (marcos rigidos), losas y cimientos de hormigén armado. Se recomiendan
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nuevos procedimientos de disefio comprobados por los datos obtenidos por medio
de ensayos extensivos.

Los capitulos 1 al 4 tratan de los antecedentes y principios generales. Los
capitulos 5 al 7 presentan el desarrollo de nuevos métodos de disefio para
miembros de hormigén armado con y sin refuerzo del alma y para miembros
con y sin carga axial combinada con la flexién y el esfuerzo cortante. El capitulo
8 trata de las losas y cimientos incluyendo el efecto causado por agujeros y el
traspaso de momentos de las columnas a las losas.

L’Effort Tranchant et la Contrainte Principale

On présente une revue de l’art scientifique, de la pratique du génie et des
expériences dans la construction relatives aux efforts tranchants et a la con-
trainte principale dans les poutres, les portiques, des dalles et les semelles de
fondations en béton armé. Les recommendations pour les nouvelles procédés
de calcul sont justifées a 1’aide de résultats nombreaux d’essais.

Les chapitres 1 & 4 concernent les bases et les principes généraux. Les chapitres
5 a 7 présentent I’évolution de nouvelles methodes de calcul d’éléments en
béton armé avec et sans armatures de cisaillement et d’éléments soumis a la
flexion simple et composée avec les efforts tranchants. Le chapitre 8 concerne
les dalles et les semelles de fondations y compris linfluence des trous et la
transmission de moments de flexion des colonnes aux dalles.

Schub- und Hauptzugspannungen

Es wird eine Ubersicht gegeben tiiber wissenschaftliche Erkenntnisse, tech-
nische Praxis und Bauerfahrungen beziiglich Schubsicherung in Stahlbeton-
trigern, Rahmen, Platten und Siulenfussplatten. Empfehlunger fiir neue
Berechnungsverfahren werden durch umfassende Versuchsunterlagen erhértet.

Kapitel 1 bis 4 behandeln die Vorgeschichte und die allgemeinen Grundsitze.
Kapitel 5 bis 7 enthalten die Entwicklung von neuen Berechnungsmethoden fiir
Stahlbetonteile ohne und mit Schubbewehrung und fiir Bauglieder unter Biegung
und Schub ohne und mit gleichzeitiger Langskraft. Kapitel 8 behandelt Platten
und S#ulenfussplatten einschliesslich der Wirkung von Aussparungen und die
Ubertragung von Momenten von Siulen zu Platten.

ACI-ASCE Committee 326, Shear and Diagonal Tension, was formed in 1950 to
develop methods for designing reinforced concrete members to resist shear and
diagonal tension consistent with ultimate strength design. Several investigations and
test programs were initiated, sponsored and conduced by numerous organizaions,
including Committee 326, the Reinforced Concrete Council, many universities (es-
pecially the University of lllinois), the American Iron and Steel Institute, and the
Portland Cement Association. Progress reports of Committee work were presented
at the ACI| 55th annual convention, February 1959, and the 56th convention,
March 1960. This three-part report is the culmination of a 10-year study.
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Presents a review of scientific knowledge, engineering practice, and
construction experiences regarding shear and diagonal tension in re-
inforced concrete beams, frames, slabs, and footings. Recommenda-
Lions for new design procedures are substantiated by extensive test

ata.

Chapters | through 4 deal with background and general principles.
Chapters 5 through 7 present the development of new design meonds
for reinforced concrete members without and with web reinforcement,
and for members without and with axial load acting in combination
with bending and shear. Chapter 8 deals with slabs and footings
inclulclgrg the effect of holes and transfer of moments from columns
to slabs.

FOREWORD

In submitting this report to the parent societies, Committee 326
wishes to express its profound gratitude and sincere appreciation
for the enthusiastic leadership given the committee by the late
Charles S. Whitney, Chairman from 1950 to his death in 1959. The
surge of American research activities in the 1950’s, which essentially
form the basis of this report, came about largely by his dynamic
guidance and support.

CHAPTER 1—PURPOSE AND DEVELOPMENT OF REPORT

100—Purpose of report

It is the purpose of this report to consolidate thoughts and knowledge
gained from various experimental and analytical investigations into a
form useful to practicing engineers, and also to formulate safe and
workable design procedures. The committee terminated consideration of
new researches with those available at the end of 1959, and committee
efforts were then concentrated on development of design procedures
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based on knowledge available on January 1, 1960. The committee makes
no attempt whatever in this report to consolidate knowledge with the
high degree of detail and refinement required by research workers. An
annotated bibliography was prepared for this purpose.t

101—Development of report

Joint Committee 326 of the American Concrete Institute and the
American Society of Civil Engineers was formed in 1950 with the assign-
ment of “developing methods for designing reinforced concrete members
to resist shear and diagonal tension, consistent with the new ultimate
strength design methods.” The committee immediately commenced a
comprehensive study of available information, and a program of tests of
beams without web reinforcement was initiated at the University of Illi-
nois under the sponsorship of the Reinforced Concrete Research Council.
Although this initial program did not lead to a base for fulfillment of
the committee’s assignment, the results focused attention on the com-
plexity of shear and diagonal tension, on a possible lack of safety by
1951 design procedures, and on a general lack of knowledge regarding
the fundamental nature of effects of shear and diagonal tension on the
behavior of reinforced concrete members.

Shear and diagonal tension therefore became the major research theme
in the field of reinforced concrete for the 1950-1960 decade. A few
structural failures added momentum to the intensive efforts devoted to
the solution of the problems involved. Several investigations and test
programs were initiated, sponsored and conducted by many interested
organizations, including Committee 326, the Reinforced Concrete Re-
search Council, various governmental agencies, several universities, the
American Iron and Steel Institute, and the Portland Cement Association.
The intensity of research efforts in the 1950’s are illustrated by the
number of articles appearing in technical literature.! Prior to 1950,
published papers on shear and diagonal tension averaged about four
per year, rarely exceeding six. In 1954 eight papers were published; the
number increased to 17 in 1955, 23 in 1956, 35 in 1957, and over 40 in 1958.

The problems of shear and diagonal tension have not been fundamen-
tally and conclusively solved. In some areas, research has amassed suffi-
cient data from which reliable empirical design procedures may be estab-
lished. Other areas, such as effects of torsion, have received relatively
little research attention. Committee 326 wishes strongly to encourage
further research work, not only to explore other areas of the problem,
but also to establish a basically rational theory for effects of shear and
diagonal tension on the behavior of reinforced concrete members.

tAn extensive annotated bibliography on shear, diagonal tension, and torsion prepared by
Committee 326 will be published in the bibliography series of the American Concrete Institute.
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CHAPTER 2—BACKGROUNDf*

200—Early developments

Early pioneers of reinforced concrete before the year 1900 developed
two schools of thought pertaining to the mechanism of shear failures in
reinforced concrete members. One school of thought considered hori-
zontal shear as the basic cause of shear failures. This seemed a reason-
able approach at a time when scholars and engineers were familiar with
the action of web rivets in steel girders and shear-keys in wooden beams,
for which shearing stresses were computed using the classical equation

Ve

DV = L 2-1

T (2-1)

wheref

v = unit horizontal shear stress at a distance y from the neutral axis

V = total vertical shear at the section

@ = first moment of the part of the cross-sectional area cut off at distance y
from the neutral axis, with respect to the neutral axis

I = moment of inertia of the cross-sectional area with respect to the neutral
axis

b = width of the cross section at a distance y from the neutral axis

Reinforced concrete beams were treated as an extension of the older
materials assuming that concrete alone could only resist low horizontal
shearing stresses, and that vertical stirrups acted as shear-keys for
higher shearing stresses.

The second school of thought, accepted by nearly all engineers today,
considered diagonal tension the basic cause of shear failures. The origin
of the concepts of diagonal tension is uncertain, but a clear explanation
of diagonal tension was presented by W. Ritter as early as 1899. He
stated that stirrups resisted tension not horizontal shear, and suggested
design of vertical stirrups by the equation

Vo= Ahdd (2-2)
s
where
A, = total cross-sectional area of one stirrup
f» = allowable stress in the stirrups
jd = internal moment arm

spacing of stirrups in the direction of the axis of the member

Although Ritter’s viewpoints were not widely accepted at the time, his
design expression for vertical stirrups is identical to that appearing in
modern design specifications of most countries.

{Hognestad, E., “What Do We Know About Diagonal Tension and Web Reinforcement in
l(\:‘/[onc1~1e£.)t5ez?':1,7 Circular Series No. 64, University of Illinois Engineering Experiment Station,
ar. , 47 pp.

iSee Notation, Chapter 8.
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Discussion between the proponents of horizontal shear and diagonal
tension continued for nearly a decade until laboratory tests resolved
the issue, mainly through the efforts of E. Mérsch in Germany. He
pointed out that, if a state of pure shear stress exists, then a tensile stress
of equal magnitude must exist on a 45-deg plane. Furthermore, he de-
veloped the equation for nominal shearing stress widely used today.

v -
v = T (2-3)
Succeeding papers by Morsch in 1906 and 1907 presented a clear explana-
tion of the diagonal tension mechanism and listed several arguments
against the horizontal shear concept:

1. The ultimate nominal shearing stresses in beams without web
reinforcement, as computed by Eq. (2-3), are close to the tensile strength
of concrete, while punching tests indicate that the shearing strength of
concrete is considerably greater than its tensile strength. Hence, shear
failure in beams is due to diagonal tension, not horizontal shear.

2. The effectiveness of stirrups far surpasses the values computed by
the horizontal shear theory. The effectiveness of stirrups derived from
the tensile force transmitted across a diagonal tension crack is in better
accord with tests.

3. Eq. (2-3), which expresses the nominal shearing stress is intended
to be only a nominal measure of diagonal tension.

Morsch’s data, supported by tests by F. von Emperger and E. Probst,
terminated discussions of horizontal shear criteria. About 1910, a return to
Ritter’s pioneering concepts had been made, though the concepts of
horizontal shear have reappeared periodically in the literature even in
recent years. Today, however, most design codes and specifications
throughout the world predicate their shear design procedures on the
concepts of diagonal tension.

201—Development of the classical diagonal tension equation

Because of the widespread use and importance of Eq. (2-3), a critical
review of its foundations and justifications is warranted. Its mathe-
matical derivation, which can be found in any textbook on concrete

structures, is based on the following assumptions:
1. Concrete and steel are homogeneous and isotropic.
2. Stresses do not exceed the proportional limits.
3. Beams have constant cross sections.
4. Distribution of the shearing stresses is uniform across the width of
the beam.
5. Concrete carries no flexural tension below the neutral axis.

The inclusion of Assumption 5 distinguishes the derivation of shearing
stresses in reinforced concrete beams from that for other beams of two
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materials. Because of this assumption, the shearing stress in reinforced
concrete beams is found to be of constant magnitude below the neutral
axis, having the value given by Eq. (2-3). Above the neutral axis its
intensity diminishes parabolically to zero at the top surface. Since j
normally varies within narrow limits about the value j = 7/8, it has
become common American practice to express Eq. (2-3) as

At any point in a homogeneous, isotropic beam the diagonal tension
stress can be related to the shearing stress v, and the flexural tension
stress f;, through the principal stress equation

fi(max) = Yof: + V Yafe> + ©° . (2-4)

Since shear failures in concrete originate from a weakness in tension, it
is important to establish a relation for reinforced concrete beams similar
to that of Eq. (2-4). Most current texts on reinforced concrete adopt
Eq. (2-4), either tacitly or with an explanation supporting its approxi-
mate applicability. They argue that in most regions of reinforced concrete
beams where the shear stress v is relatively large, the flexural tensile
stress f; is relatively small, and, consequently, the diagonal tension stress
f: (max) is approximately equal to the shearing stress v. They assert
that the magnitude of the shearing stress expressed by Eq. (2-3) is a
measure of the diagonal tension stress.

In the development of the expression for shearing stress and in its
generalization as a measure of diagonal tension, the ability of concrete
to resist some degree of tension is first neglected and then acknowledged.
Such an inconsistency suggests a basic weakness in Eq. (2-3).

202—Development of design equations for stirrups and bent-up bars

The analysis of stirrup action known as the “truss analogy” is present-
ed here first in complete form, and then with simplifying assumptions.
The action of a reinforced concrete beam with stirrups may be repre-
sented as that of a truss in which the concrete compression zone is the
top chord, the tension reinforcement is the bottom chord, the stirrups
or bent-up bars are the tension web members, and portions of the
concrete web of the beam are compression web members. This analogy
involves four basic assumptions:
1. The compression zone carries only horizontal flexural compressive
stresses.
2. The tension reinforcement carries only horizontal flexural tensile
stresses.
3. All inclined and vertical tensile stresses are carried by the stirrups
or bent-up bars.
4. A diagonal tension crack extends from the tensile reinforcement up
to a vertical height equal to the effective moment arm jd.
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i,

\%

s |
a0

' s=zcote+zcot &

N =Z[sin 0tcote+coso:]
SN

sin o

a=ssinas= z[sin o cot e + cos or]

Fig. 2-1—Truss analogy

Based on this analogy and its implied assumptions, a rather general
analysis of the stresses in stirrups inclined at an angle a with the axis
of the member is shown in Fig. (2-1)." The inclination of the diagonal
crack is generalized by assuming it forms at an angle § with the axis of
the member. The general equation expressing the force in a stirrup is
then:

Avfo = — Va R (2-5)
jd(sin o cot -4 cosa) sina
where
a spacing of stirrups in direction perpendicular to the stirrups

angle of inclination of stirrups with respect to the axis of the beam
0 inclination of diagonal crack

v shearing force

jd = internal moment arm

A,f, — area times stress of one stirrup

o

mamn

When the stirrups are vertical, o = 90 deg; and if the diagonal crack
has the angle § = 45 deg, the expression becomes:

jBulletin 166, University of Illinois Engineering Experiment Station, University of Illinois,.
Urbana, I1l., June 1927.
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Since ¢ = s when a = 90 deg, Eq. (2-6) is identical to Eq. (2-2) pro-
posed by Ritter in 1899.

Eq. (2-5) can be simplified by substituting A, = rab, V = vbjd, and
K = (sin a cot § + cos a) sin a. Hence, the equation usually appears as

where

v = nominal shearing stress, V/bjd

r = ratio of web reinforcement A./ab

f» = tensile stress in web reinforcement

K = efficiency factor of web reinforcement

It has become common practice to further simplify the procedure by
assuming a crack inclination § = 45 deg. Thus, K = (sin o 4 cos a)
sin a. The factor K is then 1.00 for a = 90 deg, and a maximum value of
K = 1.20 is obtained when o = 67.5 deg.

The development of this general analysis is logical and rational. How-

ever, the four assumptions implied in the analogy and the treatment of
the angle 6 pose questions which will be explored later in this report.

203—Review of ACI and )JC design specifications

NACU report of 1908 — The first report of the National Association
of Cement Users, forerunner of the ACI, was based on what is known
today as ultimate strength design. It specified that “the shearing strength
of concrete, corresponding to a compressive strength of 2000 psi, shall be
assumed at 200 psi” and that “ ... when the shearing stresses developed
in any part of a reinforced concrete constructed building exceeds,
under the multiplied loads, the shearing strength as fixed by the section,
a sufficient amount of steel shall be introduced in such a position that
the deficiency in the resistance of shear is overcome.” No formulas
were presented either for the determination of shearing stress or for
the design of web reinforcement.

NACU Standard No. 4 in 1910 — This standard introduced the con-
cepts of working stresses as a design criterion and recommended, “In
calculating web reinforcement the concrete shall be considered to carry
40 psi (assuming f,” = 2000; could be increased to 50 psi proportionately
with f), the remainder to be provided by means of reinforcement in
tension.”

Progress report of First Joint Committee in 1909 — This report estab-
lished the general methods followed by succeeding codes. It clearly indi-
cated the principles of diagonal tension and the action of bent-up bars
and stirrups:

“Calculations of web resistance shall be made on the basis of maximum
shearing stress as determined by the formulas hereinafter given (v=V/bjd).

When the maximum shearing stresses exceed the value allowed for con-
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crete alone, web reinforcement must be provided to aid in carrying diag-
onal tensile stresses. This web reinforcement may consist of bent bars, or
inclined or vertical members attached to or looped about the horizontal
reinforcement. Where inclined members are used, the connection to the
horizontal reinforcement shall be such as to insure against slip.

“Experiments bearing on the design of details of web reinforcement are
not yet complete enough to allow more general and tentative recommenda-
tions to be made. It is well established, however, that a very moderate
amount of reinforcement, such as is furnished by a few bars bent up at
small inclination, increases the strength of a beam against failure by diag-
onal tension to a considerable degree; and that a sufficient amount of web
reinforcement can readily be provided to increase the shearing resistance to
a value from three or more times that found when the bars are all hori-
zontal and no web reinforcement is used. The following allowable values
for the maximum shearing stress are therefore recommended (based on
fo = 2000 psi; may be increased proportional to f.’ but this increase shall
not exceed 25 percent):

(a) For beams with horizontal bars only, 40 psi

(b) For beams in which a part of the horizontal reinforcement is used
in the form of bent-up bars, arranged with respect to the shearing
stresses, a higher value may be allowed, but not exceeding 60 psi

(c¢) For beams thoroughly reinforced for shear, a value not exceeding
120 psi

“In the calculation of web reinforcement to provide the strength required
in (¢) above, the concrete may be counted upon as carrying 1/3 of the
shear. The remainder is to be provided for by means of metal reinforce-
ment consisting of bent bars or stirrups, but preferably both. The requisite
amount of such reinforcement may be estimated on the assumption that the
entire shear on a section, less the amount assumed to be carried by the con-
crete, is carried by the reinforcement in a length of beam equal to its
depth.

“Stresses in web reinforcement may be estimated by means of the follow-
ing formulas: vertical reinforcement, P = Vs/jd; reinforcement inclined at
45 deg, P = 0.7 Vs/jd; in which P = stress in a single reinforcing member,
V = proportion of total shear as carried by the reinforcement (2/3 of
total V), and s = horizontal spacing of the reinforcing members.”

Second Progress Report of First Joint Committee in 1913 — The second
report retained the general methods of the first report in 1909 with
modifications of allowable stresses. The allowable shearing stress for
beams with horizontal bars only was set at 0.02 f/. A maximum ceiling of
66 psi is inferred in other sections of the report. Likewise the allowable
shear stresses for beams thoroughly reinforced for shear was set at
0.06 f,/, with a ceiling of 198 psi inferred in other sections of the report.

Also, the report includes a few philosophical concepts about shear
and diagonal tension, many of which have subsequently become for-
gotten. They are quoted here not only because of their profound histori-
cal importance, but also because the same concepts have again been
brought to the foreground by recent researches:
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“For the composite structure of reinforced concrete beams, an analysis
of the web stresses, particularly of the diagonal tensile stresses, is very com-
plex, and when the variations due to a change from no horizontal tensile
stresses in the concrete at remotest fibers to the presence of horizontal ten-
sile stresses at some point below the neutral axis are considered, the prob-
lem becomes even more complex and indefinite. Under these circumstances,
in designing, recourse is had to the use of the calculated shearing stress
as a means of comparing or measuring the diagonal tensile stresses devel-
oped, it being understood that the vertical shearing stress is not the numeri-
cal equivalent of the diagonal tensile stress and even that there is not a
constant ratio between them.

“Even after the concrete has reached its limit of resistance to diagonal
tension, if the beam has web reinforcement, conditions of beam action will
continue to prevail at least through the compression area, and the web
reinforcement will be called on to resist only part of the web stresses . . .
It is concluded that it is safe practice to use only 2/3 of the external vertical
shear in making calculations of the stresses that come on stirrups . . .

“It is necessary that a limit be placed on the amount of shear which may
be allowed in a beam; for when web reinforcement sufficiently efficient
to give very high web resistance is used, at the higher stresses the concrete
in the beam becomes checked and cracked in such a way as to endanger its
durability as well as its strength.

“The section to be taken as the critical section in the calculation of
shearing stresses will generally be the one having the maximum vertical
shear, though experiments show that the section at which diagonal tension
failures occur is not just at a support, even though the shear at the latter
point be much greater.”

ACI reports in 1916 and 1917 — These reports were never adopted as
official codes, but they serve to illustrate the tendency toward the use of
less and less web reinforcement. This trend continued in American
specifications until the 1950’s. The allowable shearing stress to be resisted
by the concrete was set at 0.02 f/, with 66 psi inferred to be the maxi-
mum limit. The excess shear up to a ceiling value of 0.075 f, (247 psi
maximum inferred) could be resisted by web reinforcement.

These reports also introduced punching shear in slabs and footings
having an allowable value of 0.075 f,” based on the area having the width
equal to the perimeter of the column or pier and depth equal to the depth
from the top of the concrete to the centroid of tensile reinforcement.

In addition to punching shear, diagonal tension was calculated in
footings on vertical sections a distance d from the face of the column
or pier. The allowable stress was 0.02 f.".

Final Report of the First Joint Committee in 1916 — This final report
paralleled the second progress report of 1913. The following maximum
nominal shearing stresses were given:

No web reinforcement ... 0.02 f’ (66 psi max)
Vertical stirrups or bent-up bars..................... 0.045 f.” (148 psi max)
Vertical stirrups and bent-up bars.............c..ccoeee 0.05 f’ (165 psi max)
Securely attached stirrups and bent-up bars............ 0.06 .’ (198 psi max)

AMERICAN CONCRETE INSTITUTE LIBRARY ¢
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Web reinforcement should be designed for 2/3 of the shear. For com-
bined stirrups and bent-up bars, however, the contribution of the bent-up
bars should first be subtracted from the total shear (maximum of 0.045
fJ); then 1/3 of the remaining shear should be carried by the concrete
and 2/3 by the stirrups. Therefore, the maximum nominal shearing
stress could be 0.105 f,".

The report revised the equation for the design of inclined stirrups
and bent-up bars:

For bars bent up at angles between 20 and 45 deg with the horizontal
and web members inclined at 45 deg, T = 0.75 V’s/jd, where T = total
stress in single reinforcing member, and V’ = total shear producing
stress in reinforcement.

ACI Report of 1919 — The allowable nominal shearing stress for beams
without web reinforcement was maintained at 0.02 f; (66 psi maximum
implied), while for beams with properly designed web reinforcement it
was increased to 0.075 f;” (248 psi maximum implied). The equation for
"design of web reinforcement was rewritten to read: A, = (2/3) Vs/fqjd,
in which A, = area of one web bar or stirrup, s = spacing of bars normal
to their direction, and V — total shear at section. Allowable punching
stress in slabs, provided that the diagonal tension requirements were
met, was set at 0.075 f;/ (248 psi maximum).

ACI Standard Specification No. 23 of 1920 — This specification repre-
sents an almost complete development of American design of web re-
inforcement. The specification permitted the following nominal shearing
stresses: For beams without web reinforcement, 0.02 f/ (60 psi maxi-
mum) ; for beams without web reinforcement, with special anchorage of
longitudinal reinforcement, 0.03 f;’ (90 psi maximum).

Web reinforcement was designed by the equation A,f, = V’a sin a/jd,
where V' = total shear minus 0.02 f, bjd (or 0.025 f,” bjd with special
anchorage), and a = spacing of shear steel measured perpendicular to its
direction. The ceiling value for nominal shearing stress was 0.06 f,” (180
psi maximum), or with anchorage of longitudinal steel 0.12 f,” (360 psi
maximum).

For bent-up bars in a single plane, the following equation was speci-
fied: A,f, = V’ sec a, where V' — total shear minus 0.02 f;/ (60 psi
maximum) bjd and a = angle between bent-up bar and the vertical.

Progress Report of Second Joint Committee 1921 — The proposed
specification permitted nominal shearing stresses similar to those given
in ACI Standard No. 23. It is interesting to note in the Joint Committee
Report, however, that no limitation was placed on f,”. Consequently the
values 0.03 f./, 0.06 f,” and 0.12 f,” had no ceilings.

This progress report first stated the allowable shearing stresses in flat
slabs in the form used in recent years. The shearing stress is computed
at approximately the distance d from the column face with an allowable
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shearing stress ranging up to 0.030 f,’ depending on the percentage of
longitudinal steel passing through the area in question. Again f/ was
not limited.

Final Report of the Second Joint Committee in 1924 — The ACI Code
of 1920 and the JC Progress Report of 1921 contained many special cases
and limitations. This final report eliminated many of them by simplifying
the design equations to v = V/bjd = 0.02 f/ 4+ (f+A./bs sin a), for a
greater than 45 deg and, v = V/bjd = 0.02 f/ + (f+A,/bs) (sin a + cos a)
for a less than 45 deg. The equations were limited to 0.06 f,” when longi-
tudinal reinforcement had no special anchorage, and 0.12 f/ when there
was special anchorage (in which case 0.03 f/ was substituted for 0.02f,
in the formulas). There were no limitations on f,/. However, the quantity
foA, (sin o + cos a) /bs was limited to 75 psi.

ACI Specification E-1A-27 of 1927 — This specification closely followed
the JC Report of 1924. Design methods were simplified to one expression:
v = V/bjd = 0.02 f/ + (f,4,/bs) (sin o 4 cos a). When longitudinal
reinforcement had no special anchorage, v was limited to 0.06 f;/. With
special anchorage, v was limited to 0.12 f/ (in which case 0.03 f,’ was
substituted for 0.02 f,/). The last term in the equation was limited to 75
psi when longitudinal bars were bent up in a single plane. No limits
were placed on f..

ACI Specification E-1A-28T of 1928 — Equations for the design of
web reinforcement reverted back to ACI Standard Specification No. 23
of 1920 except that there were no ceilings on allowable shear stresses
resulting from limitations on f,”. The maximum ceiling of 0.12 f;” was also
qualified; stresses greater than 0.09 f/ were permitted only if the de-
signer personally supervised construction. Allowable web steel stresses
were also reduced.

ACI Standard 501-36T of 1936 — The conservatism of 1928 was re-
moved by the 1936 Standard. The maximum ceiling again increased to
0.12 f,” and allowable web stresses were raised. The definition of stirrup
spacing s in the equations for web reinforcement was again changed.

Final Report of the Third Joint Committee in 1940 — The recommenda-
tions of the joint committee were essentially in agreement with ACI
Standard 501-36T with one exception, viz., if the shearing stresses ex-
ceeded 0.06 f,, web reinforcement should carry the entire shear.

ACI Building Regulations for Reinforced Concrete (ACI 318-41) —
No changes were made from ACI Standard 501-36T except that the
maximum shear in footings was limited to 75 psi.

ACI Standard 318-47 — No changes were made from ACI 318-41.

ACI Standard 318-51 — The requirements for special anchorage, in-
cluded in the earlier codes, were replaced by the provision that all
plain bars must be hooked and all deformed bars must meet the require-
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ments of ASTM A 305. A maximum shearing stress of 0.03 f,” was speci-
fied for all beams without web reinforcement and a ceiling of 0.12 f,
was specified for beams with web reinforcement.

ACI Standard 318-56 — In this standard the shear requirements again
became more conservative. As a result of recommendations by Commit-
tee 326, ceilings were placed on maximum stresses for the first time
since 1920. Shearing stresses were limited to 90 psi for beams without
web reinforcement, 240 psi for beams with stirrups or bent bars, and
360 psi for beams with both stirrups and bent bars. Shearing stresses in
flat slabs were limited to 100 psi. Restrictions were added to continuous
or restrained beams or frames not having T-beam action.

204—Review of foreign specifications

Germany — The provisions of the German specifications for reinforced
concrete with respect to shear have developed largely from the work of
Morsch. The formula v = V/bjd appeared in the first official German
specifications in 1904. The maximum allowable stress v computed from
the formula, was set at 64 psi for members without web reinforcement.
This value could be exceeded by 20 percent if web reinforcement was
provided. No method for the design of such web reinforcement was
presented in these specifications.

The Prussian code of 1907 was based on a minimum concrete cube
:strength f’q,, of approximately 1500 psi. Shearing stress up to 64 psi, as
computed from this equation, was allotted to the concrete. Any excess
shearing stress up to the ceiling value of 77 psi was to be resisted by
web reinforcement.

A change in the provisions for web reinforcement was made in the
German specifications of 1916 as a result of experimental studies con-
ducted in Germany and in Austria. For concrete with a cube compressive
strength, f'., = 2100 psi, the ceiling value of the nominal shearing stress
v-was raised from 77 to 200 psi, while the shear allotted to concrete was
decreased from 64 to 57 psi. Wherever the nominal shearing stress
exceeded 57 psi, all shear was to be resisted by web reinforcement alone.
No equations for the design of web reinforcement were given.

The requirements for web reinforcement were revised again in the
German specifications of 1925. If the nominal shearing stress v exceeded
57 psi, all shear in the corresponding half of the span was to be resisted
by web reinforcement alone, without any contribution by the concrete.

The specifications of 1925 pertaining to web reinforcement remained
in effect until 1943. Although the 1943 specifications, DIN 1045, retained
the basic concepts of the 1925 specifications, the ceiling values of the
nominal shearing stress v were adjusted in accordance with the intro-
duction of four qualities of concrete with f’;, ranging from about 1700 to
4300 psi. The ceiling values of v range from 0.116 to 0.067 times f’,, when
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web reinforcement is provided; only nominal reinforcement to resist
shear is required if v does not exceed from 0.033 to 0.027 times f’.,. The
percentage in either case decreases with increasing concrete strength.
The web reinforcement may consist either of stirrups or bent-up bars or
a combination of the two. However, the specifications recommend that a
greater portion of the shearing stress be allotted to the bent-up bars.

USSR — In the Soviet Union the principles of limit design and of
ultimate strength design were introduced into design specifications in
1938, and the “classical” theory of reinforced concrete was abandoned.
Accordingly, the term “design load” is used to designate the working
load times an overload factor, while the term “design stress” means
the minimum probable strength of a material of a given quality class.t

The formula for the shear strength of a diagonal section given in the
“Standards and Technical Specifications for the Design of Plain and
Reinforced Concrete Structures (NiTU 123-55)” of 1955 is based on the
condition of equilibrium of internal and external forces acting in the
direction perpendicular to the axis of the member.

V = m[mu m, fs(zAn sin a + EAv) + Vr] ...................... (2-8)
where
V = design shear force at the section in question
V. = shear force resisted by the concrete compression zone
SA, = total cross-sectional area of vertical stirrups crossing the diagonal
section

SA.sina = sum of the cross-sectional areas of bent-up bars crossing the
diagonal section, multiplied by sines of the respective angles, a, of
their inclination with respect to the axis of the element

f. = design stress of the web reinforcement

m = coefficient reflecting various conditions (in general m = 1; for flex-

ural elements of precast structures cast in plants or specially equipped
yard m = 1.10)

m, = coefficient reflecting the uniformity of the steel (e.g., for hot-rolled
deformed bars m, = 0.9)
mn = coefficient introduced to take into account the possibility that web re-

inforcement does not always yield prior to failure (m.= 0.8 for all
types of steel with the exception of cold drawn wire, for which m, =
0.7 is specified)
The magnitude of the shear force resisted by the concrete compression
zone V., is derived from experimental investigation and is given in the
specifications by the empirical equation

= 0.15f*bd* @ oo (2-9)

+Yu, C. Y.; Corbin, Margaret; and Hognestad E., “Reinforced Concrete Design in the
USSR " ACI JOURNAL, Proceedmgs V. 56, No. Julv 1959, pp. 65-69.
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where
fo* = design stress of concrete in flexural compression
b = width of a rectangular section or of the web of a T-section

= effective depth of the section

a = length of the projection of the inclined diagonal section on the axis
of the member

The strength in shear of an inclined diagonal section, determined from
Eq. (2-8) and (2-9), depends on its angle of inclination. When vertical
stirrups are used without bent-up bars, the projected length of the
critical diagonal section corresponds to a minimum value of the ex-
pression (m,m,f.3 A, + V,). By substituting 34, = nd.,a/s and dif-
ferentiating, the critical value of crack projection is:

@ = NV 0.15Fc* bAd® Qoo (2-10)
where
q. = m.m,f, A,n/s = stirrup force per unit beam length
A, = cross-sectional area of one leg of the stirrup
n = number of legs of stirrups in one section of the element

s = spacing of stirrups in the longitudinal direction of the element

The combined shear strength of the concrete compression zone and of
the stirrups V,. is then

Vie = ¥V 0.6 Ff*bd® Qoeveeveeiniciiiiiiciic (2-11)

When the external shear force V exceeds mV,, additional stirrups or
bent-up bars must be provided. In the latter case the required cross-
sectional area A, of bent-up bars distributed in one plane is determined
from the equation:

|4

—_— vo

Ay = s (2-12)
mnm, f, sin o

The distance between stirrups, as well as the distance between the end
of a bent-up bar and the beginning of the next bend, should not exceed
the value spo; = m 0.1 f,* bd?/V, when stirrups and bent-up bars resist
shear together.

Strength computations of diagonal sections may be omitted if the
external shear V is smaller than m f, bd, in which f; is the design tensile
stress of concrete. In this latter case, the disposition of bent-up bars and
minimum amount of stirrups is governed by provisions concerning the
detailing of reinforcement.

The British Standard Code of Practice CP 114 of 1957 follows the
basic principles of the German code of 1916. Where the shear stress cal-
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culated from v = V/bjd exceeds the permissible shear stress for concrete,
all shear must be resisted by the web reinforcement alone. The per-
missible shear stress for the concrete varies with the composition of the
concrete, hence with the concrete strength. When two or more types of
web reinforcement are provided, the total resistance to shear is taken as
the sum of the resistances computed for each type separtely. The maxi-
mum spacing of stirrups is specified to be jd.

The National Building Code of Canada of 1953 stipulates that shear
in excess over that permitted on concrete be resisted by web reinforce-
ment. The shearing v, allotted to concrete is limited to 0.03 f/’. With
properly designed web reinforcement, the shear stress computed from
v = V/bjd can be raised up to 0.12 f,/. No ceiling value is specified for
the stress v.

Other foreign specifications are generally similar to the German spe-
cifications in Western Europe, similar to the British or United States
specifications in English-speaking countries, and similar to the USSR
specifications in Eastern Europe.

205—Summary of specifications

Design specifications for shear and diagonal tension in beams generally
consist of four major parts: (1) Numerical values of shear stress below
which further investigations of web stresses is not required. (2) In some
specifications, a minimum stirrup reinforcement is required even for
low web stresses. (3) Design methods for members that require web
reinforcement. (4) In some specifications, maximum shearing stresses
for members with web reinforcement.

A general and direct comparison of the four major specifications,
those of Britain, Germany, United States, and USSR, is not feasible
without simplifying assumptions. In ACI 318-56, concrete strength is
given by a cylinder strength f,, below 90 percent of which only one
strength test in ten may fall. In the three other countries, concrete
strength is given as the average cube strength f.. For purposes of
comparison, it is assumed the f,” and f’, so defined are numerically equal.
Furthermore, USSR’s NiTU 123-55 is entirely based on ultimate strength
design, while shear design methods of the other three countries are
based on working loads and allowable stress. In this comparison a live-
to-dead load ratio of one is assumed; the over-all USSR load factor for
normal buildings is then 1.25.

Shear stress without web investigation — Shear stresses below which
detailed examination of web stresses are not required are shown in
Fig. (2-2) as a function of concrete cylinder strength. It is seen that
the requirements of all four countries are closely similar in the cylinder
strength range of 2000 to 3000 psi. For strengths in excess of 3000 psi,
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Fig. 2-2—Shear stress limits for beams without web investigation

ACI 318-56 calls for a ceiling stress of 90 psi, while the three other
specifications continue the trend of approximately v = 0.03 f, which
was also used in ACI 318-51.

Minimum stirrup reinforcement — ACI 318-56 calls for a minimum
stirrup reinforcement, r = 0.15 percent, only when web reinforcement is
required. The German DIN-1045 calls for stirrups in all beams, regard-
less of the magnitude of the shearing stress, though a numerical mini-
mum amount is not given. USSR’s NiTU 123-55 also calls for a minimum
amount of stirrups in all beams, stirrup spacing not to exceed one-half
of the effective beam depth for stirrup diameter at least one quarter
of the diameter of the main reinforcing bars.

Design of web reinforcement — The German and British specifications
both call for web reinforcement, when web investigation is required, to
carry the total shear force by truss-analogy calculations. The ratio of
web reinforcement required is indicated in Fig. (2-3) for f, = 3000 psi
and f, = 20,000 psi by the straight line v = 20,000r. The USA specification
calls for web reinforcement to carry only the excess shear. This web
ratio requirement is indicated (for the same parameters) by a line offset
90 psi from the British-German line in Fig. (2-3). The USSR specifica-
tions do not use the common form of truss analogy. The web ratio re-
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quirement of the equivalent of their design equation, Eq. (2-11), is shown
by a parabola in Fig. (2-3) for f,* = 1660 psi and m, m,f, = 23,800 psi.

Maximum shear stress — The German and British specifications both
give maximum shear stresses as a function of concrete strength. The
British maxima are four times the values permitted without web rein-
forcement. ACI 318-56 gives v = 0.08 f.” but not more than 240 psi for
stirrups or bent bars alone; and v = 0.12 f.” but not more than 360 psi
for combined web reinforcement. The USSR specification leads to high
service load shear stresses as a result of the low over-all load factor of
- 1.25. Even so, no maximum values appear to be given.
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Fig. 2-3—Shear stress limits for beams with web reinforcement
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CHAPTER 3—REVIEW OF STRUCTURAL FAILURES

One of the major difficulties in relating theoretical and laboratory
investigations to failures of full-scale structures is that in actual struc-
tures designed with substantial factors of safety, failures occur infre-
quently and then usually from several contributory causes. It is often
difficult to gather all of the pertinent facts and to determine the degree
to which they contributed to the failure.

An outstanding exception was the warehouse failure at Wilkins Air
Force Depot in Shelby, Ohio, which occurred in 1955. This failure inten-
sified doubts and questions about calculation by ACI 318-51 of the diag-
onal tension strength of beams, doubts which had previously occurred to
investigators reviewing laboratory test data then available.

The collapse of about 4000 sq ft of roof area at Wilkins followed a
series of difficulties at other locations where the same warehouse design
had been site adapted from standard plans by several different architect-
engineers. Despite the relatively small failure area involved, all construc-
tion on new warehouses of this type was temporarily stopped immedi-
ately following this collapse, and an intensive investigation of the
causes of the failure began.?

The warehouses involved consist of ten 400 x 200-ft units separated by
transverse expansion joints. The roof of each unit is carried by five
6-span cast-in-place reinforced concrete continuous frames of six spans,
400 ft long and 33 ft on centers, and by two short-span frames at the
transverse expansion joints. The main frame girders had only nominal
web reinforcement. One longitudinal expansion joint runs the full 2000-ft
length of the building near midwidth. At Wilkins, these frames support
prestressed concrete block roof purlins, over which was cast a 4 in.
gypsum slab with wire mesh and steel rails spanning between purlins.
At other bases reinforced concrete purlins and sort-span channel slabs
or channel slabs of 33-ft span were used for the roof deck.

At Wilkins AFD, each frame girder, 400 ft in length, was cast during
one working day. Construction joints were made by use of steel plates
set at the center of each span prior to casting. However, the girders
were cast continuously across the plate joint, and the usefulness of these
joints is doubtful. The length of the continuous girders would tend to
aggravate the effects of shrinkage. At the other sites the sequence of
casting varied widely and was generally more favorable. Cement, aggre-
gates, and reinforcement used for construction were in accordance with
the applicable federal specifications.

tFor details see a series of three papers in the ACI JournNaL, Proceedings V. 53, No. 7, Jan.
1957, pp. 625-678: Anderson, Boyd G., “Rigid Frame Failures,” p. 625; Elstner, Richard C.,
and I-gognestad. Eivind, “Laboratory Investigation of Rigid Frame Failure,” p. 637; Lunoe
Reinhart, R., and Willis, George A., “Application of Steel Strap Reinforcement to Girders of
Rigid Frames, Special AMC Warehouses,” p. 669,
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The collapse at Wilkins originated in a diagonal tension failure in a
frame girder. Failure occurred about 1 ft 6 in. beyond the cutoff point
for the negative reinforcement. The computed dead load moment at this
point was small and of positive sign. The frame in which the collapse
was initiated had been cast on February 10, 1954, and no cracks had been
reported until August 3, 1955, when timber cribbing was placed under
the cracked girder.

On August 17, 1955, collapse took place. An observer states that the
entire collapse occurred within 30 sec and without previous warning. A
field inspection showed that the failure at Wilkins was not the result of
an isolated weakness, but rather of a general condition which was
evidenced by extensive cracking in many of the frame girders. The larg-
ast and most dangerous cracks were found to occur in the regions of low
moment near the points of contraflexure. The tops of the cracks are
located near or just beyond the points where the negative moment steel
is substantially reduced in area or stopped completely. However, at
some of the warehouses and other structures of similar type, large cracks
were observed in the negative-moment region closer to the columns.

The design calculations and the plans were checked and found to
conform to the minimum requirements of the building codes generally
accepted in this country at the time of construction. In addition, as a
result of experience during the construction program, the Office of
Chief of Engineers revised the plans in the spring of 1954 to provide
continuous top bars and nominal stirrups for the full length of the frames.
However, this did not eliminate the basic difficulty in these structures.

In each warehouse building, cracks appear more prevalent in certain
spans than in others even where the reinforcement is similar. At Wilkins
AFD and certain other sites, cracks are much less frequent in frames
where continuous top reinforcement and nominal stirrups were present
throughout. In other cases, serious cracking was present even with the
added reinforcement. One effect of reinforcing the region of low moment
was to move the critical area back into the negative moment region
near the columns.

Cores for compression tests, beams for flexural tests, and pull-out
test specimens were taken from the collapsed spans at Wilkins and tested.
Results indicate that the strength of the concrete and reinforcing steel
generally exceeded the minimum requirements of the specifications.
Moduli of rupture and bond strengths were more than adequate for the
stresses computed by usual design procedures.

In evaluating the available data to find the factors responsible for the
cracking and failures it became evident that the problem was not that of
several unrelated failures, each the result of local conditions. Rather,
any rational explanation of the failures must be based on unfavorable
conditions which were consistently present at all the sites. Although at
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each building the cracks are more prevalent in certain spans, the failures
were judged to be a result of a stress condition which is more or less
typical of all spans, and that circumstances associated with the sequence
of placing the concrete, methods of curing and decentering, variations
in concrete strength, etc., tend to develop a general pattern at each
particular warehouse. Thus the cracking in warehouses designed for a
40 1b per sq ft roof load was less severe than for the 20 lb per sq ft
designs as the stresses under permanent load were lower. This is shown
by crack patterns for the warehouse at Griffiths Air Force Base in
New York State.

As a result of these failure experiences and laboratory test data then
available, Committee 326 recommended some revisions for the 1956 ACI
Building Code to ACI Committee 318. The maximum value of 90 psi
was added to the shear stress of 0.03 f,” permitted without web reinforce-
ment, and limits of 240 and 360 psi were added for members with web
reinforcement. Furthermore, provisions were added calling for web
reinforcement to resist two-thirds of the total shear in certain regions of
continuous or restrained free-standing beams and frames. These modifi-
cations were intended to be temporary measures until a more thorough
knowledge of shear and diagonal tension could be developed. No failures
involving beams or frames have been reported to Committee 326 for
designs by ACI 318-56.

The failure of a four-story flat plate office building during construc-
tion in October 1956 called attention to the problem of shear in flat
slabs and the effect of openings at the columns.

CHAPTER 4—PRINCIPLES OF SHEAR

400—Shear effect on beam behavior

One of the major contributions of recent shear studies to understanding
of reinforced concrete is the phenomenological explanation of the effect
of shear on the behavior of beams without web reinforcement. A simple
beam that has two symmetrical point loads and is reinforced with
horizontal tension bars only may be considered as an example. As load is
applied to the beam, the first noticeable change is the formation of
practically vertical tension cracks in the region of maximum moment.
With increasing load, additional cracks form closer to the supports and
some of the cracks become slightly inclined toward the load. These
minor, although quite noticeable, changes in the direction of cracks
are caused by the presence of shear but have no significant effect
either on the magnitude of deflections or on the magnitude of steel
strains in the tensile reinforcement.

If the beam is relatively long, or if the percentage of tensile reinforce-
ment is low, further increase in load will cause failure by crushing of
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the concrete at or near the location of maximum moment. This final
failure may or may not have been preceded by yielding of the tensile
reinforcement, depending on the relative values of the percentages of
tensile steel and the strength of the concrete. Such failures are typical
flexural failures in which the ultimate capacity of the beam is reached
gradually after large deflections and considerable yielding has taken
place. For practical purposes, the load-carrying capacity and the mode
of failure of this beam are not affected by shear.

Beams of intermediate length having normal percentages of flexural
tensile reinforcement and relatively long beams having relatively high
percentages of flexural tensile reinforcement exhibit the same behavior
at low loads as described previously. As their loading is increased, how-
ever, before flexural tensile failure can occur, a characteristic inclined
crack, the so-called critical diagonal tension crack, forms, as shown in
Fig. 4-1. Such a crack often includes the slightly inclined tops of existing
flexural tension cracks. Its propagation from the level of the tensile
steel to the compression surface of the beam near the section of maxi-
mum moment is usually sudden and without warning, splitting the
beam into two pieces and causing collapse.

In relatively short beams, diagonal tension cracking also forms as
described above, but at a much slower rate. The propagation of the
diagonal cracks is gradual as loading is continued, and one beam may
sustain without collapse several cracks whose upper ends are only a few
inches below the compression surface of the beam near the section of
maximum moment. Barring yielding of the reinforcement, further load-
ing of a beam in such a cracked condition is possible with little apparent
extension of the cracks. Eventually, however, the concrete in the region
at the end of the cracks or above them fails, and the beam collapses. Such
failures are generally referred to as shear-compression failures.

It can be concluded that qualitatively shear affects the behavior of
beams without web reinforcement through the formation of a diagonal
tension crack. If a diagonal tension crack does not form, the effect of
shear is negligible. Collapse of the beam may occur simultaneously with
the formation of the diagonal crack. On the other hand, a beam may be
capable of resisting loads in excess of those causing the formation of the
critical diagonal tension crack, and in such cases the final collapse is
caused by shear-compression or by some secondary cause brought about
by the presence of the diagonal tension crack. Quantitatively, shear
limits the ultimate strength of a beam if a diagonal tension crack forms
before the ultimate load is reached.

When a critical diagonal tension crack forms, a redistribution of
internal forces must take place. Since no force can be transmitted across
the crack, the shear force must be carried partly by dowel action in the
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tensile reinforcement, but mainly by the concrete in the uncracked com-
pression zone. Until diagonal tension cracks form, the stresses in the
tension steel and in the concrete are distributed along the length of the
beam in the same way as the external moments so that these stresses at
any section are approximately proportional to the moment at that par-
ticular section. The formation of diagonal tension cracks changes these
relationships. Such changes are called the redistribution of internal
stress and were first discussed by Morsch in 1907.

In Fig. 4-1(a) a beam without web reinforcement is shown after
formation of diagonal tension cracks. The part of the beam located to the
left of one crack is shown in Fig. 4-1(b) as a free body. Since no stresses
can exist across the crack, the free body is subject to the action of the
reaction of the support R, the force in the tension reinforcement T, the
compressive force C’ resisted by the concrete above the crack, and the
vertical shear V. It is indicated in Fig. 4-1(b) that all vertical shear is
transmitted through the concrete; in reality a part of the shear is trans-
mitted through the dowel action of the reinforcement but the contribu-
tion of the tension reinforcement to the transfer of shear is believed to be
negligible.

If the forces shown in Fig. 4-1(b) are in equilibrium, then

A,f,jd = Ra

that is, after the formation of the diagonal crack the steel stress at
Section b-b depends on the moment at Section a-a. Consequently, the
steel stress at Section b-b increases when diagonal cracking occurs, and
the distribution of stresses in the tension reinforcement and in the con-
crete along the beam does not follow the distribution of external mo-
ments.

If the beam is not able to reach a force equilibrium after this redis-
tribution, collapse occurs immediately. This is the case of beams with
long shear spans (distance from load-point to nearest support) which
fail in diagonal tension. On the other hand, if a new equilibrium of forces
is possible, further increases of load may be carried without collapse. This
is the case for beams with short shear spans which fail in shear-com-
pression.

The ability of the beam to reach force equilibrium seems to depend
primarily on the stability of the compression zone and may be influenced
by several factors other than the length of shear span and the percentage
of reinforcement. Certainly the depth of the compression zone above the
diagonal crack is important. Experimental data indicate that this depth
can be affected materially by random variations in the location and path
of the critical diagonal crack. The location of the point of load applica-
tion with respect to the location of the compression zone appears to be
important. If the load is applied to the compression surface adjacent to
the compression zone, the strength of the zone will be higher than if the
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load is applied beneath the compression surface as, for example, through
secondary beams framing into sides of a girder.

Although most of the short specimens tested have failed in shear-
compression at loads as much as 100 percent greater than loads causing
the critical diagonal tension crack, enough of them have failed in diagon-
al tension to indicate that detailed knowledge is lacking regarding the
ability of a beam to reach force equilibrium after redistribution. Further-
more, little is known about the long-time behavior of a diagonally
cracked beam. Accordingly, the load causing formation of a critical
diagonal tension crack must ordinarily be considered in design as the
usable ultimate load-carrying capacity of a reinforced concrete member
without web reinforcement.

401—Contribution of web reinforcement

Measurements of strain in web reinforcement indicate practically no
stress in vertical stirrups and relatively small tensile stresses in inclined
web reinforcement prior to the formation of diagonal tension cracks.
Web reinforcement has little or no effect on the behavior of the beam
before diagonal cracking, or on the cracking load.

Web reinforcement becomes effective only after the formation of
diagonal tension cracks. When diagonal cracking occurs, web bars inter-
sected by a crack immediately receive sudden increases in tensile stress
in the vicinity of the crack, while web bars not intersected by diagonal
cracks remain unaffected. The magnitude of tensile stress immediately
absorbed by the web reinforcement seems to depend on many factors

(a) Beam With Diagonal Cracks
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Fig. 4-1 — Redistribution of
internal stresses
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such as the percentage and distribution of web reinforcement as well as
on the factors influencing the ultimate strength of beams without web
reinforcement. When diagonal cracking takes place, a sudden increase
in stress will also take place for longitudinal reinforcement intersected
by a diagonal crack. Neglecting effects of web reinforcement on equi-
librium of the free body shown in Fig. 4-1(b), the steel stress at Section
b-b increases toward a magnitude corresponding to the bending moment
at Section a-a. If some of the reinforcement at Section a-a is “not needed
to cover the moment diagram” and is terminated between Sections a-a
and b-b, therefore, redistribution of stresses may lead to premature
yielding of the tension reinforcement at Section b-b. This must be
avoided in design by extending positive and negative longitudinal rein-
forcement terminated in a zone of concrete tension a distance equal to
the effective depth of the member plus an anchorage length beyond the
point where it is no longer needed to resist flexural stress.

As additional load is applied to the beam, the tensile stresses in the
web bars intersected by diagonal cracks continue to increase until the
beam fails. The relationship between applied load and increased tensile
stress is usually linear. Web reinforcement will usually yield before fail-
ure occurs if the percentage of web reinforcement is not too high. Beams
with web reinforcement failing in shear generally fail by destruction of
the compression zone, which mode of failure has previously been re-
ferred to as shear-compression failure. Sudden diagonal tension failures
only occur if the percentage of web reinforcement is so low that the
stresses in the web reinforcement go from practically no stress to full
yielding at the formation of the diagonal crack.

Thus, the primary function of web reinforcement is to accommodate
redistribution of internal forces when diagonal cracking occurs. This is
accomplished in two ways. First, the web reinforcement will accept a
portion of the redistributed internal forces through a sudden increase in
tensile stress on formation of the diagonal crack. Secondly, the web
reinforcement contains the diagonal crack, thus preventing deep pene-
tration of the diagonal crack in to the compression zone. In general, the
presence of web reinforcement assures a gradual development of a shear-
compression failure, usually following large increases in diagonal crack
width as the web reinforcement reaches its yield point.

Since web reinforcement becomes active after the formation of diagon-
al cracking and since failures of beams with web reinforcement normally
occur gradually and with ample warning, it seems logical and safe to base
the design of web reinforcement on the ultimate load-carrying capacity.

402—Shear effect on slab behavior

In flat slabs the connection between slab and column is generally the
critical area as far as strength is concerned. Heavy bending moments
and heavy shearing forces are concentrated there, and the economy of
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the structure is to a large extent governed by the degree to which the
strength of this area can be predicted and utilized. In recent years there
has been a tendency to eliminate or reduce drop panels, column capitals,
and shear walls, and to place utility holes in slabs adjacent to columns.
These factors intensify the importance of shear strength. Thus, it is not
surprising to find that the effect of concentrated loads on slabs has
received considerable attention in recent laboratory work.

In most laboratory studies, the behavior of a slab in the vicinity of a
loaded area was difficult to determine because it was not possible to
observe the formation of cracks within the slab. In a recent series of tests,
however, Moet placed utility openings in the slab adjacent to the loaded
area. He was then able to observe the formation of diagonal tension
cracks through these openings. The inclined cracks developed at ap-
proximately 60 percent of the ultimate strength. They usually developed
from flexural cracks, and they extended rapidly to the proximity of the
neutral axis. With increasing load, the cracks proceed rather slowly
into the compression zone. In many cases only a narrow depth of com-
pression zone remained intact prior to failure. At loads slightly below
the ultimate, the diagonal cracks progressed to the tension surface of
the slab and along the tensile reinforcement. Final failure always oc-
curred when the loaded area punched through the slab, pushing ahead of
it a plug of concrete which had the form of a cut-off cone or pyramid
with a minimum cross section at least as large as the loaded area. It is
believed that the behavior of slabs without holes follows the same
pattern.

Thus, the formation of diagonal cracks in slabs takes place in approxi-
mately the same manner as in beams which fail in shear compression.
However, the similarity ends here. Elstner and Hognestad? have re-
ported tests of beam strips representing center strips of comparative slab
specimens to determine possible relationships between the behavior of
such beam strips and of the corresponding slabs. They found no direct
relationship in behavior or in mode of failure.

Beams bend in one direction and the internal stresses are two-dimen-
sional. Slabs generally bend in two directions causing three-dimensional
stresses, a condition generally referred to as ‘“slab action.” If there is
slab action, the stresses in the third dimension influence the ability of
the material to resist the stresses in the other two dimensions. Thus, the
behavior of a slab cannot be directly compared to the behavior of a beam.

After the formation of a diagonal crack, a redistribution of stresses
. must occur in slabs which is similar to the redistribution that is known

tMoe, Johannes, ‘‘Shearing Strength of Reinforced Concrete Slabs and Footings Under
(Aoncelgéliatles% Loads,” Bulletin D-47, Portland Cement Association Development Department,
pr. , pp.

iElstner, R. C., and Hognestad, E., “Shearing Strength of Reinforced Concrete Slabs,” ACI
JourNAL, Proceedings V. 53, No. 1, July 1956, pp. 29-58.
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to occur in beams. It has been pointed out previously that no increase in
load capacity was possible in relatively long and slender beams after
redistribution, and that such an increase is not reliable for practical
design purposes in beams of average dimensions. However, slab action
enhances the ability of the compression zone to resist compression and
the combination of shear and compression. The sudden diagonal tension
failure which is common in long and slender beams usually does not
take place when slab action is present. Also, slab action seems to permit
the compression zone of a slab to accept redistribution with reliability.
Therefore, it appears reasonable to select ultimate capacity, rather than
cracking load, as the design criterion for shear strength of slabs.

403—Inadequacies of classical diagonal tension design equation

The backgorund and development of the classical shear stress equation
was discussed in Chapter 2. It was pointed out that v = V/bjd was
originally an expression of shear stress intended as a measure of diagonal
tension. However, this equation has to some extent become regarded as a
reliable means of determining diagonal tension stress. Actually, the
equation is only a rough approximation because flexural tensile stress is
neglected both in the development of the equation and in its generaliza-
tion as a measure of diagonal tension.

Design specifications have related the measure of diagonal tension
expressed by v = V/bjd to the cylinder strength of concrete f., by
restricting the stress v to values less than certain fractions of f,/, unless
web reinforcement is used. To examine the accuracy of such design
procedures, the nominal shear stress at critical diagonal tension cracking
of several representative beams was plotted as a function of concrete
cylinder strength f,/. Fig. (4-2) shows that only a small portion of the
variation in cracking shear stress is due to concrete strength variation.
In other words, the classical design procedure does not correlate well
with the test results. It appears, therefore, that an improved design
approach is needed.

It seems reasonable to expect that calculation of diagonal tension
strength is a problem of tensile strength that could be solved on a
rational basis if the distribution of shear and flexural stresses were
known or could be closely approximated. Even though hundreds of tests
have been conducted in recent years, they have increased knowledge
concerning the basic distribution of shear stress over the cross section
of a reinforced concrete beam only to a limited extent. Furthermore,
the distribution of flexural stress is also obscure because diagonal
cracking usually takes place in a region of flexural cracking. In the
absence of detailed knowledge regarding the stress distribution for both
shear and flexure, a fully rational design approach to the problem
does not seem possible at this time.
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Fig. 4-2—Nominal shear stress in reinforced concrete beams at formation of
diagonal tension cracks

It has been pointed out in this report that the classical procedures
are questionable in their development, as well as misleading and some-
times unsafe in their application. Yet, the goals of a complete under-
standing and of a fully rational solution to the problem of computing
diagonal tension strength have not been attained. In view of these
circumstances, it appears necessary at this time to abandon the classical
procedures in favor of a logical, though empirical, approach which takes
into account the major variables affecting diagonal tension strength

as shown by test results. Such procedures are presented in Chapters 5-8
of this report.

404—Inadequacies of design equations for stirrups and bent-up bars
A general analysis of stirrup action on the basis of the truss analogy

was reviewed in Chapter 2. It was pointed out that the analogy implied

four major assumptions. To simplify the general analysis, it was further

assumed that diagonal cracks always form at an angle of 45 deg with
the axis of the member.
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In this analogy, all inclined tensile stresses are assumed to be carried
by the web reinforcement. The ability of the compression zone and
web concrete to resist diagonal tension is not considered. The distribu-
tion of shear force between the web reinforcement, the longitudinal
reinforcement and the compression zone is not clearly understood. How-
ever, laboratory tests indicate that the two latter items contribute sub-
stantially because the total shear capacity of an average girder is greater
than the contribution of the web reinforcement alone.

This difficulty has usually been overcome in design procedures by
assuming either that the stirrups carry that portion of the total shear
exceeding a fixed amount, or that they carry a fixed fraction of the total.
ACI 318-56 makes use of both assumptions, using Krf, — v—A, where
A = 0.03f,, for one set of conditions, and Krf, = Cv, where C = 2/3, for
another set. In British and German procedures A = C = 0.

The fourth assumption of the truss analogy, that the diagonal tension
crack forms up to a vertical height of jd, is an assumption of conveni-
ence without support from laboratory test results. Web reinforcement
resists shear only after the formation of diagonal cracks. The height
reached by a diagonal crack, which in turn governs the number of
stirrups resisting diagonal tension, probably depends on many factors
including the distribution of shear between web reinforcement, longi-
tudinal reinforcement and compression zone. Therefore, this assumption
is questionable even though the final development of the term Krf,
may be found useful in analyses of test data.

The assumption that the crack is inclined at an angle of 45 deg, also
may be considered an assumption of convenience, and it may be erron-
eous especially in the cases of very short girders or very long girders.
Although systematic studies of crack inclination are not available, the
approximate nature of this assumption should be kept in mind.

It should finally be noted that the truss analogy analysis is based
entirely on summation of vertical forces. Effects of web reinforcement
on flexural moment capacity, or converse effects of moment on web
reinforcement stress, are ignored. This point may be important, es-
pecially in girders with heavy shear reinforcement, for which ultimate
strength in shear may be reached before the web reinforcement has
yielded.

405—New design procedures

Chapters 1-4 of this report give a review of basic principles. Chapters
5-7 present Committee 326’s studies and recommendations regarding
improved design procedures for beams and frames, substantiated by
extensive test data. Chapter 8 presents similar studies and recommenda-
tions for slabs and footings. These recommendations reflect modern
knowledge regarding the principles of shear, and will thereby tend to
correct the major shortcomings of older design methods.
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Presents a review of scientific knowledge, engineering practice, and construction
experiences regarding shear and diagonal tension in reinforced concrete beams,
frames, slabs, and footings. Recommendations for new design procedures are
substantiated by extensive test data.

Chapters | through 4 deal with background and general principles. Chapters 5
fhrougﬁ 7 present the development of new design methods E)r reinforced concrete
members without and with web reinforcement, and for members without and with
axial load acting in combination with bending and shear. Chapter 8 deals with
slabs and footings including the effect of holes and transfer of moments from
columns to slabs.

Esfuerzo Cortante y Tensién Diagonal
Se revisan los conocimientos cientificos, ingenieria practica y experiencias en
construcciones relativas al esfuerzo cortante y tensién diagonal en vigas, arma-

duras (marcos rigidos), losas y cimientos de hormigén armado. Se recomiendan
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nuevos procedimientos de disefio comprobados por los datos obtenidos por medio
de ensayos extensivos.

Los capitulos 1 al 4 tratan de los antecedentes y principios generales. Los
capitulos 5 al 7 presentan el desarrollo de nuevos métodos de disefio para
miembros de hormigén armado con y sin refuerzo del alma y para miembros
con y sin carga axial combinada con la flexién y el esfuerzo cortante. El capitulo
8 trata de las losas y cimientos incluyendo el efecto causado por agujeros y el
traspaso de momentos de las columnas a las losas.

L’Effort Tranchant et la Contrainte Principale

On présente une revue de l'art scientifique, de la pratique du génie et des
expériences dans la construction relatives aux efforts tranchants et a la con-
trainte principale dans les poutres, les portiques, des dalles et les semelles de
fondations en béton armé. Les recommendations pour les nouvelles procédés
de calcul sont justifées a 1’aide de résultats nombreaux d’essais.

Les chapitres 1 & 4 concernent les bases et les principes généraux. Les chapitres
5 a 7 présentent l’évolution de nouvelles methodes de calcul d’éléments en
béton armé avec et sans armatures de cisaillement et d’éléments soumis a la
flexion simple et composée avec les efforts tranchants. Le chapitre 8 concerne
les dalles et les semelles de fondations y compris l'influence des trous et la
transmission de moments de flexion des colonnes aux dalles.

Schub- und Hauptzugspannungen

Es wird eine Ubersicht gegeben iiber wissenschaftliche Erkenntnisse, tech-
nische Praxis und Bauerfahrungen beziiglich Schubsicherung in Stahlbeton-
trigern, Rahmen, Platten und Si#ulenfussplatten. Empfehlunger fiir neue
Berechnungsverfahren werden durch umfassende Versuchsunterlagen erhértet.

Kapitel 1 bis 4 behandeln die Vorgeschichte und die allgemeinen Grundsitze.
Kapitel 5 bis 7 enthalten die Entwicklung von neuen Berechnungsmethoden fiir
Stahlbetonteile ohne und mit Schubbewehrung und fiir Bauglieder unter Biegung
und Schub ohne und mit gleichzeitiger Langskraft. Kapitel 8 behandelt Platten
und Siulenfussplatten einschliesslich der Wirkung von Aussparungen und die
Ubertragung von Momenten von Sidulen zu Platten.

ACI-ASCE Committee 326, Shear and Diagonal Tension, was formed in 1950 to
develop methods for designing reinforced concrete members to resist shear and
diagonal tension consistent with ultimate strength design. Several investigations and
test programs were initiated, sponsored and conducted by numerous organizations,
including Committee 326, the Reinforced Concrete Council, many universities (es-
pecially the University of lllinois), the American lron and Steel Institute, and the
Portland Cement Association. Progress reports of Committee work were presented
at the ACI 55th annual convention, February 1959, and the 56th convention,
March 1960. This three-part report is the culmination of a 10-year study.
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CHAPTER 5—DESIGN OF MEMBERS WITHOUT
WEB REINFORCEMENT

500—Review of variables

Research work in the 1950’s brought about a clear realization that
shear and diagonal tension is a complex problem involving many
variables. This is actually a return to forgotten fundamentals.

Following acceptance of Morsch’s concept that shear failure in re-
inforced concrete beams is a tensile phenomenon, early design speci-
fications in the United States considered the nominal shearing stress,
v = V/bjd, to be a measure of diagonal tension, and related it to the
cylinder strength of concrete, f/. For members without web reinforce-
ment, the allowable nominal shearing stress v of the early specifica-
tions was restricted to 0.02f/ with maximum limiting values either
stated or implied. The same procedures were in effect in the 1950,
although the fraction of f./ used and the maximum values had been
increased through the intervening years.

Thus, present design procedures neglect effects of flexural tension
on diagonal tension and consider concrete compressive strength as
the only principal variable. A. N. Talbot® pointed out the fallacies of
such procedures as early as 1909:

“It is seen that the value of the diagonal tensile stress depends upon the
tensile stress in a horizontal direction at a given point as well as the amount
of the horizontal and vertical shearing stresses there developed- . . . It may
be said that in the ordinary reinforced concrete beam the value of t (diag-
onal tensile stress) probably varies from one to two times v (nominal
shearing stress).

“It is evident that the value of diagonal tension is generally indeterminate.
No working formulas are available. For this reason it is the practice, now
becoming nearly universal, in beams without web reinforcement to calculate
the value of the vertical shearing unit stress, and to use it as a measure or
means of comparison of diagonal tensile stress developed in the beam; with
the understanding, of course, that the actual diagonal tension is considerably
greater than the vertical shearing stress. It will be found that the value of
v (nominal shearing stress) will vary with the amount of reinforcement,
with the relative length of the beam, and with other factors which affect the
stiffness of the beam.”

Talbot substantiated these statements with test results for 106 beams
without web reinforcement, and he concluded as follows:

“In beams without web reinforcement, web resistance depends upon the
quality and strength of the concrete . . .

“The stiffer the beam the larger the vertical shearing stress which may
be developed. Short, deep beams give higher results than long slender ones,
and beams with a high percentage of reinforcement than beams with a
small amount of metal ...”

{Bulletin No. 29, University of Illinois Experiment Station, Jan. 1909, 85 pp. For further
geefirences see the Committee 326 annotated Bibliography No. 4 of the ACI Bibliography
ries.




280 JOURNAL OF THE AMERICAN CONCRETE INSTITUTE February 1962

Thus, Talbot demonstrated as early as 1909 that percentage of re-
inforcement and the length-to-depth ratio played an important role
in shear and diagonal tension strength of beams without web re-
inforcement. Unfortunately, Talbot did not express his findings in
mathematical terms. Consequently, his findings became lost as far
as design equations were concerned. He did, however, state this added
warning which was repeatedly expressed by nearly all investigators
of the time: “Low working stresses in web resistance are to be com-
mended and ample provisions for web strength should be made.”

During and after World War I, extensive tests were conducted in
connection with the concrete shipbuilding program of the Emergency
Fleet Corp. The test specimens used were abnormally deep beams and
exhibited abnormally high shearing stresses at failure. A paper by
W. A. Slater in 1919 stressed this point, and a 1919 editorial appearing
in Engineering News-Record made this comment:

“In spite of a large number of tests, most of them of long standing, knowl-
edge of shear in concrete is in a most unsatisfactory state. There seems to
be little doubt that existing permissible safe values are much too low and
that in some kinds of design, particularly in deep beams, this restriction
operates with considerable hardship .. .”

In the interval between 1920 and the early 1950’s, the conservative
advice of Talbot and other pioneers was forgotten. Also forgotten
were early experiments regarding effects on shear strength of two
variables, the percentage of reinforcement and the length-to-depth
ratio.

A return to the forgotten fundamentals began in the late 1940’s when
O. Morretto, in reporting a series of beam tests, adopted an empirical
equation for shear strength which included the percentage of tensile
reinforcement as a variable. Nearly all more recent investigators have
used the percentage of longitudinal reinforcement as a variable in
equations expressing shear and diagonal tension strength.

In the early 1950’s, A. P. Clark introduced an expression for the
span-to-depth ratio a/d involving the length of the shear span a and the
effective depth of the beam d. The a/d term was immediately recog-
nized as a mathematical means of expressing the effect of length to
depth. Thus, Clark expressed Talbot’s notions by a mathematical
equation involving the three variables—percentage of longitudinal re-
inforcement, ratio of beam length to depth, and concrete strength.

Although the development of the a/d ratio was a definite step in the
right direction, the term was handicapped because the shear span a,
could not be defined for every cross section in a beam or for general-
ized cases of loading. In simple beams with a single point load or with
two symmetrical point loads the term a is the distance from a load
point to the nearest support. For numerous other loading condltlons
the term a has no direct physical meaning.
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The difficulty was later overcome by a slight modification of the
general concepts of diagonal tension. The length-to-depth ratio is in
reality relating the effect of horizontal flexural tension on diagonal
tension. This thought led to the development of theories based on the
ratio M/Vd at the University of Illinois in the early 1950’s, involving
bending moment M, shear force V, and effective depth d. For the case
of simple beams with a single point load or with two symmetrical
loads, the terms M/Vd for a load-point section and a/d are synonymous;
for any other loading condition M/Vd still has physical significance
at any cross section of a beam. The development of the M/Vd-ratio
concept may be considered a breakthrough toward an empirical solu-
tion of shear and diagonal tension as a design problem.

As a result of the multitude and variety of shear tests conducted
in the 1950’s, other variables are known to affect shear strength. In-
vestigators have studied the effects of axial tension and axial com-
pression on shear strength; variations in loading which have included
simple beams, continuous beams, beams with overhangs, single con-
centrated loads, symmetrical two-point loads, multipoint loads, and
uniform loads; a comparison of lightweight aggregates to sand and
gravel aggregates; variations in cross section including rectangular
beams, I-beams, T-beams, and beams with haunches; the effect of
introducing load into beams by other means than through bearing
plates; the effect of forcing failures to occur at various locations in
a beam; and the effect of high strength reinforcement on shear strength.
The investigators executing these projects have proposed several equa-
tions for shear strength which have involved considerations of the
ratio of width to depth b/d; the modular ratio n; use of the full depth ¢,
rather than the effective depth d; the ratio of length to depth L/d; and
use of YV f/ rather than f..

501—Development of design criteria

The following concepts have been presented and discussed earlier in
this report: (1) Diagonal tension is a combined stress problem in
which horizontal tensile stresses due to bending as well as shearing
stresses must be considered. (2) Failure due to shear may occur with
the formation of the critical diagonal crack or, if redistribution of
internal forces is accomplished, failure may occur by shear-compres-
sion destruction of the compression zone at a higher load. (3) The
load causing the formation of the critical diagonal tension crack must
ordinarily be considered in design as the ultimate load carrying ca-
pacity of a reinforced concrete member without web reinforcement.
(4) Distributions of shear and flexural stress over a cross section of
reinforced concrete are not known.
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Since the actual distribution of shear stress over a cross section
has not yet been clarified, continued use of the average shear stress
seems advisable, though the refinement involving the internal moment
arm jd is not warranted. Therefore, in succeeding portions of this
report the unit shear stress is expressed as the average stress on the
full effective cross section

Using the average shear stress and the criterion that the critical
diagonal tension cracking represents the usable ultimate strength of
beams without web reinforcement, a systematic study of data from
more than 440 recent tests indicates that the shear capacity depends
primarily on three variables, viz., the percentage of longitudinal re-
inforcement p, the dimensionless quantity M/Vd, and the quality of
concrete as expressed by the compressive strength f.. Other variables
have minor effects on shearing strength.

The location and inclination of diagonal tension cracks indicate
that they are caused by excessive principal tensile stress. Thus, a ra-
tional analysis of the diagonal tension strength should logically be
based on the equation for principal stress at a point

fe(max) = Yo fe + V(Y% f)? + v (5-2)

Such an approach has been tried in the past, but it was usually unsuc-
cessful because of difficulties in expressing the tensile bending stress
f: and the shearing stress v.

The magnitude of the tensile bending stress f; in reinforced concrete
is influenced by the presence of tensile cracks. Hence, it cannot be
computed on the assumption of uncracked sections, neither can it be
computed directly from the assumption of cracked sections. In the pres-
ent approach the tensile stress f, is assumed proportional to the tensile
steel stress f,, computed by the cracked section theory

f+ = constant X -1-;;— —c M e (5-3)

npjbd’

Neglecting variations in the moment arm factor j and designating by
a new constant F;, = C/j, the tensile stress is

ft:Fl

The magnitude of the shearing stress in concrete cannot be expressed
directly either. It is assumed proportional to the average shearing stress
on the cross section
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A substitution for the tensile stress f, and shear stress v, and re-
arrangement of the equation for principal stress gives the relation-
ship between the external shear V and the principal stress f;(max)
in the form

74 f: (max) (5-6)

bd ~ % F.M/nVpd + V (% F.M/nVpd)® + F2&

Diagonal tension cracking occurs when the principal tensile stress
f:(max) exceeds the diagonal tensile strength of concrete f,/. Assuming
that the factors F, and F. are constants, and observing that

fe(max) = fo' . (5-7)
n=FEJE.. ... (5-8)

the following expression for shear at diagonal tension cracking may
be obtained by rearrangement of Eq. (5-6)

\4
bd ft' - a7

’Ede+1/< Ede)JrCS

where C,; and C, are new dimensionless constants.

Eq. (5-9) was derived by I. M. Viest in an attempt to develop a
rational relationship for diagonal tension cracking load. It is based
on the work of J. Morrow. This analysis relates the nominal shearing
stress, v = V/bd, to the three major variables known to influence it:
(1) the nominal shearing stress v increases with increasing concrete
strength expressed in Eq. (5-9) in terms of f/; (2) v decreases with
increasing M/Vd; and (3) v increases with increasing p. Furthermore,
Eq. (5-9) groups the major variables into two dimensionless parameters:
V/bdf/ and (E./E.p) (M/Vd).

These two parameters may be further simplified. The modulus of
elasticity of steel may be assumed a constant, E, — constant. The resis-
tance of concrete to the principal tensile stress should be comparable
to the tensile strength of concrete, which in turn may be approx-

imated as a function of Y f,. Thus, it appears reasonable to assume
that f/ equals a constant times Y f/. Finally, the modulus of elas-
ticity of concrete may be expressed approximately as a function of Y f/,

so that E, equals a constant times  f,. With these three approximations,
the two parameters of Eq. (5-9) may be expressed as: a parameter A —
V/(bdV f.) representing the strength in diagonal tension, and a second
parameter B = (Vf,/p) (M/Vd) representing the properties of the
cross section considered.

Thus, evaluation of available test data and the mathematical model
based on the concept of principal stress both indicate that the three
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major variables affecting diagonal cracking are M/Vd, p, and Y §,. These
three variables may be grouped logically into the two parameters, A
and B, permitting correlation of the test data on diagonal tension
strength of beams without web reinforcement in a two dimensional
plot, from which a quantitative relationship between the two pa-
rameters may be derived.

The initial derivation of these constants was based on test data
for beams of constant cross section subjected to one or two concen-
trated loads in any one span. Such beams have constant shear in the
region in which a diagonal tension crack forms. There were 194 beams
from References 1, 2, 3, 4, 6, and 7 that satisfied these limitations.
The references are listed in Section 507 of this report.

In evaluation of the test data, the ratio of moment to shear, M/V,
was taken at the section of diagonal tension cracking. It was observed
in the tests involved that: (1) diagonal tension cracks extended ap-
proximately from midway between the sections of zero and maximum
moment to the section of maximum moment; (2) the location of di-
agonal tension cracks was influenced by the length of the shear span
and the effective beam depth; and (3) diagonal tension cracks usually
began to form near middepth of the beam, at the top of an existing
tension crack, or near the tension reinforcement.

Because of these variations of the exact locations at which diagonal
tension cracking began, the following simplifying assumptions were
made in evaluation of the beam test data: (1) In shear spans longer
than twice the effective beam depth d, a diagonal tension crack will
begin at distance d from the section of maximum moment, and (2)
in shear spans shorter than two effective beam depths a diagonal ten-
sion crack will begin at the center of the shear span. These two con-
ditions give the following expression for the ratio of moment to shear
at the critical diagonal cracking section of beams subjected to one or
two concentrated loads in any one span

M _ (( Mme _ ) . Muw: _ @ -
v = ( v d ) but not less than ( 7 7 ) (5-10)
where

Mmn.. = maximum moment in the shear span considered

1% = external shear in the shear span considered

d = effective beam depth

length of shear span defined as the distance between a concentrated
load and the nearest reaction, that is, length of a region of constant
shear

The values of parameter A = V/bd \/T’, and of the inverse of pa-
rameter B = pVd/M Y\ f/, for all 194 beams are listed in Tables 5-1
through 5-4, and are plotted in Fig. 5-1. It is seen that the diagonal



SHEAR AND DIAGONAL TENSION 285

60 Bl v T T v ‘V T A\ B
5.0+ ) e
: '
a 40} . . i
= o e . s :
.. C LTI TEE TS I
—'._O ..0: P . . N Ve . LN . o
L,; Yol S TN P . 7
a R S L .
; "".'.s' 13’
ceent® Lo
" ...;.’.',.'.'S
|3~<-° 20p s v/t =19+2500pVd/MIf, =35 T
>
.o} -
inverse scale
[l '} 1 [ "‘—l AV 1 1 1_..1
0] 02 04 06 08 10 15 20 5 ©°
1000pVd/M{ .

Fig. 5-1—Derivation of design equation [Eq. (5-11)]

tension strength represented by the parameter Vi./bd V_f;’ increases
from a minimum of about 2 to a maximum of about 4 as the second
parameter pVd/M Y f. increases from zero to about 0.8.

The trend of the test data shown in Fig. 5-1 may be expressed by
two straight lines corresponding to the following expression

V. — 1.9 4+ (2500 psi) —PY9_ but not greater than 3.5 . (5-11)
bdVf, M\ fo
where
14 external shear at diagonal tension cracking of the section considered

ratio on tension reinforcement A,./bd
ratio of shear to moment at section considered

fo = cylinder strength of concrete in psi; the units for V7. are also psi,
so that for f. = 3600 psi, the Vf.’ = 60 psi.

b,d = dimensions of the cross section

The committee’s choice of the lines represented by Eq. (5-11) was
influenced by two major considerations. First the equation should
be simple to facilitate every-day design work, and second, the equa-
tion should be such that the ultimate strength of beams resulting from
practical design will be governed by flexure rather than by shear,
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TABLE 5-4 — DEVELOPMENT OF EQ. (5-11) FOR CONTINUOUS BEAMS

Beam Vd Veare Vious Viess

Source No. MYV fi bd Vf. bdVf Veate
Rodriguez, E6N1 0.6159 3.440 4.040 1.174
Bianchini, 2 0.7034 3.500 4.067 1.162
Hiest, jand 3 0.6292 3.473 3.672 1.057
C6N1 0.6136 3.434 3.376 0.983

2 0.7289 3.500 4.522 1.292

3 0.6381 3.495 4.298 1.230

E3N1 0.4056 2.914 2.843 0.976

2 0.4324 2.981 2.880 0.966

C3N1 0.4441 3.010 3.036 1.008

2 0.4364 2.991 3.059 | 1.023

E2N1 0.3152 2.688 2.548 . 0.948

2 0.4036 2.909 2.919 1.004

3 0.3808 2.852 2.385 0.836

C2N1 0.3545 2.786 2.639 0.947

2 0.3960 2.890 2.477 ‘ 0.857

Average~ Viest/Veare = 1.031 Coefficient of variation = 13.0 percent

7In thousandtl‘;s.

To satisty the first consideration, a simple straight-line representa-
tion rather than Eq. (5-9) was chosen. To satisfy the second consid-
eration, the lines were placed near the lower extremes of observed
shear stress rather than as average values. Furthermore, the sloping
line was chosen particularly close to the lower envelope line, because
the data for beams with no strength in excess of the critical diagonal
tension cracking were generally located on the left side of Fig. 5-1.
On the other hand, the data located on the right side of Fig. 5-1 repre-
sent beams which usually carried ultimate loads substantially in excess
of diagonal tension cracking. Hence, the horizontal line was chosen
nearer the average value given by the test data.

It should be re-emphasized that the proposed design equation was

originally determined from 194

TABLE 5-5 —MEANS AND COEFFI- tests of beams of constant cross sec-
CIENTS OF VARIATION OF FOUR tion and subjected to one or two

TYPES OF TEST BEAMS
concentrated loads in any one span.

No.of | Cg?fifgﬁnt The data for these beams are shown
Type of test tost ation, i i -
test beam |beams | Ve..ie | percent in Fig. 51 as dﬂt—?’ The observed
- values V,./bd { f/, and the values
Simple 45 1.076 15.8 r
: of V,.u./bd ¥ f, calculated from Eq.
Stub 48 1.239 13.5 5-11 n h .
Restrained | 86 |1.041 8.4 (5-11), as well as the ratios of
Continuous | 15 |1.031 | 13.0 Viest/Viear, are listed in Tables 5-1
through 5-4. The means and coeffi-
All beams | 194 |1.097 15.1 cients of variation for the four dif-
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|OO v L r v 0
194 tests
I Eq. (5-11)
© 80} 420
[
(=%
£ = E
S 60F 2 £ 440
7 o o
._6 40 L O\ o 60
2 | 2
.2 N
(=)
E ook —Average Vg /Voq 1097 80
>3
(&)
Vtest/vculc.= 1.0
[l /] 1 1
O0.4 06 08 1.0 1.2 1.4 1.6 |.8'00

Ratio of observed to calculated strength
Fig. 5-2—Cumulative distribution ¥ es:/V oaic

ferent types of test beams considered in this study are given in Table
5-5.

The cumulative distribution of V;./V ... is plotted in Fig. 5-2. It is
clearly seen that the design equation [Eq. (5-11)] was purposely
chosen on the safe side, V,./V .u. is less than one only for about 30
percent of the tests.

502—Comparison of Eq. (5-11) with other test data

Eq. (5-11) was later compared with the results of several additional
investigations. The observed diagonal tension cracking load (or shear)
and the corresponding computed values are given in Tables 5-6 through
5-17. All test beams were without web reinforcement in the region
of failure; though several specimens had reinforced webs in some re-
gions to force diagonal tension cracking into the desired regions.

Comparison of Eq. (5-11) with these additional laboratory tests in-
dicates that the equation is applicable to any loading condition, to
any support condition, to any cross section, and to beams having
high strength reinforcement. These variables have no tendency toward
reducing the conservative nature of the proposed design equation.
Thus, it seems reasonable to assume that the equation is applicable
even when several of these variables are combined.
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TABLE 5-6 — UNIFORM LOAD TESTS BY BERNAERT AND SIESS®

Disftance of DT erackt

Specimen Peatc, Pio, Pror rom support, ft
No. kips kips Pouic Computed Measured

D-15 21.6 28.0 1.296 0.83 0.79

14 23.4 29.2 1.248 0.83 0.71

16 25.6 30.3 1.184 0.83 0.83

13 17.9 22.8 1.274 0.83 1.54

17 24.7 24.7 1.000 0.83 0.96

5 27.9 35.0 1.254 0.91 0.65

4 28.2 39.8 1.411 0.85 0.46

9 27.1 34.4 1.269 1.09 1.01

10 28.1 38.0 1.352 1.06 0.79

11 33.4 48.2 1.443 0.97 0.75

i 23.9 35.3 1.477 1.28 0.75

6 25.8 35.3 1.368 1.23 0.68

1 28.4 38.2 1.345 1.17 0.92

2 30.8 37.6 1.221 1.27 1.04

8 32.7 39.4 1.205 1.09 0.83

3 27.8 38.8 1.396 1.30 1.25

18 25.5 30.7 1.204 1.46 1.50

Average Pieot/Peaic = 1.291
Coefficient of variation = 8.7 percent

cr;?lics&ﬁ%ettfe;%%nciggoggesmugggn to the point of intersection of the critical diagonal tension

Uniform loads®''—For beams with uniform loads, it was found
necessary to add a limitation with respect to the location of diagonal
cracks. It has been observed in tests of uniformly loaded beams that
diagonal tension cracks always form some distance awav from the
end supports. It was assumed, therefore, that diagonal crack.
form closer to the support than the effective beam depth.

The proposed equation for diagonal tension cracking was compared
with the results of tests on uniformly loaded beams reported in Ref-
erences 5 and 11. The observed and calculated cracking loads, and
their ratios are listed for all beams in Tables 5-6 and 5-7. The results
are summarized in Table 5-18.

Columbia University tests with concentrated loads''—Simply sup-

"' not

ported rectangular beams were subjected to a concentrated load at
midspan. The ratios Vie:/Veu are listed in Table 5-8 for all 58 beams
for which diagonal tension cracking loads were reported. It will be
noted that the lowest value of the ratio is 0.921 and the highest value
is 1.486. The average for all beams is 1.241 and the coefficient of vari-
ation is 10.4 percent.
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National Bureau of Standards tests'¢'"—Simply supported rectangu-
lar beams were subjected to two symmetrically located concentrated
loads. The 31 tests included in Table 5-9 comprise data from two re-
ports. One report'¢ (first seven specimens) does not contain diagonal
tension cracking loads, but extensive strain data permitted the deter-
mination of such loads for seven specimens.

It will be noted in Table 5-9 that the ratios of V. /V... at diagonal
tension cracking are close to 1.0 for the first seven beams, but are
consistently in excess of 1.10 for all other beams. It is believed that
at least in part this difference is the result of two different methods
of determining the cracking load, determination from strains as op-
posed to visual observation. Because all of these beams had small a/d
ratios, the two methods tend to give different values of the diagonal
tension cracking load.

The mean of Vi./V.u. for all 31 beams is 1.289 and the coefficient
of variation is 14.9 percent.

PCA tests of simple-span beams!*—Five simply supported rectangular
beams made with sand-and-gravel concrete were included in this study
as control specimens. The specimens were loaded with two symme-
trically located concentrated loads.

The ratios Vie:/V... are listed in Table 5-10. It is noteworthy that
Beam 8D had concrete strength of 10,680 psi—the strongest concrete
for which comparisons were made with Eq. (5-11). The over-all mean
of Viest/V oaic is 1.196.

TABLE 5-9— NATIONAL BUREAU OF STANDARDS TESTS FOR BEAMS
WITH TWO CONCENTRATED LOADS!6: 17

Beam V}i VcaL VieL V’UL‘, Beam Vlzl_ VML Vui Viest A
No. |MVFt |bdVF. |bdVFs |Vewe | No. | MVt |bdV fo | DAV T | Veure
A-ls 02450 | 2512 | 2708 L078 | D-VA-2T| 0.1507 | 2299 | 3.167 | 1.378
C-18-1 | 04053 | 2.913 | 3.227 | 1.108 BX{ ;g g}g;g gggg 3'233 1.404
C-18-2 | 0.3989 | 2.897 | 3.176 | 1.096 | D-VI- : : 740 | 1.176
D-1-8 0.6635 | 3.500 | 3.898 ' 1.114

D-18-2 | 0.2528 | 2.532 | 2.578 | 1.018 i
D-18-2 0.2466 | 2.516 | 2.514 | 0.999 | D-1-29 0.6975 | 3.500 | 4.097 |1.171
E-18-1 | 0.1699 | 2.325 | 2.068 | 0.890 | D-II-21 | 0.4424 | 3.006 | 4.200 | 1.397
D-1-9 0.4008 | 2.902 | 3.248 | 1.119 | D-11-32 | 0.4024 | 2.906 | 3.821 | 1.315
D-I-11 | 0.3934 | 2.883 | 3.826 | 1.327 | D-III-5 | 0.4012 | 2.903 | 3.871 |1.334
D-II-13 | 0.2533 | 2.533 | 3.952 | 1560 | D-III-31 | 0.4022 | 2.906 | 3.882 | 1.336
D-II-20 | 0.2522 | 2531 | 3.935 | 1555 | D-IV-22 | 0.4157 | 2.939 | 3.997 | 1.360
D-III-16 | 0.2684 | 2.571 | 4.043 | 1572 | D-IV-30 | 0.4093 | 2.923 | 3.935 |1.346
D-III-24 | 0.2646 | 2.562 | 3.985 | 1.556 | D-VA-14| 0.2656 | 2.564 | 3.404 |1.328
D-IV-19 | 0.2568 | 2.542 | 3.350 | 1.318 | D-VA-28 | 0.2459 | 2.515 | 3.781 | 1.504
D-IV-25 | 0.2594 | 2.548 | 4.061 | 1593 | D-VI-7 | 0.2540 | 2.535 | 3.248 |1.281
D-VA-17| 0.1743 | 2.336 | 3.456 | 1.480 | D-VI-26 | 0.2526 | 2.532 | 3.230 | 1.276

Average Viet/Voare = 1.289 Coefficient of variation = 14.9 percent
+In thousandths.
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TABLE 5-10 — PCA TESTS!t

Voato Vtant V’“'

Specimen | bdV7., | bdVFf. | Voo
8A-X 2.598 3.139 1.208
8A 2.569 3.248 1.264
8B 2.479 3.084 1.244
8C 2.826 3.266 1.156
8D 2.722 3.018 | 1.109

Average Viest/Veaic = 1.196

TABLE 5-11 — UNIVERSITY OF TEXAS

TESTS2
Veato, Vieat, M
Specimen kips kips Veaie
F. 4.35 3.75 0.862
F, 4.35 5.50 1.264
Fs 3.89 4.00 1.028
F; 5.07 5.00 0.986

Average Viest/Veowie = 1.035
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University of Texas tests with
concentrated loads*>——Simply sup-
ported rectangular beams were
tested with two and with four sym-
metrically located concentrated
loads. Beams F; and F; were sub-
jected to four loads. All beams were
4 in. wide. Only ranges are given
for the diagonal tension cracking
loads in Reference 12. The compari-
sons in Table 5-11 are based on
medians for each range. The aver-
age value of Vig/Viae is 1.035.

University of Illinois fatigue
study!® — Twenty-five simply sup-
ported rectangular beams were
tested with static loads as a part of
a fatigue study. One or two loads
were applied symmetrically with

respect to the supports. The beams were 4 x 5.38 in. The ratios Viest/Vaie
are listed in Table 5-12. The mean is equal to 1.519 and the coefficient
of variation is 10.1 percent. The ratios of this series are exceptionally

high.

University of Illinois continuous beams™—Most results of these tests
of two-span continuous beams of rectangular cross section were used

TABLE 5-12 — UNIVERSITY OF ILLINOIS TESTS OF BEAMS WITH
CONCENTRATED LOADS®

Beam V}?_d_ Vcalc— V‘BL V‘"t Beam VIE‘ Vmi V'G;L V'“,
No. |MVf’t |bdVFf| bdVFf, | Voo | No. | MV F/1 | bAVF | bdVES | Veuro
I-Al | 0.1569 | 2.292 | 3.284 | 1.433 |4-2la | 0.0961 | 2.145 | 2.943 | 1.372

Bl | 0.2075 | 2.419 | 3.233 | 1.337 | 21b| 0.0961 | 2.145 | 3.440 | 1.604
Cl | 0.1735 | 2.334 | 3.240 | 1.388 22a | 0.1080 | 2.170 3.295 | 1.518
C2 101735 | 2334 | 2939 | 1.259 | 22p | 0.1082 | 2.171 3.611 | 1.663
II-A1 | 0.1701 | 2.325 | 3.518 | 1.513
23a | 0.1074 | 2.169 | 3.305 | 1.524
A2 101701 | 2325 | 3.563 | 1532 | 950 | 01074 | 27160 | 3.441 | 1.587
Bl | 0.1613 | 2.303 | 3.426 | 1.487
C1 | 0.4020 | 2.905 | 3.674 | 1.265 |5-21a 8.%665 ggis 2.3(1)3 iggi
III-Al | 0.1756 | 2.340 | 3.829 | 1.637 b | 0.1665 316 ’ ’
A2 | 0.5487 | 3.272 | 4.649 | 1421 | 995 | (.1693 | 2.323 | 3.483 | 1.500
Bl 0.1852 | 2.363 | 3.450 | 1.460 | 22b| 0.1693 | 2.323 | 4.030 | 1.734
B2 | 0.1852 | 2363 | 3479 | 1472 23a | 0.1669 | 2.317 | 3.755 | 1.620
Cl| 04377 | 2994 | 4.129 | 1.379 | 23b | 0.1669 | 2.317 | 3.578 | 1.544

Average Vieit/Veare = 1.519

Coefficient of variation = 10.1 percent

+In thousandths.
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in the derivation of Eq. (5-11). However, four beams which failed
between two concentrated loads in the same span and one beam with-
out web reinforcement were not used in the derivation. They are there-
fore included in these comparisons. All beams were loaded with con-
centrated loads located symmetrically with respect to the center sup-
port. The first four beams in Table 5-13 had two concentrated loads
in each span and had web reinforcement everywhere except between
the loads. The average of the ratios of Pyes:/Peaic for this series is 1.013.
PCA tests of restrained beams®'S—Beams with two symmetrical over-
hangs and symmetrical haunches were tested with eight or seven evenly
spaced concentrated loads between the supports. Three beams had a
T-section and eight had a rectangular cross section. The longitudinal
reinforcement was in several layers and was discontinued according
to the moment diagram. Regular
embedded stirrups were provided TABLE 5-13 — UNIVERSITY OF

at some locations, and exterior stir- ILLINOIS TESTS Ol;,1 gONTIN-
rups were used in some portions UOUS BEA
of some beams. However, no web ) Poate, | Pio, Piest
reinforcement was present in the _Specimen | kips kips | Peatc
cracking locations studied in Table E6A1 170.7 160 0.937
5-14. E6A2 158.7 160 1.008
The test loads at diagonal tension ggﬁ? ig;g i?g ig;g
cracking are compared with the B2N1 439 45 1.095

computed values in Table 5-14. The
load at cracking, P, was computed
by applying Eq. (5-11) to every
section of abrupt change, except in
regions where failure was avoided

Average Picit/Pearr = 1.013

TABLE 5-14 — PCA RESTRAINED
BEAM TESTS®18

by stirrups. The region along the . Peare, | Pioar, | Prest
beam length corresponding to the Specimen | kips kips Poete
rr?inimum to.tal load .Pca,(, is the p.re- % gg:i ggg %égg
d10tec% location of diagonal tension 9a 69.4 53.7 0.861
cracking. For every test beam, the 5 29.6 41.2 1.392
predicted location was in agree- 6 61.2 57.6 0.941
ment with the actual location of 7 33.0 39.2 1.188
the critical dlago.nal tension cracll‘:. 1;? Zgg 2?:11 {%g%
The mean ratio of Piet/Peate iS
1.159 and the coefficient of varia- %ﬁ 32;3 35:31 %:232
tion is 15.5 percent. It may be noted 95§ 33.9 467t | 1.378

that two of the three T-beams (No. Average Provi/Ponre — 1159
24 and 25) have high Pje/Peye Coefficient of variation — 15.5 percent

ratios. However, the ratio for the o !Values furnished by PCA laboratories, not
u shed.
i - . is i 17-point loading of beam similar to Beam 1,
third T beam (NO 21) is in the all o&er beams had 8-point loading.

i - §T-beams similar to Beam 2 with 2-in.
same range as the ratios for rec flanges overhanging 16 in. on each side.
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TABLE 5-15—PCA SPECIAL TESTS!®

chlr, V!ual, M,

Specimen kips kips Veato
At 17.2 23.1 1.345

Bt 19.2 23.1 1.215

;&Verage Vicul/Vca!c = 1.280

.;l:igstrained beam.
iSimple beam.

TABLE 5-16 — CORNELL UNIVERSITY

TESTS3

B Veaic Vieat Viest
Specimen | bdV{. | bdVf' | Ve
IA-1m 3.50 3.901 1.115
IC-1m 3.50 4.325 1.236
IIA-1m 2.407 3.044 1.265
IIC-1m 2.712 3.733 1.377
IITA-1m?* 3.220% 4.750% 1.475
IIIC-1m? 3.922% 5.427% 1.384

Average Viei/Veue = 1309

fUnifgrm loading.
{Shear at the support.
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tangular beams. For T-beams, the
width of the stem was used in com-
putations.

PCA special tests’® — One re-
strained and one simple beam were
tested to check the relative effects
of the M/Vd ratio and the a/d
ratio. Both beams were provided
with web reinforcement except in
regions in which diagonal tension
failure was desired. The regions
without web reinforcement had
identical values of M/Vd for the
two beams, but the a/d ratios were
widely different. Both beams were
of rectangular cross section. The
shear forces V were -calculated
from Eq. (5-11) for the regions
without web reinforcement. Table
5-15 lists ratios Vies:/Veaie

Cornell University tests'>—Six restrained T-beams with one over-
hang were tested with concentrated and uniform loading. The mean
ratio of Vie:/Veae given in Table 5-16 is 1.309. The width of stem was

used in the computations.

University of Texas tests of T-beams'—Twenty-five simply sup-
ported T-beams were tested with two symmetrically located concen-

TABLE 5-17 — UNIVERSITY OF TEXAS TESTS OF T-BEAMS!®

Vcalv

Beam Vpd e V""_’_ Viest | Beam Vp_(i_ V‘“L V"L Vieor
No. | MVT.t | baVF. | bdVF. | Veue | No. | MVt | baVf. | bdV 7. | Veas
6 0.2359 2.490 3.188 | 1.280 22 0.0662 2.066 2.360 | 1.142
12 0.2906 2.626 3.697 | 1.408 7 0.1276 2.219 2.568 | 1.157
11 0.1703 2.326 3.218 | 1.384 24 0.1206 2.202 2.531 | 1.150
2 0.0966 2.142 2.790 | 1.303 16 0.1217 2.204 2.630 | 1.193
21 0.1753 2.338 3.440 | 1.471 17 0.0900 2.125 2.636 | 1.240
15 0.1473 2.268 3.273 | 1.443 18 0.0977 2.144 2.650 | 1.236
3 0.0792 2.098 2.632 | 1.255 19 0.1405 2.251 2.441 | 1.084
10 0.1397 2.249 2.784 | 1.238 25 0.1033 2.158 2.541 | 1.177
4 0.0806 2.102 2.740 | 1.304 9 0.0727 2.082 2.556 | 1.228
13 0.1405 2.251 2.562 | 1.138 20 0.1218 2.204 2449 | 1.111
5 0.0736 2.084 2.578 | 1.237 14 0.0674 2.068 2.641 | 1.277
18 0.1214 2.204 2.477 | 1.124 23 0.1075 2.169 2.502 | 1.154
1 0.0675 2.069 2.586 | 1.250

Average Vl‘c‘vl‘/‘Vca‘l‘c = 1.1_9_17

Coefficient of variation = 21.9 percent

" ¥In thousandths.
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trated loads. The stem was 3 x 5 in.
In applying Eq. (5-11), the width
of stem was substituted for b. The
resulting ratios of Vi /V u. are
listed in Table 5-17. The average is
1.191 and the coefficient of varia-
tion in 21.9 percent.

Summary of comparisons — The
comparisons of loads at diagonal
cracking predicted by Eq. (5-11)
with the results of 172 miscellane-
ous tests described previously are
summarized in Table 5-19.

A summary of the comparison of
the proposed ultimate strength de-
sign equation, Eq. (5-11), with the
results of all 430 tests of beams
without web reinforcement is pre-
sented in Table 5-20.

In these 430 tests the major vari-
ables, p, M/Vd, and f/ were cov-
ered throughout the ranges normal-
ly encountered in design. The ma-
jority of test specimens were sim-
ple rectangular beams with sym-
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TABLE 5-18 — MEANS AND COEFFI-
CIENTS OF VARIATION FOR UNI-

FORM LOADS
Coefficient
No. of ! of vari-
Investi- test |_Prest ation,
gation beams | Peate percent
Bernaert-
Siess® 17 1.291 8.7
Krefeld-
Thurston" 47 1.156 10.1
All beams 64 1.192 10.97A )

TABLE 5-19 — COMPARISON OF RE-
SULTS OF 172 TESTS WITH LOADS
PREDICTED BY EQ. (5-11)

Coefficient
No. of of yari-

Type of test |Test ation,

beam beams |Calc | percent
Simple

rectangular

beams 124 1.300 14.9
Restrained

and con-

tinuous

rectangular

beams 14 1.091 13.8
T-beams 34 1.221 19.6
All beams 172 1.267 16.1

TABLE 5-20 — COMPARISON OF RESULTS OF 430 TESTS WITHOUT WEB

REINFORCEMENT AND EQ. (5-11)

Coefficient

No. of of vari-
Type of Cross test | Test ation,

test beam section Loading beams ! Calc | percent

Beams used in derivaticn of Eq. (5-11)
Simple Rectangular | Concentrated 45 1.076 15.8
Simple with stub Rectangular | Concentrated 48 1.239 13.5
Restrained Rectangular | Concentrated 86 1.041 8.4
Continuous Rectangular | Concentrated 15 1.031 13.0
Other beams
Simple Rectangular | Uniform 64 1.192 10.9
Simple Rectangular | Concentrated 124 1.300 14.9
Restrained and continuous | Rectangular | Concentrated 14 1.091 13.8
. Concentrated

Simple and restrained T-beams and uniform 34 1.221 19.6
All beams 430 1.180 16.2
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metrical one- and two-point concentrated loads and simple beams
with uniform loads. All combinations of loading, cross section and
support conditions have not been investigated. However, sufficient
test data are available to indicate that the proposals of this report
for the design of beams without web reinforcement are adequate at
any section along the length of a member, regardless of concrete
strength used, the strength of the reinforcement, the manner of load-
ing and supporting the beam, or the cross-sectional shape of the member
involved.

It is again emphasized that the design procedures proposed are
empirical because the fundamental nature of shear and diagonal ten-
sion strength is not yet clearly understood. Further basic research
should be encouraged to determine the mechanism which results in
shear failures of reinforced concrete members. With this knowledge
it may then become possible to develop fully rational design procedures.

503—Comparison of proposed and ACI 318-56 procedures

The design method of the 1956 ACI Building Code for beams with-
out web reinforcement considers concrete strength to be the only
variable

v = —78—;’(1—; maximum allowable = 0.03 f.’,
but not greater than 90 psi ... (56-12)

To compare this expression with the proposed Eq. (5-11), it is neces-
sary to eliminate j — 7/8 and to raise the expression to ultimate strength
by applying a factor of safety of 2.0. Thus, the Eq. (5-12) becomes

v = —b‘Ld_ = 0.0525 f.’, but not greater than 157.5 psi....(5-12a)

Eq. (5-12a) may be compared to the proposed Eq. (5-11) written as
follows

\4 - 2500 pVd
= —_— = 1.9 c e
Y= %a Vi + M
but not greater than 3.5V f. ... (5-11a)

The two equations are compared in Fig. 5-3. The proposed Eq. (5-11a)
is shown in terms of its limits v = 35V f. (deep, short beam), and

v, = 19V f/ (long, shallow beam). The proposed equation is more
liberal than the present procedures for short, deep beams; but it is
more conservative for long, shallow beams.
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Also shown in Fig. 5-3 is a curve representing the ACI Code design
equation, Eq. (5-12a), reduced by a factor of one-third. If this proce-
dure were adopted, all beams would have an adequate safety factor
against shear failure. Long, shallow beams would have safety factors
of at least 2.0 while short, deep beams would have safety factors
approaching 4.0. Therefore, though this procedure would be simple to
use, it would be conservative with respect to beams of average dimen-
sions and would be ultraconservative with respect to short, deep beams.
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Fig. 5-3—Comparison of proposed procedure to ACI 318-56
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504—Design recommendations

In the early days of reinforced concrete construction before 1900,
all columns were designed for axial load only, and safety factors as
high as 10 were used. The high safety factor was necessary to offset
effects of flexural stresses induced by eccentric loading. For large
eccentricities the high safety factor provided adequate strength, but
obviously these design procedures were ultraconservative and un-
economical when eccentricities were small. Of course, this situation
no longer exists. Design equations for columns consider both axial
load and flexure.

The design methods of the 1956 ACI Code for shear and diagonal
tension are analogous to the old column design procedures. Diagonal
tension strength depends on two quantities, shear and flexure. So far,
shear has been considered the only important quantity, and design pro-
dures consider shear alone. The neglected effects of flexure were con-
sidered sufficiently protected by the safety factor. Early laboratory
tests substantiated this line of reasoning, and indicated that the safety
factor was conservative. However, recent laboratory tests show that
the effects of flexure can be important and, under certain normal
design conditions, this effect may seriously reduce the margin of safety
obtained by the 1956 design procedures. A few structural failures have
verified that such a danger exists. This condition can be corrected by
two alternative measures.

The first alternative is to continue the 1956 procedure of ignoring
the effects of flexural stress. The safety factor must then be increased.
If the present procedures are to be satisfactory for all girders, the
present allowable nominal shearing stresses must be reduced by about
one-third. Then, like in early column design for axial load only, the
majority of girders would be unnecessarily penalized to insure safety
under the worst condition.

The second alternative requires a revision of the fundamental philos-
ophy of shear and diagonal tension design. That is, to consider in
design equations effects of both shear and flexure. When the influence
of flexural stress is small, the allowable nominal shearing stress, v =
V/bd, can be even higher than allowed by ACI 318-56. However, when
the influence of flexural stress is great, the allowable nominal shear-
ing stress must be lower and more conservative than in the 1956 ACI
Code.

Committee 326 considers the second alternative the best course to
follow and, therefore, recommends basing the ultimate strength design
procedure for beams without web reinforcement on Eq. (5-11). Since
v = V/bd and f;, = M/jdA,, the term pVd/M in Eq. (5-11) may be
expressed as v/jf., where f, is the tension steel stress at the section
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considered. Assuming j = 7/8, substitution into Eq. (5-11) and re-
arrangement leads to an expression suggested to Committee 326 by
M. P. van Buren

— o ———f'—A’ but t greater than 3.5 \(T (5-13)
v = 1.9V f. 7. 9850 psi ut not g f

Another rearrangement of Eq. (5-11) is obtained by substituting
A, = pbd. This leads to a design formula suggested by Howard Simpson

L9V e (5-14)

a

v =
. A
1 — (2500 psi) ==

Except for minor variations, Eq. (5-13) and (5-14) are identical to
Eq. (5-11). However, while Eq. (5-11) is better suited for studies of
experimental data, Eq. (5-13) with the coefficient 2850 psi rounded
off to 3000 psi and Eq. (5-14) are possibly more convenient for everyday
design practice.

Eq. (5-11) facilitates analysis of test data because the term pVd/M
can readily be computed for test beams failing in shear, for which the
steel stress at diagonal cracking, f; in Eq. (5-13), is less than the yield
point. In practical design, however, reinforcement will in most cases
be terminated in accord with the moment diagram involved, so that
the tension steel stress in flexural members at ultimate strength is
approximately equal to the yield point f,, of the reinforcement used.
Eq. (5-13) can then be simplified by substitution of f, = f,. In some
design cases, on the other hand, an excess amount of tension steel may
be present at some cross sections so that f, is less than the yield point.
In such cases a shear stress v greater than that correponding to f, = f,
can be calculated by Eq. (5-13) or (5-14).

In the region near a point of inflection in continuou members, re-
distribution of reinforcing steel stress due to diagonal cracking must
be considered. This may be done by considering a minimum value for
M equal to Vd in Eq. (5-11) and (5-14), and also using such a mini-
mum value for computation of the steel stress f, in Eq. (5-13).

Ultimate strength design criteria—In view of the foregoing, Com-
mittee 326 recommends the following ultimate strength: design cri-
teria for beams without web reinforcement:

(a) The diagonal tension strength shall be determined on the
basis of the average unit shearing stress v computed by the formula
v = V/bd, where V equals shear force, b equals width of member,
and d equals effective depth to centroid of tension steel.

(b) For beams of I- and T-section, or for floor joist construc-
tion, the web width b’ shall be substituted for the width b.
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(c) The ultimate diagonal tension strength v, of a concrete
section of an unreinforced web shall be computed by the formula

ve = 1.9 7——fL_
V:.f fo — 3000 psi

or

ve = 1.9 V_fT 1

1 — (2500 psi) A, d

M

except that in both cases v, shall not exceed 3.5V f.

In these expressions v, equals ultimate diagonal tension strength
in psi, f;” equals concrete strength in psi and the units for V f./ are
psi,t f; equals tension steel stress at the section considered in psi
but not less than that corresponding to a moment equal to Vd, A,
equals area of tension reinforcement, and M equals bending mo-
ment at the section considered but not less than Vd.

(d) If the ultimate load on the member produces a unit shear-
ing stress v, which exceeds the calculated ultimate diagonal ten-
sion strength v, web reinforcement must be provided, or the
cross section must be increased.

(e) The provisions of Paragraphs (c¢) and (d) are subject to
the following limitations depending on the length from the edge
of bearing a of any portion of the member within which the shear
diagram retains the same sign: *

(1) If a > 2d, these provisions shall not apply within the distance
d at either end of the length a.

(2) If 2d = a = 3} d, these provisions shall apply only at the section
located in the middle of length a.

(3) If a < 34 d, these provisions shall not apply.

(4) However, in all cases, v. shall not exceed 3.5 V?

(f) When lightweight aggregate concretes are used, the modifi-
cations to these design criteria discussed in Section 505 shall apply.

(g) To apply these recommendations in ultimate strength de-
sign, suitable safety provisions must be combined with these
recommendations. Development of such safety provisions is re-
lated to all phases of ultimate strength design and is considered
beyond the scope of this Committee’s mission.

tFor example, for fo’ = 3600 psi, V fc' = 60 psi
tFor example, in a simplg supported beam loaded with one concentrated load at midspan,
e

the distance a is measured

tween the support and the concentrated load. For members sub-

ject to concentrated loads, the distance a is often referred to as the shear span.

B AL SIS

—
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505—Lightweight aggregate concretes

- The lightweight aggregate industry in the United States is growing
tapidly and occupies an important position in building construction.
This material was first manufactured by expanding shale and clay
into pellets. Other materials that have since appeared are expanded
slates and slags. Structural quality concrete may also be made using
a few of the natural lightweight aggregates such as some pumices,
scorias, or lavas. Indication of the growing importance of structural
lightweight concrete, and the importance of providing design recom-
mendations for this material, is provided by a recent tabulation by
the Expanded Shale, Clay and Slate Institute listing some 220 struc-
tures that have involved structural lightweight concrete, ranging from
single story height to 35 stories. Such wide use indicates that estab-
lishment of design procedures for lightweight concrete is desirable.

Results of recent diagonal tension tests of lightweight aggregate
concrete beams have been studied by Committee 326, notably the re-
sults of 47 tests at the Portland Cement Association laboratories and
27 tests at the University of Texas.” Such test data clearly indicate
that the general principles of shear strength presented in this report
for normal-weight aggregate apply equally well to lightweight ag-
gregate concrete members.

Thus, an equation similar to Eq. (5-11) was considered as a design
criterion, V/bdV f, = (Constant 1) + (Constant 2) pVd/MV f.. The
two constants of this equation were derived independently from nine
groups of beam test data involving nine different lightweight aggre-
gates. It was found that the constants varied widely. Hence, if a single
pair of constants were chosen to provide a single design equation that
could be used safely for all aggregates involved in the 74 tests con-
sidered, then such an equation would be extremely conservative for
some aggregates. Furthermore, Committee 326 has been informed that
recent experimentation? has indicated an excellent correlation between
shear stress at diagonal tension cracking of lightweight aggregate
concrete beams and corresponding splitting tests of 6 x 12-in. cylinder
specimens. In this manner, a design equation similar to Eq. (5-11) was
developed in which the two constants are related to the ratio F,,, be-
tween the split cylinder strength and V f.. This approach has been
approved by ACI Committee 213, Properties of Lightweight Aggregates
and Lightweight Aggregate Concrete.?

In view of these circumstances, Committee 326 does not wish to make
specific design, recommendations for lightweight aggregate concrete
members. ‘

tHanson, J. A., “Tensilé Strength and Diagonal Tension Resistance of Structural Lightweight
Concrete,”” ACI JourNaAL, Proceedings V. 58, July 1961, pp. 1-39.
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506—Test data

The test data considered in this chapter on members without web
reinforcement are presented in condensed form in Tables 5-1 through
5-4 and Tables 5-6 through 5-17. For more detailed information, the
reader is referred to the list of references listed in Section 507.

507—References involving test data

1. Moody, K. G.; Viest, I. M.; Elstner, R. C.; and Hognestad, E., “Shear Strength
of Reinforced Concrete Beams—Parts 1 and 2,” ACI JoUrNAL, Proceedings V. 51:
No. 4, Dec. 1954, pp. 317-332; No. 5, Jan. 1955, pp. 417-434. See also RCRC Bul-
letin No. 6.

2. Morrow, J., and Viest, I. M., “Shear Strength of Reinforced Concrete Frame
Members without Web Reinforcement,” ACI JoURNAL, Proceedings V. 53, No. 9,
Mar. 1957, pp. 833-869. See also RCRC Bulletin No. 10.

3. Baldwin, Jr., J. W., and Viest, I. M., “Effect of Axial Compression on Shear
Strength of Reinforced Concrete Frame Members,” ACI JoURNAL, Proceedings
V. 55, No. 5. Nov. 1958, pp. 635-654.

4. Baron, M. J., and Siess, C. P., “Effect of Axial Load on the Shear Strength
of Reinforced Concrete Beams,” Structural Research Series No. 121, Civil Engi-
neering Studies, University of Illinois, June 1956. See also Reference 9.
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ACI JourNAL, Proceedings V. 55, No. 3, Sept. 1958, pp. 387-403.
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CHAPTER 6—MEMBERS WITH WEB REINFORCEMENT

600—State of knowledge

Recent research work regarding shear and diagonal tension has
been devoted primarily to members without web reinforcement. Al-
though several investigations have included members with stirrups,
tests of members with web reinforcement are few in number, and
the variables affecting shear strength have not been thoroughly and
systematically studied.

There are three major reasons why web reinforcement has not re-
cently received prominent research attention. First, the lack of safety
which was apparent in certain members without web reinforcement
demanded immediate attention. Second, the addition of stirrups added
one more variable to the complex problem of understanding shear
and diagonal tension. Third, neither laboratory tests, nor performance
of members in the field, indicated a lack of safety for members with
web reinforcement designed in accordance with presently accepted
design procedures.

However, the extensive recent studies of beams without web re-
inforcement have shed new light on our understanding of the nature
of shear and diagonal tension. and much of this understanding is ap-
plicable also to members with web reinforcement. But, because only
limited test data are available, it is not reasonable at this time to de-
part radically from current design procedures which are leading to
satisfactory field service.

In some cases, current design procedures are undoubtedly unduly
conservative. Further research work should be encouraged to clarify
the function and action of web reinforcement, and also to determine
the relationship of web reinforcement to other variables affecting
shear strength.

601—Function of web reinforcement

Prior to the formation of the diagonal tension cracks, web reinforce-
ment contributes very little to the shear resistance of a member. Con-
sequently, the location of the initial diagonal cracks and the magnitude
of the external loads causing the initial diagonal cracking are not
affected to any appreciable extent by the presence of web reinforce-
ment.

When a diagonal crack occurs, there must be a redistribution ot
internal forces at the cracked section. If a beam has no web reinforce-
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ment, the external shear previously resisted by the concrete web must
be redistributed partly to the tensile reinforcement through dowel
action but mainly to the compression zone of the concrete. If such
redistribution is successful, the beam is capable of carrying increased
load until the compression zone finally fails under combined stresses.

Redistribution must also take place in members with web reinforce-
ment. It is important to note that the web reinforcement serves two
primary functions after the formation of a diagonal crack. First, a part
of the external shear is taken up by tension in the web reinforcement.
Second, the web reinforcement restricts the growth of a diagonal crack,
thus reducing the penetration of the diagonal crack into the compres-
sion zone. Consequently, web reinforcement not only carries part of the
shear load; the web reinforcement also increases the ability of the
compression zone to resist shear.

602—Mechanism of failure

The failure mechanism of members with web reinforcement has not
been established clearly by laboratory tests. However, drawing from
our knowledge of members without web reinforcement, three mechan-
isms of failure seem logical.

First, it is possible that the member will not accept redistribution
when the diagonal crack forms. In this case, the web reinforcement
will yield immediately and the compression zone will be destroyed
immediately. The result will be a diagonal tension failure without
warning and without increase in external load. Such failures might
occur in long, slender beams (low pVd/M ratios) having very small
amounts of web reinforcement. Failures of this type would be con-
sidered dangerous and undesirable.

A second mechanism of failure is the most common one. It prob-
ably extends over most of the range covered by the current design
requirements. As the external load increases after diagonal cracking,
the web reinforcement and the compression zone continue to carry
shear until the stress in the web reinforcement has reached the yield
point. Further increase in external shear must then be resisted by the
compression zone alone. Failure occurs when the compression zone is
destroyed by the combined compression and shear stresses. This fail-
ure is not sudden because the yielding web reinforcement allows the
diagonal crack to widen, thus giving sufficient warning of incipient
failure.
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A third mechanism of failure is a variation of the second one. If a
member is heavily reinforced with web steel, the compression zone
may be destroyed by combined stresses before the web reinforcement
has reached its yield point. Such failures may occur with less warning
than for the second mechanism.

The mechanisms of failure indicate that both the web reinforcement
and the compression zone contribute to the ultimate shear capacity.
The problem may therefore appear to be quite simple, requiring only
the addition of the contribution of the web reinforcement to the con-
tribution of the compression zone of a member without web reinforce-
ment. However, such superposition is not strictly applicable because
the contribution of the web reinforcement and the contribution of the
compression zone are actually interrelated and interdependent.

603—Review of research work prior to 1945

The ability of the compression zone to carry a portion of the shear
was discussed by A. N. Talbot in 1909: “The tests and calculations go
to show that under the maximum loads applied to the beams the stir-
rups are not stressed to an amount necessary to take the entire shear.”
Talbot’s tests indicated that the stirrups carried two-thirds to three-
fourths of the total shear. Thus he recommended, “The use of a frac-
tional part of the total vertical shear like two-thirds for the applica-
tion in formulas seems to be warranted.” He also included the follow-
ing statement: “The amount of web resistance which may be developed
even with carefully arranged stirrups is limited, the limit depending
upon the quality of the concrete.” Talbot did not recommend a specific
limiting stirrup amount.

In 1927, F. E. Richartt stated: “In test beams with web reinforcement
the shearing stress found at the ultimate load is somewhat more than
that accounted for by the stress in the web reinforcement, and it is
frequently stated that a portion of the shear is carried by the concrete.
Obviously the strength of the concrete web is largely destroyed when
diagonal cracks have formed and the web reinforcement has been
brought into action, but undoubtedly some portion of the vertical shear
is carried by shearing stress over the uncracked compression area at
the top of the beam.”

Richart further stated: “Two types of common formulas are in use.
In one of them it is assumed that one-third of the total shear will be
carried by the concrete and two-thirds by the web reinforcement. The
other involves the assumption that concrete will carry a constant
portion of the working shearing unit stress and that the web reinforce-
ment must carry the remainder.”

tBulletin No. 166, University of Illinois Engineering Experiment Station, June 1927, 103 pp.
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The two types of formulas reterred to by Richart may be expressed
as

and

Richart’s tests indicated that C, varied from 90 to 200 psi, and he
reasoned ‘“Undoubtedly the value of C; depends on the quality of the
concrete, as well as on the amounts of longitudinal and web reinforce-
ment.” Richart did not relate these variables to C; in mathematical
terms, and he did not feel that C. should be a fixed proportion. He
called attention to the formula

D = (0.005 4 ) Fo oo (6-3)

which was developed by Slater, Lord and Zipprodt in connection with
the Emergency Fleet Corporation tests of reinforced concrete beams dur-
ing and shortly after World War I. Richart stated, “Instead of a fixed
proportion, such as two-thirds of the shearing stress being considered
as producing stress in the web reinforcement, this equation implies
that the proportion shall vary as (r/0.005 + 7)...... While the equation
[referring to Eq. (6-3)] does not agree with the shape of the observed
load-stress curves, it does give values that agree fairly well with ob-
served stresses near ultimate load, and at lower loads seems to err
on the side of safety.”

Richart’s last statement reveals a difference in philosophy as com-
pared to this committee’s concepts of ultimate shear strength. Due to
the influence of the working stress concepts, earlier investigators were
more concerned with web reinforcement stress than with ultimate
shear strength. As a result their equations were intended primarily
to express a relationship between applied load and web steel stress.
An allowable shear stress could then be determined from the equations
for a given allowable stress in the web reinforcement. Both Slater and
Richart agreed that Eq. (6-3) related shear stress and web steel stress
reasonably well at ultimate load. However, their findings do not infer
that the equation can be used to predict ultimate strength.

It is of interest to examine the tests of Slater, Lord and Zipprodt.
Their test specimens were very short, deep beams with relatively thin
webs. The yield point of the web reinforcement exceeded 60,000 psi.
Thirty specimens having only vertical stirrups as web reinforcement
failed in diagonal tension, and the relationship between measured web
steel stresses and measured shear stresses at failure by Eq. (6-3) was
good. However, it should be pointed out that more than half of the
beams failed in diagonal tension before the web reinforcement had
reached its yield point. Therefore, though Eq. (6-3) is a good relation-
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ship between the two measured quantities, it cannot be used to pre-
dict ultimate shear strength unless the web steel stress f, is a known
value. It cannot always safely be assumed that the value of f, at ulti-
mate strength is equal to the yield point of the steel f,. Even if the
equation were used as a working stress equation with f, fixed at 20,000
psi, a consistent safety factor against failure would not always result.
Nearly all of Richart’s test beams failed in flexure. They add little
quantitative information about ultimate shearing strength.

In general, the Talbot tests, the Slater, Lord and Zipprodt tests, the
Richart and Larson tests, and most other tests prior to 1945 have pri-
marily historical significance as far as the development of ultimate
shear strength formulas is concerned. Although the early investiga-
tions pointed out possible variables and possible trends for the shear
strength of members with web reinforcement, there are several rea-
sons why their test data should not be strongly considered in the pres-
ent studies of ultimate shearing strength:

1. Since the reinforcing bars did not have deformations in
accordance with present-day standards, the effects of poor bond
and anchorage may have led to conclusions which are no longer
valid.

2. Most of the test specimens were very short, deep beams with
relatively high percentages of web reinforcement. Conclusions de-
veloped from such beams are not necessarily applicable to beams
of normal practical proportions.

3. Most of the specimens failed by modes other than diagonal
tension. In such cases it is, of course, impossible to determine
ultimate shear strength.

604—Historical development of design

American design specifications have long been characterized by the
assumption that part of the shear is carried by the concrete and that
web reinforcement is designed to carry only the excess shear. Euro-
pean specifications have been more conservative, requiring web re-
inforcement designed to carry the total shear. American specifications
have also been characterized by periodic changes in the design formulas
for web reinforcement. These changes have affected not only the al-
lowable stresses but also the considerations of the slope of the web
reinforcement and the proportioning of shear between web reinforce-
ment and concrete. Some of these changes were based on, or at least
supported by, laboratory test data or mathematical analyses.

In 1910, the NACU Standard No. 4 recommended: “In calculating
web reinforcement, the concrete shall be considered to carry 40 psi,
the remainder to be provided for by means of web reinforcement in
tension.” It seems doubtful that there was any justification for this



312 JOURNAL OF THE AMERICAN CONCRETE INSTITUTE February 1962

provision other than logical reasoning. On the other hand, the Joint
Committee Report of 1909, following Talbot’s recommendation which
was based on laboratory tests, proposed web reinforcement to be de-
signed to resist two-thirds of the total shear.

In 1921, the Joint Committee and the ACI specifications reached
agreement on a procedure for the design of web reinforcement. Both
accepted the procedure of designing shear reinforcement to carry
the excess shear over that assumed to be carried by the concrete alone.
This procedure has persisted from 1921 to the 1956 ACI Code.

Design criteria of the 1956 ACI Code are based on allowable stresses.
If the unit shearing stress v is less than 0.03f, (but not greater than
90 psi) no web reinforcement is required. If the unit shearing stress
exceeds this value, web reinforcement must be provided to resist the
excess shear. Assuming a safety factor of 2.00 these provisions may
be expressed mathematically on an ultimate strength basis as

V= V= 0.06f, 4 Krfy oo (6-4)
bid
where
v, = ultimate shearing stress
f = concrete cylinder strength
K = (sina 4 cosa) sina
a = angle between inclined web bars and axis of beam
r = A.,/ab
A, = cross-sectional area of web reinforcement
a = spacing of web reinforcement, measured at right angles to their
direction
b = width of beam
d = effective depth of beam
fy = yield point of web steel

This procedure is subject to limitations and maximum values, some
of which are as follows:

0.06f,” cannot exceed 180 psi.

v, cannot exceed 0.16 f,/ and maximum 480 psi in beams having
perpendicular stirrups only.

v, cannot exceed 0.16 f;/ and maximum 480 psi in beams having
parallel bent up bars only.

v, cannot exceed 0.24f, and maximum 720 psi in beams with a
combination of stirrups and bent-up bars (the latter bent up suit-
ably to carry at least 0.08f/).

r cannot be less than 0.0015.

a cannot exceed Y2d sin o.

Although the nature of this design procedure has not been changed
significantly since 1921, the limitations and maximum values have
been altered in nearly every revision of the ACI Code. Like the basic
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design principles, the limitations and maximum values have tended to
be products of logical reasoning rather than systematic laboratory tests.

In general, the design criteria for web reinforcement of the 1956
ACI Code were not developed directly from laboratory tests. They
are not in full accord with our basic understanding of the function
of web reinforcement and the mechanisms of failure. However, it is
a fact that the design criteria have withstood the test of time. No
structural failures known to Committee 326 can be directly traced to
possible inadequacies in these design provisions for members with web
reinforcement.

605—Review of recent tests

While the laboratory investigations before 1945 were concerned pri-
marily with relationships between the applied load and stresses in the
web steel, after 1945 the emphasis was placed on the ultimate strength
in shear.

The first of the recent tests was reported in 1945 by O. Moretto.
It was concerned primarily with the advantages of welded stirrups.
The concrete strength f. ratio of tensile reinforcement p, ratio of web
reinforcement r, and inclination of the stirrups a, were varied. The
beam dimensions were constant. Moretto compared his tests with welded
stirrups to the series of tests with loose stirrups reported earlier by
Slater, Lord and Zipprodt. He concluded that “it seems reasonable
to expect a beam made with welded stirrups to have on the average
about 20 percent greater resistance to diagonal tension than one con-
taining similar, but loose, stirrups.” Neither Moretto’s tests, nor the
ones he used for comparison, contained deformed bars conforming to
ASTM A 305.

Moretto proposed two empirical equations based on his test data.
For the load at which the web reinforcement was stressed to the yield
point, the shearing stress was given by

vy, = VY = Krf, + 0.04f + 5000p .. ... (6-5)

At ultimate load, the shearing stress was given by

Ve = V* — Krf, + 0.10f + 5000p . ... (6-6)
bjid

These expressions have the form of Eq. (6-1) with C, expressed as a
function of the quality of concrete and the ratio of longitudinal steel.

Moretto’s investigation included two pairs of beams without web
reinforcement. It is interesting to note that the ultimate shearing

tReference 19 in Section 610.
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strength v,, of these two beams was much less than the contribution
of the concrete, v, — Krf,, of similar beams with web reinforcement.
This fact supports the earlier suggestion that web reinforcement in-
creases the ability of the compression zone to resist shear.

Moretto studied systematically the effect of the inclination of stir-
rups on the shear strength. His results indicated strongly that the truss-
analogy expression K = (sina 4 cosa) sin « is substantially in agree-
ment with the test results.

In 1951, A. P. Clark?®’ reported on an investigation in which the
ratio of the beam depth to the shear span and the ratio of web re-
inforcement were the principal variables. The effects of varying the
amount of tensile reinforcement and the strength of concrete were
also studied. Clark’s tests are noteworthy not only because he recog-
nized the major variables affecting the ultimate strength in shear but
also because his test specimens had dimensions and percentages of
longitudinal and web reinforcement comparable to practical condi-
tions. This investigation was a major step toward a modern under-
standing of the ultimate strength of reinforced concrete beams in
shear.

Clark presented an empirical expression which included the four
major variables: ratio of tensile reinforcement p, concrete strength f.,
ratio of depth to shear span d/a, and ratio of web reinforcement r.
Clark stated that his formula was intended to point out the relative
effects of the four variables rather than to be used for general design
purposes.

The majority of experimental investigations of shear carried out
in the United States in the 1950’s were concerned primarily with
beams without web reinforcement. The only exceptions were the
experiments reported by Elstner, et al, by Rodriguez, et al, and by
Guralnick. Guralnick reported tests of T-beams, both simple and
with overhangs, reinforced with high-strength steel. Elstner reported
tests of simply-supported beams with symmetrical overhangs, while
Rodriguez reported tests of two-span continuous beams. The analyses
of both series of tests departed from the earlier studies in that they
were based on the moment at shear failure rather than on the ulti-
mate shear.

Evaluations of the strength in shear on the basis of the ultimate
moment were suggested by Laupa, Moody and Zwoyer. Independent
studies by these three investigators regarding the behavior of reinforced
concrete beams after formation of a diagonal tension crack led to the
hypothesis that a shear-compression failure occurs when the moment
at the critical section reaches a certain limiting value. Several further
studies were concerned with evaluation of the limiting shear-moment.
Morrow, Walther and others based their analyses on certain assump-
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tions concerning the effect of diagonal tension cracking on the condi-
tion of compatibility, while Bresler and Guralnick focused their at-
tention on the combined stress conditions in the compression zone.
However, development of the shear-moment concept has not progressed
far enough to have a direct influence on the recommendations con-
tained in this report.

Early studies by Committee 326 revealed that only few test data
were available on the strength in shear of beams with small amounts
of web reinforcement. Two investigations, one at the University of
California and one at Columbia University, were designed to provide
such information. Preliminary results of these investigations were made
available to Committee 326 for studies leading to this report.

606—Development of design criteria

The preceding discussion indicated the following characteristics of
beams with web reinforcement:

1. Both the web reinforcement and the concrete compression
zone contribute to the shear capacity of a member.

2. The web reinforcement not only helps to carry part of the
total shear, but it also increases the ability of the compression
zone to resist shear.

3. In members of normal proportions having normal amounts of
tensile and web reinforcement, failure occurs by destruction of
the compression zone after the web reinforcement crossing di-
agonal cracks has yielded.

4. In members having high percentages of web reinforcement,
and particularly in short, deep members, the compression zone may
be destroyed before the web reinforcement has yielded.

5. In members having low percentages of web reinforcement,
and particularly in long, slender members, failure may occur
with the formation of the first diagonal crack without any appar-
ent strengthing from the web reinforcement.

6. The observed behavior of beams with web reinforcement is
more complicated than is indicated by the truss analogy on which
the current design procedures are based.

7. Neither laboratory tests nor field observations of perform-
ance in service have indicated a lack of safety resulting from
current design methods, such as those of ACI 318-56.

Furthermore, an examination of the available test data leads to the
following additional considerations:

8. The ultimate strength in shear of beams with web reinforce-
ment is influenced by four major factors: (1) compressive strength
of concrete f,/; (2) ratio of tensile reinforcement p; (3) ratio re-
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lating moment to shear M/V, at the section considered; and (4)
ratio, distribution, and yield point of web reinforcement.

9. Test data obtained prior to 1945 are not fully applicable to
the present design practices because the test specimens were ab-
normal in size and in percentages of web reinforcement, and the
bond properties of reinforcement have undergone radical changes.

10. Tests of beams with web reinforcement made after 1945 are
limited both in number and scope.

Three mathematical approaches were available to Committee 326
for the development of quantitative design criteria: the truss analogy,
the additive equations advanced by Moretto and Clark, and the shear-
moment hypothesis. Although promising, the shear-moment approach
has not yet been developed sufficiently to provide a basis for a reliable
design procedure. The numerical coefficients in the additive equations
were found to be constant only within relatively narrow ranges of
variables. On the other hand, the truss analogy equation -

D = V= Ktfu 4 Deon oo (6-7)

bd

has been found to provide a simple and safe design procedure even
though its oversimplified representation of the actual beam action
must be compensated by several restrictions.

An adaptation of Eq. (6-7) for ultimate strength design requires
consideration of the stress in the stirrups f,, and of the contribution of
the concrete compression zone g, The terms K and r are given by
the geometry of the beam and its reinforcement.

In beams of normal proportions, the web reinforcement usually
yields before the beam fails in shear. Thus, the yield point of the web
reinforcement f, should be substituted for the steel stress f,, How-
ever, it has been shown that some conditions lead to failures in shear
before yielding of the web reinforcement. Limitations must therefore
be placed on the values of f,, on the total shear or on both.

In the 1956 ACI Building Code, it is assumed that the shear carried
by concrete v, is proportional to the cylinder strength f;/. European
codes involve the assumption that v, is zero. A. N. Talbot proposed
that web reinforcement be designed to resist 2/3 or 3/4 of the total
shear. Recent test data have shown that v, is neither proportional
to the concrete strength nor a fixed fraction of the total shear. The
ratio ve./f, was found to decrease with increasing concrete strength
and the ratio v../v, was found to vary between 0 and 0.8. Although
the European value, v, =0, probably would guarantee safety in all
members, designs would tend to be unduly conservative even for
average members encountered in practice. The 2/3-recommendation
would be more realistic for the average case. On the other hand, it
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would also be unduly conservative for small amounts of web reinforce-
ment, and it would tend to be unsafe for very large amounts of web
steel.

Studies of test data have indicated that the shear carried by the
concrete compression zone v, is a function of f/, p. M/V, and also
Krf,. They have indicated further that expressing v.. as equal to the
diagonal tension strength v, approximated properly the effects of f/,
p, and M/V, and also resulted in a better correlation with test data
than any of the methods discussed in the preceding paragraph. There-
fore, the following ultimate strength equation was selected by Com-
mittee 326 as the basis for design criteria

_— Z{; — Krfy 4 Ve oo (6-8)

where
_ V. _ - pVd _ 35vFr 6-9
Vo = bd 1.9V f. + 2500 S =3 Vi .. ( )

Eq. (6-9) is the formula for the diagonal tension strength of members
without web reinforcement derived in Chapter 5 of this report as Egq.
(5-11). It may also be expressed by conservative approximations as Eq.
(5-13) or (5-14).tf Thus Eq. (6-8) indicates that the contribution of web
reinforcement Krf, is related to the difference between the ultimate
shear v, and the shear causing diagonal tension cracking v,. It is note-
worthy that investigations of the shear strength of prestressed concrete
beams, in progress at the University of Illinois and at the PCA labora-
tories at the time this report was written, indicated an analogous finding.

When Eq. (6-8) is compared with the available test data, it becomes
apparent that four limitations are needed. If the percentage of web
reinforcement is very high, the compression zone fails before the web
reinforcement has been developed fully. Therefore, there must be an
upper limit for Krf, or v,. Fortunately test data are abundant in this

region. The data indicate that v, =8V f, represents a safe limit. The
limit is based primarily on tests of relatively short, deep beams with
rectangular cross sections and with vertical stirrups. A few tests of
T-beams and beams with diagonal stirrups indicate that such beams
can develop a higher ultimate strength v,. For T-beams and beams

with diagonal stirrups v, =10V f, represents a safe limit.

If the percentage of web reinforcement is very low, the web re-
inforcement may not be sufficient to permit redistribution of internal
forces when the diagonal crack forms; a lower limit on Krf, is needed.

tEq. (5-13) and (5-14) are close approximations to Eq. (5-11) only when V in the term

Vd/M corresponds to the cracking load. For members with web reinforcement, V corresponds

o an ultimate load greater than the cracking load, so that Eq. (5-13) and (5-14) are conserva-
tive approximations.
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A e S R e Fig. 6-1—Strength of beams

0ook J with web reinforcement
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The 1956 ACI Code design procedure requires a minimum 7 of 0.0015
which is equivalent to Krf, = 60 psi for f, = 40,000 psi. Tests recently
completed at Columbia University and the University of California
indicate the Krf, = 60 psi is indeed a safe lower limit below which
web reinforcement should not be considered effective.

Recent tests at Cornell University included beams which contained
stirrups having very high yield points. The test data indicate that the
stirrups were not capable of developing their yield strength even
though the Krf, values were moderate. Therefore, a limit of 60,000 psi
is proposed on the value of f, in Eq. (6-8).

The results of 166 beam tests are given in Tables 6-1 and 6-2 of Sec-
tion 609. Ultimate shearing stresses calculated from Eq. (6-8) and
observing the four limitations given above are compared to the test
values. In general, the calculated values are conservative.

Comparisons of test findings with Eq. (6-8) are summarized in Fig.
6-1. It is seen that (vt — v,) values fall below the line corresponding
to v, = Krf, + v, only for beams with vertical stirrups and relatively
high values of Krf,. Most of these cases are covered safely by the limit
of v,= 8V J..

The cumulative distribution of Vieu/V.u. is plotted in Fig. 6-2. It is
clearly seen that the design equation, Eq. (6-8), with the proposed
limitations is safe. The observed shear strength V., was less than the
calculated value V. for only about five percent of the tests.

607—Bent bars and anchorage

Early investigators used reinforcing bars that are considered smooth
by modern standards. Bond and anchorage, both of which are associ-
ated with shear, were found to be major problems. Many failures of
test beams reported by early investigators as shear failures may have
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been anchorage or bond failures. The investigators recommend rigid
attachment of stirrups, especially when inclined, to the longitudinal
reinforcement and encouraged the use of bent bars less susceptible to
bond and anchorage distress.

The adoption of the truly deformed reinforcing bar meeting ASTM
A 305 has altered the problem of bond and anchorage. A few investi-
gators have reported splitting failures, but in general bond and anchor-
age are no longer primary scurces of weakness for members with web
reinforcement.

No recent test data are available for beams with bent bars or for
beams with combined bent bars and stirrups. However, a few tests of
beams with inclined stirrups tied rather than welded to the longitudinal
reinforcement have shown high shear resistance without bond or
anchorage distress.

The 1956 ACI Building Code requires that inclined stirrups be welded
to the longitudinal reinforcement. Recent experiences indicate that all
reinforcing bars cannot be welded satisfactorily. The strength of high-
carbon bars may be impaired by improper or careless welding. Since
anchorage is no longer a major problem, the need for welding of stir-
rups to longitudinal reinforcement no longer exists. Therefore, proper
welding of stirrups may be permitted, but welding should not be re-
quired.

In present design practice, longitudinal reinforcement may be termi-
nated when it is no longer needed to resist stress. The 1956 ACI Code
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requires that such bars shall be extended at least 12 bar diameters
beyond the theoretical cutoff point to insure proper anchorage. Pre-
vious discussion has indicated that redistribution of internal forces
must occur in a member following the formation of a diagonal crack.
This phenomenon has been well established by laboratory tests. In
the process of redistribution, the tensile force carried by the longi-
tudinal reinforcement is so affected that the tensile force calculated
at a given section by flexural considerations may become redistributed
to a section a distance d beyond the given section. Therefore, it is rec-
ommended to extend both positive and negative reinforcement a dis-
tance equal to the effective depth d, plus an anchorage length beyond
the point where it is no longer needed to resist stress.

608—Recommendations for design

Tests of beams with web reinforcement are relatively few in num-
ber, and the variables affecting shear strength have not been studied
systematically. Therefore, it is not possible at this time to develop
new design procedures which agree fully with the observed actions
of web reinforcement and with the observed mechanisms of failure.
Since the current procedures have been used safely for many years,
it seems desirable not to depart radically from these procedures. It
is necessary, however, to modify the present procedures so that they
become congruous with the proposed new procedure for the design of
beams without web reinforcement and so that they become applicable
to ultimate strength design. The following ultimate strength design
procedures are recommended for members with web reinforcement:

(a) Web reinforcement shall be defined as
1. Simple U- or multiple stirrups properly anchored at both ends.

2. The center three-fourths of any bent-up longitudinal bar prop-
erly bent and anchored at both ends.

3. Any special arrangements of bar or wire which give the same
factor of safety as similar specimens reinforced in conformity with
the provisions of this design procedure as determined by compara-
tive tests to destruction.

(b) Web reinforcement shall make an angle of 30 deg or more with
the axis of the longitudinal reinforcement.

(c) The ultimate shearing stress v, on a concrete section of a web
having web reinforcement shall be computed by the formula

v« = V. + Krf,
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where
v, = shearing stress permitted on the cross section neglecting web rein-
forcement (see Sections 504 and 606)
K = efficiency factor for web reinforcement (sin a 4 cos o) sin a
r = ratio of web reinforcement = A,/ b s sin a
fy = yield point of the web reinforcement
a = angle of the web reinforcement with the axis of the longitudinal

reinforcement.
(d) The preceding formula is restricted by the following limitations:
1. For rectangular sections or I-sections with vertical stirrups

only, v, shall not exceed 8V f. .

2. For T-sections, for rectangular sections or I-sections having
angle a less than 70 deg, or for rectangular sections or I-sections
having combined vertical stirrups and bent longitudinal bars where
at least 2/3 or the total shear is carried by bent-up longitudinal

bars, v, shall not exceed 10 \/—fc’.
3. Krf, shall not be less than 60 psi.
4. f, shall not exceed 60,000 psi.

(e) Positive and negative longitudinal reinforcement terminated in
a tensile zone of concrete shall be extended a distance equal to the
effective depth of the member plus an anchorage length beyond the
point at which it is no longer needed to resist flexural stress.

(f) Web reinforcement shall be continued a distance equal to the
effective depth of the member beyond the point theoretically required.

(g) Development of safety provisions. is beyond the scope of this
Comrmttee S mission.

609—Test data

The test data considered in this chapter on members with web re-
inforcement are presented in condensed form in Tables 6-1 and 6-2.

610—References’

19. Moretto, O., “An Investigation of the Strength of Welded Stirrups in Rein-
forced Concrete Beams,” ACI JOURNAL Proceedings V. 42, No. 2, Nov. 1945,
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20. Clark, A. P. “Diagonal Tension in Reinforced Concrete Beams,,,’_’A ACI
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21. Communication to Committee 326 containing data on nine recent tests at
University of California by B. Bresler and A. C. Scordelis.

22. Communication to Committee 326 containing data on 19 recent tests at
Columbia University by C. W. Thurston.

23. Elstner, R. C.; Moody, K. G.; Viest, I. M.; and Hognestad, ‘E., “Shear
Strength of Reinforced Concrete Beams, Part 3—Tests of Restrained Beams.with
Web Remforcement ” ACI JOURNAL Proceedzngs V. 51, No 6 Feb 1955 pp
525-539.

tReferences used in Chapter 6 refer to listing in Chapter 5, Section 507, with the above
additions: .
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CHAPTER 7—MEMBERS SUBJECTED TO SHEAR,
BENDING AND AXIAL LOAD

700—Introduction

Because diagonal tension is a principal stress problem, the addition
of an axial load to a flexural member affects the diagonal tension
strength of the member. Recent research investigations have included
members having axial tension and axial compression in addition to
bending and shear. The tests indicate that axial compression will in-
crease diagonal tension strength while axial tension will cause a de-
crease.

The following analysis was developed primarily by I. M. Viest and
is based on the concept of principal stresses. It closely follows the
reasoning behind the development of the ultimate strength design
equation for beams without web reinforcement which was presented
in Chapter 5.

701—Development of design equation

The ultimate strength design equation for members without web
reinforcement was developed from considerations of the principal stress
at the point of diagonal tension cracking

fi(max) = Yo ft + V(Y% f)? + v (7-1)

For members without axial load, the normal tensile stress f;, was as-
sumed proportional to the steel stress computed by the cracked section
theory, and the shearing stress v, was assumed proportional to the
average shearing stress

— f’ — F M
f¢ = constant X =P e
v
= F, ~ __
v =g

If axial load is applied to the member in addition to the transverse
loads, the expression for the normal tensile stress f; must be modified
to account for the axial load. The moment M and axial load N may be
replaced by an eccentric force N acting at distance e from the tension

reinforcement

M h
=M g R
e=~x T 2

Using the conventional straight-line theory, the equilibrium of mo-
ments about the centroid of the internal compressive force in the
concrete gives the following expression for the steel stress

A, jd



SHEAR AND DIACONAL TENSION 327
But

Nee—id =M+ Na (| bt—5)

and
A, jd = jpbd*
Thus the equation for the steel stress may be written as

fo = M 4 B Nd
'S T jpb@

where 8 = 1 — (h/2d) — j, which is usually negative in sign. The
force N is taken as positive for compression, and negative for tension.

Using this expression for steel stress, and neglecting variations in
j, the normal stress in concrete may be approximated as

— . M+ BNd
fo=T =@

Hence, the effect of axial load is obtained by correcting the moment M,
caused by external load, by adding BNd.

The ultimate strength design equation for diagonal tension cracking
of members without axial load was given by Eq. (5-11) in Chapter 5 as

ve=_Y __— 194 2500-VRL (7-2)

bd Vi, MVf

The same equation is applicable when axial load is present if the equa-
tion is modified by correcting the moment M, for the effect of axial load

=V _ 19 4 2500 Ved (7-3)
bd V f. (M + BNd)V S,

It has been shown in Chapter 5 that Eq. (7-2) for members without
axial load is subject to the upper limit

)4

- =35
bd V fo’

In essence, this limit implies that diagonal tension strength is indepen-
dent of the normal tensile stress when the normal tensile stress due
to moment is very small. Assuming that M ~ 0 and that the portion
of the member considered is uncracked, the principal stress equation
[Eq. (7-1) ] becomes

ey = =i+ A/ (=% 5) " (ng)
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This expression may be rearranged as

v _ f:(max) 1/ N
bd 1+ f: (max) bd

Assuming that the principal tensile strength is equal to

fi(max) = T5Vf.
and noting that for beams with no axial load

fe(max) _ T
S = 3.5V f.

2

the equation for nominal shearing stress may be expressed as

_ 1/ 4 0133N

bdva Vi, bd
For practical range of concrete strengths, the quantity 0.133/Vf,
varies between 0.0015 and 0.003. Therefore, it appears satisfactory to
replace the term 0.133/V f/ by a constant value of 0.002. Accordingly,

the upper limit for the diagonal tension strength of members subjected
to axial force may be expressed as

14 T oo N
— =35 1 0.002 ——— ... (7-4)
bd Vf. 1/ + bd

Thus the ultimate strength in diagonal tension of members subjected
to combined shear, bending and axial load may be computed from

ve=—Y 19 4 2500 Vpd
bd V¥, (M 4+ BNd) Vf’

=354/ 1 + 0.002 _él’d_ ...................................... (1-5)

g
=
®
s
(0]

external shear at diagonal tension cracking on the section considered, 1b
width of the section, in.

effective depth of the section, in.

ratio of tension reinforcement A,/bd

moment of external forces with respect to the centroidal axis of the gross
uncracked section, in.-l1b, taken always as a positive quantity

1 — (h/2d) — j '

total depth of section

axial load, 1b; for axial compression N should be taken as’ a pos1t1ve
quantity, for axial tension as a negative quantity '
cylinder strength of concrete, psi

s acd
i

™
lI I

In the derivation of Eq. (7-3) the assumption was made that the
steel stress is below the yield point of the steel. If the steel stress
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reaches the yield point, flexural considerations automatically govern
the design. - o :

As for members without axial load, in shear spans longer than 2d
the diagonal tension strength need not be investigated within the dis-
tance d at both ends of the shear span; and in shear spans shorter or
equal to 2d, the diagonal tension strength must be investigated only at
the section half-way between the ends of the shear spans.

702—Comparison with test data

In Table 7-1, Eq. (7-5) is compared with the results of tests reported
in References 2, 3, and 4. Tests of three types of members are included:
symmetrical knee frames for which the ratio N/V was constant and
equal to 1.0; unsymmetrical knee frames with the ratio N/V constant
for any one frame but varying from specimen to specimen; and simple
stub beams subjected to a constant axial load and a varying transverse
load. Actual B-values were used in Eq. (7-5).

Reference 9 contains test data on diagonal tension cracking of 20
rigid frames without web reinforcement. The frames were simple bents
subjected to vertical uniformly distributed load W and to horizontal
loads N applied at the foot of both columns. The ratio N/W was kept
constant for any one specimen. The computed diagonal tension cracking
loads are compared with the test data in Table 7-2. To simplify the
calculations, 8 = —0.5 was used in Eq. (7-5).

Eleven restrained beams were tested at the Portland Cement Asso-
ciation laboratories with several concentrated transverse loads and an
axial tension. With one exception, the total transverse load P was ap-
plied first, and the axial load was then increased from zero until the
specimen failed. The test results for three specimens are reported in
Reference 8; the data for the remaining specimens have not been pub-
lished. The results are compared with calculated values in Table 7-3.
Although the failures had the appearance of diagonal tension failures,
the computed failure loads for all 11 specimens were governed by
yielding of the longitudinal reinforcement.?

Table 7-4 contains the mean values of the ratios of test/calc and
coefficients of variations for the tests with axial compression. The
tests of restrained beams with axial tension are not included because
their strength was not governed by Eq. (7-5).

703—Recommendations for design

The diagonal tension strength of sections in flexural members is in-
fluenced by the presence of axial loads. Axial compression will increase

while axial tension will decrease the diagonal tension strength of a
section.

tEquation Neate = 2(M/d — 0.9 A«fy) in every case gave a lower failure load than Eq. (7-5).
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TABLE 7.2 — RIGID FRAMESY

o w Location of DT crack?
£ Weate, Wiest, YV test
Specimen w kips kips Weate Computed Observed
F-1 0.165 53.3 61.6 1.16 P P
2 0.165 57.1 66.0 1.16 P P
12 0.165 47.7 72.0 1.51 N i N
15 0.165 | 43.3 46.2 1.07 N : P
16 0.165 = 46.4 54.6 1.18 P ! P
21 0.165 43.5 60.0 1.38 P P
F-5 0.335 59.1 90.3 1.53 N N
6 0.335 58.1 88.0 1.51 N P
13 0.335 52.3 52.0 0.99 P P
F-18 0.165 42.0 59.0 1.40 P P
19 0.335 44.0 54.6 1.24 P P
F- 3 0.133 35.1 57.2 1.63 P P
4 0.133 39.4 51.7 1.31 P P
22 0.133 39.6 46.2 1.17 P P
24 0.133 40.5 46.2 1.14 P P
F-17 0.265 35.5 50.4 1.42 P P
F-7 0.335 46.1 60.5 1.31 N N
8 0.335 52.0 66.0 1.27 P N
14 0.335 39.2 51.0 1.30 P i P
20 0335 | 435 54.6 1.26 P l P

+See Reference 9, Section 507.
1 P = DT crack starting at bottom reinforcement and extending up toward midspan.

N = DT crack starting at the top reinforcement and extending down toward the knee
corner.

TABLE 7-3 — GIRDERS WITH AXIAL TENSION¥

Location of DT crack Load at failure Noout
Specimen | Observed | Predicted? | Pic.: Nica: Peute Neato Neare
8 4 4 30.9 —28.4 17.0 —17.1 1.66
9 4 4 17.7 —19.3 it —16.5 1.17
10 4 4 21.7 —15.2 4 —13.6 1.18
14 4 4 31.6 — 94 it — 6.3 1.49
15 4 4 33.4 — 5.3 it — 49 1.08
16 4 4 31.2 —13.5 i — 6.6 2.06
17 4 4 21.7 —19.8 it —13.6 1.46
19 4 4 19.2 —13.5 it —12.6 1.07
20 4 4 29.7 — 1.5 i — 3.2 2.34
22§ 4 4 26.8 —21.7 T —14.2 1.53
238§ 4 4 42.1 —11.6 T4 — 5.3 2.19

tData from Reference 8, Section 507, and unpublished test data made available to Com-
mittee 326 by the PCA laboratories.

fRegion 4 is located between the point of contraflexure and the nearest load toward mid-
span.

§T-beams; all other specimens had rectangular cross section.
t1Transverse load equal to Ptest (constant during the test).



332 JOURNAL OF THE AMERICAN CONCRETE INSTITUTE February 1962

TABLE 7-4—MEANS AND COEFFICIENTS OF VARIATION OF AXIAL
COMPRESSION TESTS

Type of No. of Test Coefficient of
specimen specimens Calc variation, percent
Knee frames
and stub beams 47 1.28 11.2
Rigid frames 20 1.30 12.6
All specimens 67 1.29 11.6

Eq. (7-5) was found to predict safely the diagonal tension cracking
loads of 67 laboratory tests with combined axial and flexural loads.
However, a form more convenient for design purposes may be obtained
by substituting v, = V/bd and f, = (M + BNd)/jpbd? into Eq. (7-5),
assuming j = 0.875% and solving for v.. The resulting expression

_ = £ _
ve = 1.9V f. m .................................. (7-6)

is the same as Eq. (5-13) for members without axial load.
A rearrangement of Eq. (7-5) similar to that used for Eq. (5-14)
leads to

Ve = l.QVfc' ,,,,,,,,, o (7-7)

1 — (2500 psi)

A.d
M-N(%—d-}-jd)

Eq. (7-7) may be approximated by substituting M’ for M in Eq. (5-14).
where j = 7/8, so that

M =M — N (M ___________________________________ (7-8)

No test data are available on the strength in shear of members with
web reinforcement subjected to an axial force in addition to shear
and bending. Under these circumstances, the Committee considers it
advisable to follow the design procedure recommended in Section 608
for beams without axial force, except that the contribution of the con-
crete compression zone to the shear strength should be computed as
recommended in this chapter.

Committee 326 recommends the following ultimate strength design
procedure for members subjected to combined shear, bending and
axial force:

(a) The diagonal tension strength shall be determined by the
procedure given in Section 504 except that the formulas for ulti-

tFor small axial loads this assumption is a close approximation of the actual j-values. For-
large axial loads, actual j-values are smaller than 0.875; consequently the resulting equation
will give a conservative estimate of ve..
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mate diagonal tension strength shall be those given in Paragraph
(b) below.

(b) The ultimate diagonal tension strength of a concrete section
of an unreinforced web subjected to an axial load in addition to
shear and bending shall be computed by Eq. (7-5), (7-6), (7-7), or
(7-8), except that in all cases v, shall not exceed

35V f/ (1 + 0.002N/A,),
in which A, is the gross area of the uncracked section in square
inches.

(c) The web reinforcement shall be designed by the procedures
given in Section 608 except that the shearing stress v, carried by
the concrete shall be computed as recommended in Paragraph (b)
of this section.t

(d) Development of safety provisions is beyond the scope of this
Committee’s mission.
704—Test data
The test data considered in this chapter on members with axial load

are presented in condensed form in Tables 7-1 through 7-4.

tIn the design of web reinforcement, Eq. (7-6), (7-7), and (7-8) give conservative approxi-
mations of Eq. (7-5).
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The ACI-ASCE Committee 326 report is being published as follows:

Part 1—General Principles, Chapters 1-4: January 1962, pp. 1-30
Part 2—Beams and Frames, Chapters 5-7: February 1962, pp. 277-334
Part 3—Slabs and Footings, Chapter 8: March 1962, pp. 353-396

This report was submitted to letter ballot of the committee which consists of 15 members
and was approved without a dissenting vote.

Received by the Institute August 14, 1961. Title No. 59-9 is a part of copyrighted Journal
of the American Concrete Institute, Proceedings V. 59, No. 2, Feb. 1962. Reprints of the com-
plete report are available at $2 each ($1 to ACI members).

Discussion of this report (three parts) should reach ACI headquarters in trip-
licate by June 1, 1962, for publication in the September 1962 JOURNAL.

Presents a review of scientific knowledge, engineering practice, and construction
experiences regarding shear and diagonal tension in reinforced concrete beams,
frames, slabs, and footings. Recommendations for new design procedures are
substantiated by extensive test data.

Chapters | through 4 deal with background and general principles. Chapters 5
fhrougﬁ 7 present the development of new design methods for reinforced concrete
members without and with web reinforcement, and for members without and with
axial load acting in combination with bending and shear. Chapter 8 deals with
slabs and footings including the effect of holes and transfer of moments from
columns to slabs.

Esfuerzo Cortante y Tensién Diagonal

Se revisan los conocimientos cientificos, ingenieria préactica y experiencias en
construcciones relativas al esfuerzo cortante y tensién diagonal en vigas, arma-
duras (marcos rigidos), losas y cimientos de hormigén armado. Se recomiendan

353
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nuevos procedimientos de disefio comprobados por los datos obtenidos por medio
de ensayos extensivos.

Los capitulos 1 al 4 tratan de los antecedentes y principios generales. Los
capitulos 5 al 7 presentan el desarrollo de nuevos métodos de disefio para
miembros de hormigén armado con y sin refuerzo del alma y para miembros
con y sin carga axial combinada con la flexién y el esfuerzo cortante. El capitulo
8 trata de las losas y cimientos incluyendo el efecto causado por agujeros y el
traspaso de momentos de las columnas a las losas.

L’Effort Tranchant et la Contrainte Principale

On présente une revue de l'art scientifique, de la pratique du génie et des
expériences dans la construction relatives aux efforts tranchants et a la con-
trainte principale dans les poutres, les portiques, des dalles et les semelles de
fondations en béton armé. Les recommendations pour les nouvelles procédés
de calcul sont justifées & 1’aide de résultats nombreaux d’essais.

Les chapitres 1 & 4 concernent les bases et les principes généraux. Les chapitres
5 a 7 présentent I’évolution de nouvelles methodes de calcul d’éléments en
béton armé avec et sans armatures de cisaillement et d’éléments soumis a la
flexion simple et composée avec les efforts tranchants. Le chapitre 8 concerne
les dalles et les semelles de fondations y compris linfluence des trous et la
transmission de moments de flexion des colonnes aux dalles. )

Schub- und Hauptzugspannungen

Es wird eine Ubersicht gegeben iiber wissenschaftliche Erkenntnisse, tech-
nische Praxis und Bauerfahrungen beziiglich Schubsicherung in Stahlbeton-
trdgern, Rahmen, Platten und Siulenfussplatten. Empfehlunger fiir neue
Berechnungsverfahren werden durch umfassende Versuchsunterlagen erhértet.

Kapitel 1 bis 4 behandeln die Vorgeschichte und die allgemeinen Grundsitze.
Kapitel 5 bis 7 enthalten die Entwicklung von neuen Berechnungsmethoden fiir
Stahlbetonteile ohne und mit Schubbewehrung und fiir Bauglieder unter Biegung
und Schub ohne und mit gleichzeitiger Langskraft. Kapitel 8 behandelt Platten
und S&ulenfussplatten einschliesslich der Wirkung von Aussparungen und die
Ubertragung von Momenten von Sidulen zu Platten.

ACI-ASCE Committee 326, Shear and Diagonal Tension, was formed in 1950 to
develop methods for designing reinforced concrete members to resist shear and
diagonal tension consistent with ultimate strength design. Several investigations and
test programs were initiated, sponsored and conducted by numerous organizations,
including Committee 326, the Reinforced Concrete Research Council, many univer-
sities (especially the University of lllinois), the American Iron and Steel Institute,
and the Portland Cement Association. Progress reports of Committee work were
presented at the ACI| 55th annual convention, February 1959, and the 56th con-
vention, March 1960. This three-part report is the culmination of a 10-year study.




SHEAR AND DIAGONAL TENSION 355

CHAPTER 8 — SLABS AND FOOTINGST

800—Introduction

It is not economically feasible to test numerous slab floor systems to
determine the shear strength of the column to slab connection or to
determine the effect of a concentrated load. However, the shear strength
problem in the vicinity of a concentrated load or reaction may be con-
sidered a localized condition involving only a portion of the slab around
the loaded area. Consequently, laboratory specimens have generally been
square slabs with column stubs at the center of the slab and with supports
at the four edges. This specimen approximates the portion of a flat plate
floor system which extends from the column out to the region of contra-
flexure of the slab.

This type of test specimen is similar to a column footing, except for
the support conditions. In many respects reinforced concrete column
footings are acting as a portion of an inverted flat slab. Therefore, the
shear problem of a concentrated load on a slab, of a column to slab
connection in a flat slab or flat plate, and of a column connection in a
footing, are in reality similar problems. They will be considered simul-
taneously in this report unless otherwise noted.

801—Review of research

While the first theoretical and experimental investigations of the
behavior of reinforced concrete beams was reported during the last
years of the nineteenth century,' the results of the first extensive study
of the shear strength of slabs was published in 1913 when Talbot® pre-
sented his well-known investigation of reinforced concrete footings.
Altogether 114 wall footings and 83 column footings were tested to
failure. Of the latter, approximately 20 specimens failed in shear. Talbot
computed shear stress by the formula

v = Ve (8-1)

4(r + 2d)jd
in which

v shear stress

shear force

side dimension of square column
effective depth of slab

internal moment arm of slab

.
d
id

N

It was found that relatively high values of shear strength were obtained
when large percentages of tensile reinforcement were used in the slabs.

X + This chapter was developed largely on the basis of the work by Johannes Moe reported
in Reference 20 of Section 811.
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Talbot’s study of reinforced concrete footings was reflected in the design
practice of many countries throughout the world.

In 1915, Graf and Bach® reported a large number of slab tests which
were undertaken mainly to study flexural strength. Most of the slabs
were loaded simultaneously at eight or more points. A few slabs, loaded
at the center only, failed in shear; a portion of the slab having the form
of a truncated cone was pushed out underneath the load.

The shear strength of slabs loaded by concentrated loads near supports
was studied by Graf* in 1933. A series of shear tests was carried out on
each of three slabs. The results showed clearly that the shear capacity
decreased as the load was moved away from the supports. Graf com-
puted shear stress by the formula

where t is the total depth of the slab.

Graf found that the shear strength increased with concrete strength,
but at a lower rate than compressive and tensile strength. He suggested
that flexural cracking may have some influence on shear strength.

Another series of tests was reported by Graf® in 1938. Eight very
thick slabs, six of which had shear reinforcement, were tested. The slabs,
which were approximately 5%-ft square, were supported along all four
edges. The thicknesses varied between 12 and 20 in.

Richart and Kluge,’ in 1939, reported an investigation of reinforced
concrete slabs subjected to concentrated loads, which was undertaken to
provide information on the design of highway bridge deck slabs. As part
of the investigation, seven shear tests were made on two long rectangular
slabs with an effective depth of 5.5 in. and a short span of 6 ft 8 in. The
loaded areas were circular, 6 and 2 in. in diameter. This report also in-
cludes data on shear tests of eighteen 5-ft square slabs simply supported
on two edges only. As shown in a recent study by Elstner and Hognestad,”
many of these slabs seem to have failed in flexure, but some shear
failures are also recorded. The main purpose of the latter series was to
determine the effect of size and shape of the load-bearing area.

While the ultimate shear stresses, as computed by Eq. (8-1), were
approximately 0.08 times the cylinder compressive strength f,, for the
long slabs, only about 60 percent of that stress was obtained in the latter
series. The authors concluded that the stresses obtained by using Eq.
(8-1) are only nominal and arbitrarily chosen, and that an increase in
flexural strength of the square slabs would probably have increased
shear strength.

Forsell and Holmberg® in 1946, reported on extensive shear tests of
slabs carried out from 1926 to 1928. One series of tests was made on
circular slabs of sand-cement mortar. The slabs which had diameters of
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11.5 to 17 in. were reinforced by spiral reinforcement and the edges were
strengthened by heavy steel rings. The thickness of the slabs varied from
1% to 3% in. Shear stresses, assumed to be parabolically distributed
across the depth of the slabs, were computed by the formula

v =

The critical section determining the perimeter b was taken at a distance
of t/2 from the edges of the loaded area. The diameter of the supporting
ring, which varied between 6 and 12 in., was in many cases so small com-
pared to the thickness of the slab that the base of the frustum of the
cone forming at failure extended all the way to the supports. Consider-
able increase in shear strength due to the influence of the supports is
probable under such conditions.

In a second series, twenty-two 4 ft square reinforced concrete slabs
were tested. The slabs had a thickness of approximately 434 in. All slabs
but one were supported along all four edges with the corners tied down.
The main variables were concrete strength and manner of loading.

One reinforced concrete slab continuous over three spans was also
tested by Forsell and Holmberg. Eleven shear tests were made at dif-
ferent points of this slab. The influence of bending moment on shear
strength was clearly demonstrated.

At the University of Illinois, Newmark, Siess, et al.,»1%!1 as part of an
extensive investigation of highway bridges, reported a number of shear
tests of mortar bridge deck slabs 134 in. thick. Their first report in-
cludes tests of 15 models of simple span, right angle I-beam bridges.
All slabs failed in shear at loads Py, considerably higher than those
causing first yielding of the tensile reinforcement P,y The average
value of Pie/Pyicia was as high as 1.8, thus indicating that the ultimate
flexural capacities of the slabs probably were almost exhausted at the
time of shear failure. The authors stated that the loads at shear failure
to a certain degree seemed to be dependent on the same factors as the
loads at first yielding. ‘

The second Illinois report describes tests on five skew simple-span
I-beam bridges with angles of skew of 30 to 60 deg. Final failure in all
cases took place by shear at loads higher than for the right-angle
bridges.

In the third Illinois report, tests on three two-span continuous I-beam
bridges are reported. Higher shear strengths were found at midspan than
over the supports, probably as a result of the direct axial forces in the
deck slabs, which acted as flanges in the composite I-beam sections.

Richart,'? in 1948, reported the results of an extensive investigation
on reinforced concrete footings. In all, 24 wall footings and 140 column
footings were tested to failure. Of the latter, 128 were 7-ft square, the
rest being of rectangular shapes, 6 x 9 ft, and 6 x 10 ft. The major
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variables were: amount, strength, bond characteristics, and end anchor-
age of tensile reinforcement; concrete strength; and effective depth of
the footings. Apparently, 106 of the column footings failed in shear.

Richart concluded that shear stress rather than bond stress may fre-
quently be a critical feature in the design of a footing. The shear stress
at failure, calculated by Eq. (8-1) at a distance d from the faces of the
columns generally varied from less than 0.05 f,” to 0.09 f,/. The value of
v/f/ increased consistently as the effective depth of the footing de-
creased. When high tensile stresses in the flexural reinforcement and
extensive cracking of the footings were present, an early failure in
shear evidently took place.

Hahn and Chefdeville,'® in 1951, presented a short description of shear
tests on three slabs. The specimens were approximately 7-ft square
with thicknesses of 9 to 10 in., and were loaded through a 20 in. square
column stub. Two of the slabs were strengthened in shear by heavy
structural steel crossheads.

A few shear tests on deck slabs of I-beam bridges were reported by
Thomas and Short'* in 1952. One of these deck slabs was prestressed.

Hognestad,'* in 1953, published the results of a re-evaluation of the
shear failures of footings which were reported by Richart. Hognestad
recognized the effect of superimposed flexure on ultimate shear strength,
and he introduced the ratio ¢ = Vyes/V ;.. as one of the parameters in
his statistical study of the test results. In this ratio, V.. is the observed
shear force at shear failure, V., is the shear force at flexural ultimate
strength as computed by yield-line theory. He also suggested that shear
stress be computed at zero distance around the loaded area because this
seemed to give the best measure of the shear strength.

The following ultimate shear strength equation was found to apply
within the range of variables covered by Richart’s tests

= % bd
where ¢, = V/V;ic.

( 0.035 + 007)f 4 130 DSi e (8-4)

Hognestad indicated that Eq. (8-4) was found to apply for values of
r/d, the ratio of column width to effective slab thickness, between 0.88
and 2.63, but is probably unsafe for values of f,/ below 1800 psi. A new
design method based on Eq. (8-4) was suggested and compared to the
provisions of the 1951 ACI Building Code.

Elstner and Hognestad,” also in 1953, reported shear tests of twenty-
four 6-ft square and 6 in. thick reinforced concrete slabs. The majority
of these slabs were supported along all four edges. The results of these
tests, as well as those reported by Forsell and Holmberg,?® and Richart
and Kluge® were analyzed and compared to the strengths predicted
by Eq. (8-4).
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Keefe6 in 1954, investigated the effectiveness of a special type of
shear reinforcement known as “shearheads.” Two pairs of octagonally
shaped slabs were tested, one of each pair being furnished with a “shear-
head,” while the other had no shear reinforcement. The slabs with
shearhead had an ultimate shear capacity approximately 40 percent
higher than those without.

Elstner and Hognestad,'" in 1956, reported tests of thirty-eight 6 ft
square slabs which were loaded through column stubs in the center,
and, with a few exceptions, were supported along all four edges. Twenty-
four of these tests were also reported earlier.” The major variables were:
concrete strength, percentage of flexural tension and compression rein-
forcement, percentage of shear reinforcement, and size of column. The
effect of concentration of the flexural reinforcement was also explored.
No effects on the ultimate shear strength were found due to variation
in concentration of the tension reinforcement under the column or the
amount of compression reinforcement. The new test results indicated
that Eq. (8-4) gave unsafe values of the ultimate shear strength for
high concrete strengths (4500-7300 psi). By statistical analysis of all of
the slabs, except those with shear reinforcement, the following equation
was found to be in better agreement with the test results

v = T;Vlif — 333 psi + 0.046 f/'/g0.. ... (8-5)

For the slabs with shear reinforcement, the following equation was

suggested on the basis of new tests and the tests reported by Graf*?

v = 333 psi + 0.046 f."/¢o + (qu — 0.050) " .................... (8-6)
where
_ A,f, sina 8-7
qQu = T bd g (8-7)
and
A, area of shear reinforcement

fy, = yield point of shear reinforcement
0. = inclination of shear reinforcement

Eq. (8-6) indicates that the shear reinforcement is not fully effective.

Whitney,'™ in 1957, presented an ultimate strength theory for shear
which is radically different from the earlier approaches to this problem.
Whitney based his study on previously reported test results!'?'" of slabs
and footings but excluded a number of tests which he believed involved
bond failure. The excluded slabs had large amounts of tension reinforce-
ment consisting of closely spaced bars. For the remaining slabs, Whitney
assumed that the shear strength is primarily a function of the ultimate
resisting moment m of the slab per unit width inside the “pyramid of
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rupture,” i.e., the frustum of a cone or pyramid with surfaces sloping out
in all directions from the column at an angle of 45 deg.

Whitney proposed the following ultimate shear strength equation

v = 100 psi + 0.75 7 _;1_. ................................... (8-8)
where v is computed at a distance of d/2 from the surfaces of the loaded
areas, and I, is the “shear span” which in the case of a slab supported
along the edges is taken as the distance between the support and the
nearest edge of the loaded area. In the case of a footing with uniform
distribution of the reaction, l; is taken as half of the distance between
the edge of the footing and the face of the column.

Since the test results of specimens with relatively high flexural
strengths were omitted in the study leading to Eq. (8-8), it can only
apply in cases of nearly balanced design, i.e., when ¢, is close to unity.

According to Eq. (8-8) the shear strength of a slab can be effectively
raised by increasing the amount of flexural reinforcement inside the
pyramid of rupture. This also should apply if the increase of reinforce-
ment through the pyramid of rupture is accomplished by shifting tensile
reinforcement from outside the “pyramid” to the inside. Hence, Whitney’s
formula agrees with the 1956 ACI Building Code in that a concentration
of the flexural reinforcement in a narrow band across the column is
assumed to increase shear strength.

In computing the ultimate shear force V in footings, Whitney sub-
tracted the support reaction inside a distance of d/2 from the faces of
the column. Most other investigations have subtracted the total sup-
port reaction on the base of the “pyramid of rupture.”

In a recent study, Scordelis, Lin, and May'® investigated the shear
strength of prestressed lift slabs by testing fifteen 6 ft square slab
specimens. The slabs were supported along all four edges; twelve of the
slabs were prestressed with unbonded cables. Major variables were con-
crete strength, amount of prestressing, size of steel collars, thickness of
slabs, and amount of collar recess.

The ultimate shear strengths were compared to the predictions of
Eq. (8-5) and (8-8), and reasonably good agreement was found in both
cases. To apply these equations, it was necessary to evaluate the ultimate
flexural moment capacities of the slabs. For this purpose it was necessary
to make some assumptions regarding the values of the steel stress at
ultimate moment and the effect of recesses in the slabs on the ultimate
moment capacity. The assumptions made appear reasonable, but they
could be questionable.

Moe*® in 1961, reported tests of forty-three 6 ft square slabs which
were similar to the test specimens of Elstner and Hognestad. Moe’s prin-
cipal variables were: effect of openings near the face of the column,
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offect of concentration of tensile reinforcement in narrow bands across
the column, effect of column size, effect of eccentricity in applied load,
and effectiveness of special types of shear reinforcement. He also in-
cluded a statistical study of 260 slabs and footings tested by earlier in-
vestigators.

Moe’s work represents a thorough, complete and up-to-date study of
the shear strength of slabs based on practically all available data. Major
portions of this chapter were taken almost verbatim from Moe’s report,
a draft copy of which was made available to Committee 326 by the
Portland Cement Association.

Some of the more important conclusions arrived at by Moe are:

1. The critical section governing the ultimate shear strength of
slabs and footings should be measured along the perimeter of the
loaded area.

2. The shear strengths of slabs and footings depend on flexural
strength.

3. The triaxial state of stress in the compression zone at the criti-
cal section influences the shear strength of that section consider-
ably as described in Section 402 of this report.

4. The shear strength of the concrete is highest when the column
size is small compared to the slab thickness.

5. The ultimate shear strength of slabs and footings is predicted
with good accuracy by the formula

Vau r 0
o= Pr = [15( 1 0.075_d_) — 525 ¢, ] VT
where
b = perimeter of the loaded area
d = effective depth of slab
r = side length of square loaded area
V. = ultimate shear force
Vi = ultimate shear force if flexural failure had occurred
b0 = Vu/Vrle:c

For footings
=[-(=5) e
where

P, = total load on loaded area
a = side length of square footing slab

6. Inclined cracks develop in the slabs at loads as low as 50 per-
cent of the ultimate.

7. Loads 50 percent above the inclined cracking load, sustained
for 3 months, did not affect the ultimate shear strength.
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8. The effect of openings adjacent to the column may be ac-
counted for by introducing the net value for the perimeter b into
the equation in Conclusion 5.

9. Concentration of flexural reinforcement in narrow bands across
the column did not increase the shear strength. However, such
concentration increased the flexural rigidity of the test slabs, and
also increased the load at which yielding began in the tension rein-
forcement.

10. Some increase in shear strength can be obtained by shear
reinforcement. However, the anchorage of such reinforcement in
the compression zone seems to be problematical, therefore the use
of shear reinforcement in thin slabs was not recommended.

11. In cases of moment transfer between square columns and
slabs, test results indicate it is safe to assume that one-third of the
moment is transferred through vertical shear stresses at the perim-
eter of the loaded area distributed in proportion to the distance from
the centroidal axis of the loaded area. Maximum shear stress due to
the combined action of vertical load and moment should not exceed
the value expressed by the equation in Conclusion 5.

802—Review of design specifications

The limited nature of knowledge previously available regarding the
mechanism of failure in shear of slabs under concentrated loads is clearly
reflected in the standard specifications of various countries. Quite dif-
ferent rules are applied to determine the critical shear or inclined tensile
stresses, and the allowable stresses vary considerably.

In the United States the first standard specifications,*® which were
prepared by a Joint Committee appointed by a number of professional
societies, stipulated an allowable shear stress in pure shear equal to
0.06 f.”. The shear stress should be computed by v = V/bt, where the
critical section was taken along the perimeter b of the loaded area, and t
is the total slab thickness. In the revised version of 1917%? it is also
required that diagonal tension requirements be met, but no rules were
given for determining diagonal tension stress.

The ACI Standard of 1916** allowed a stress in pure shear equal to
0.075 f.” computed along the periphery of the loaded area.

In the ACI Standard of 1920+ a clear distinction was made between
the following two possible types of shear failure:

(a) A pure shear failure controlled by the allowable shear stress
computed at zero distance from the periphery, and stipulated at
0.10 f,.

(b) A so-called “diagonal tension failure” controlled by shear
stress computed by the formula v = V/bjd at a distance of d/2
from the periphery, and limited to 0.035 f..
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In the report of the Joint Committee of 1924* it was specified that
shear stress should be computed at a distance of (t — 1% in.) from the
periphery of the loaded area, and the allowable shear stress was given by

v = 0.02f/ (14+n) = 0.03F i (8-9)

where n is the ratio of the area of the reinforcing steel crossing directly
through the loaded area (column or column capital) to the total area of
tensile reinforcement.

The Report of 1924 was also adopted by the American Concrete In-
stitute as a standard, and only minor changes have been made later with
respect to shear and diagonal tension in slabs and footings.

The 1956 ACI Building Code (318-56)¢ allowed the following shear
stresses, computed on a critical section at a distance d beyond the periph-
ery of the loaded area:

0.03f, = 100 psi if more than 50 percent of the tensile reinforce-
ment required for bending passes through the periphery

0.025f, = 85 psi when only 25 percent of the tensile reinforcement
passes through the periphery

0.03fy = 75 psi for footings

In Germany a completely different approach to the design problem
of shear in slabs has been practiced. In determining shear as well as
flexural stresses, slab strips of certain widths are assumed. The widths
given for shear computations are different from those in moment, and
the widths also vary with the position of load on the slab. The German
Specification DIN 1045 of 1943°7 gives the following formulas for the
effective slab strip width in shear

by =1 + 25 and b. = % ( 1+ Trﬁi) ............... (8-10)

where s is the thickness of a load-distributing layer on the top of the slab and
l is the span of the slab.

The larger of the values b, and b, can be used. In the case of a load
close to one of the supported edges, b shall be taken as r» + 5t.

In some countries, such as Norway, a combination of the American
and the German practice has been used. The Norwegian Standard Speci-
fications of 1939*% assumed the shearing stresses to be evenly distributed
around the loaded area at a distance of 2d/3 from the periphery. It is
however, also necessary to consider a strip of the slab of a certain
specified width as a beam and check the shearing stresses in this beam
strip. If a load is placed close to one of the supported edges of a slab,
this last check frequently gives the highest shearing stresses.

In the British Code of Practice (CP114)% the shear stresses in flat
slabs are computed at a distance of d/2 from the periphery of the loaded
area, while in footings the distance is taken equal to d.
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803—Development of design recommendations

The evolution of the current concepts of shear action were pointed out
in the review of research in Section 801. Three principal variables affect
shear strength. They are: concrete strength, the relationship between
size of loaded area and slab thickness, and the relationship between
shear and moment in the vicinity of the loaded area. The most recent
study by Moe led to the empirical ultimate strength design equation

Ve — T I
u = = 15 -_ o —_— e . 0 o’ .......... -
o = Ve [ (1 0.075 d) 5.25 ¢ ]Vf (8-11)
where
v. = permissible ultimate shear stress

V. = ultimate shear capacity

b = periphery around the loaded area
d = effective depth of the slab

r = side dimension of the loaded area
b0 — Vu/Vflc:r

Viie. = ultimate shear force for flexural failure

Ccmparison of the equation with available data for 198 tests is pre-
sented in Table 8-1 of Section 810. The comparison is good as shown by
the average ratio of Vi to Vey, and the standard deviation for each
test series. The equation seems to be the best that has been developed to
correlate laboratory shear tests of slabs and footings. However, the step
from a research equation with limited ranges of applicability to a gen-
erally applicable practical design procedure is not an easy one in this
particular case.

It was stated previously that shear failure is a local one, involving
a portion of the slab structure around the loaded area. Therefore the
simple slab specimens used in laboratory tests represent a portion of the
slab from the loaded area out to the region of contraflexure. However,
because of our limited knowledge concerning the distribution of mo-
ments in slab structures at loads near ultimate strength, it is difficult to
determine which portion of the slab structure is involved in the shear
failure.

Of course, this portion of slab area must be established only to deter-
mine the value of ¢, in Moe’s equation. The variable ¢, is dependent on
the ultimate flexural capacity of this portion. For simple laboratory
specimens computation of flexural capacity is an easy task with the aid
of the yield-line theory. For practical design cases, this is more difficult,
and the yield-line theory has not yet become generally used in American
practical design for flexure.

The variable ¢, is the ratio of shear capacity to flexural capacity. For
balanced failure, shear capacity and flexural capacity are reached simul-
taneously, so that ¢, equals unity. If the slab fails in shear, ¢, is less
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o

« Footings
o Slabs

Ratio of Ultimate Shear Stress to \IT;, vu/\chI
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Ratio of Column Size to Slab Thickness, r/d

Fig. 8-1—Comparisons of design equations and test data

than unity. Since Moe’s equation is only applicable to shear failures, ¢,
cannot exceed unity.

As ¢, decreases, the shear strength of a slab increases. At first glance
it would appear that increasing flexural capacity, which in turn de-
creases ¢, would be an efficient way of increasing shear capacity. How-
ever, substituting ¢, = V./Vye, into Moe’s equation leads to

V. _  15(1 — 0.075r/d)V T

Vu = — = ——
bd 1 4+ (5.25 bd V T/ Viies)

In Eq. (8-12) it is seen that Vj,, must be increased substantially to
affect a small increase in shear capacity. Although ¢, is an important
variable in the shear stress equation, the interrelationship of ¢,, V,, and
Vs is such that it is uneconomical to control shear capacity by the
flexural capacity.

Generally speaking, the laboratory specimens were designed to fail
in shear. The term ¢, was an important variable in the laboratory tests
and it must be iconsidered when laboratory test results are analyzed.
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TABLE 8-1 (cont.)—
COMPARISON OF TEST DATA WITH MOE'S EQ. (8-11)

Slab l T, ! d, bn, - Veate, Viest, I Viest
_ No. in. | in. in. Vi o kips | kips | Veur.
Moe’s slabs (slabs with openings)
H1 10.00 4.50 40.00 61.5 1.000 80.2 ‘ 83.5 1.041
H2 1 10.00 4.50 34.75 60.2 0.909 72.6 | 74.0 1.018
H3 ©10.00 4.50 29.75 58.6 0.813 64.5 73.0 1.130
H4 10.00 4.50 29.75 61.1 0.830 66.5 65.1 0.978
5 10.00 4.50 24.60 60.2 0724 57.9 56.1 0.968
H6 10.00 . 4.50 20.00 64.2 0.549 52.5 55.2 1.050
H7 10.00 . 4.50 36.14 60.4 0.931 74.4 70.1 0.941
HS8 10.00 4.50 32.28 63.8 0.890 71.8 70.1 0.976
H9 10.00 4.50 36.40 59.1 0.924 73.6 | 703 0.955
H10 10.00 4.50 39.44 60.1 0.989 79.0 75.1 0.949
Hi1 10.00 4.50 40.00 61.5 1.000 80.2 76.1 0.948
H12 10.00 4.50 40.00 66.1 No slab action 60.4 —
H13 10.00 4.59 40.00 | 59.7 No slab action 45.1 —
H14 10.00 4.50 35.00 . 61.6 | Flexure failure 56.8 —
H15 10.00 4.50 35.00 | 582 0.902 ! 716 74.6 1.042

Average = 0.992
Coefficient of variation = 0.057
However, in practical design, ¢, is not an important variable because
the shear capacity of the slab should exceed its flexural capacity, that
is, ¢, should be at least equal to unity. Therefore ¢, may be eliminated
from Moe’s Eq. (8-11) by substituting ¢, = 1.0

V. _ — TNV -
Ve = b_d_( 9.75 — 1125 - ) N7 (8-13)

Fig. 8-1 shows test data in terms of the parameters v,/V f. versus
r/d. The data are compared to Moe’s general equation which produces
a family of straight lines having ¢, as a parameter. The values of ¢, =
0.30 and ¢, = 1.00 cover the limits of the test data. It is seen that Eq.
(8-13) is conservative even when ¢, is less than 1.00. Unfortunately,
however, Eq. (8-13) is not satisfactory over the full range of variables
encountered in practical design.

If load is applied to a slab over a very small area, the perimeter b
and the ratio r/d will be very small. According to Eq. (8-13) the ulti-
mate shear stress v, will approach 9.75V f,/; but the ultimate load capa-
city V, will approach zero. This cannot be supported by logical reasoning.
A thick slab can carry substantial load without failing in shear even
if the load is applied over a very small area.

Likewise the equation obviously does not apply for very large values
of r/d since it predicts v, = 0 when r/d = 8.67. Drop panels or wall
loads can give values of r/d exceeding 8.67. It is not reasonable to expect
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that slabs with drop panels or wall loads should have no shear resistance
at all. |

In the case of a continuous slab supported on a wall, the ratio r/d
can, for the purpose of this discussion, be assumed to be infinite. The
slab will have comparatively little slab action in the vicinity of the
wall and will tend to behave like a wide, shallow beam. Therefore, as
r/d approaches infinity, the value of v, would approach the correspond-
ing shear strength of a beam, which would be 1.9V f. plus a small term
depending on the M/Vd ratio. In view of recent tests by Diaz de
Cossio® showing the effect of ratio of width to depth on the shear
strength of beams, as well as available results of tests on slabs, it ap-
pears that the shear strength v, for slabs with large r/d ratios approaches

a value substantially in excess of 1.9y f.. It is consistent with available
test results to take the shearing resistance of slabs as approaching the

limiting value of 4.0V f. for large ratios of r/d when two-way slab
action is present.

Therefore, the design expression for two-way slab action must satisfy
the following conditions:

1. The ultimate shear stress v, shall be a function of V . and r/d.

2. As r/d approaches zero, the ultimate shear load capacity V,
approaches a finite value.

3. Therefore, when r/d approaches zero, v, approaches infinity.
4. When r/d approaches infinity, v, approaches 4.0V f..

5. The shear stress v, must decrease continuously to 4.0V f. as
r/d increases.

The above conditions can be satisfied by a hyperbolic equation of the

form v, = (Ad/r + B)V f., which for a conservative fit of the test
data, gives

v = 4(% +1 ) VT (8-14)

Eq. (8-14) is plo‘éted on Fig. 8-1 where it can be compared with Moe’s
Eq. (8-13) and with the test results given in Table 8-2.

The shear load capacity V, can be evaluated from

Ve =vubd (8-15)

where b is the periphery at the edge of the loaded area.

Thus, for a square column, b = 4r, so that V, can be expressed as

V. = 16d? (_;—+ 1 )v? .............................. (8-15a)
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It is apparent that Eq. (8-14) and (8-15) satisfy the previously stated
conditions with v, = 4V {.” for 7/d equal to infinity and V, = 16d2\ f,
for r/d equal to zero.

For practical design purposes, Committee 326 feels that slabs with very
large r/d ratios should also be checked for action as a beam, in which
case the recommendations of Chapters 5, 6, and 7 are applicable.

804—Comparison with procedures of 1956 ACI Building Code

The proposed concept of shear action is based on the premises that
the shear area is the vertical section which follows the periphery at
the edge of the loaded area, and that the ultimate shear stress is a
function of V{, and r/d. The concept of the design procedure in the
1956 ACI Code is different; the shear area is the vertical section which
follows the periphery located a distance d beyond the edge of the loaded
area, and the allowable shear stress is proportional to f,” with maximum
values of 100 and 75 psi for slabs and footings, respectively.

For purposes of comparison it is assumed that the maximum allowable
shear stress by the 1956 Code is 0.03 f,/ and that a safety factor of 2.0 is
used. In terms of ultimate shear load, the 1956 Code procedure is:
V./bjd = 0.06 f/. For square columns, b’ = 4(r 4 2d). Thus, the com-
parable ultimate shear stress based on a section at the edge of the loaded
area is, for j = %

v Ve 0052 v??( 24 4 ) .............. (8-16)
Vi 4rdV f’

The 1956 Code requirements are compared with the proposed design
equations in Fig. 8-2 and 8-3. In Fig. 8-2, Eq. (8-16) represents a family
of hyperbolas having V f.” as a variable, while Eq. (8-16) is a family of
straight lines in Fig. 8-3. The similarity between the 1956 Code design
equation and the proposed equations is surprising in view of the fact
that the basic concepts of the two procedures appear to be radically
diferent. When the 1956 Code design criterion is written in the form of
Eq. (8-16), however, it is seen that the variable 7/d has been taken into
account by assuming the shear area to be located at a distance d beyond
the edge of the loaded area. Thus, the variable r/d may be accounted
for either as a variable in expressing the shear stress v,, or by the choice
of the location of the shear area.

The 1956 Code procedure may be expressed in terms of the proposed
concept as follows:

The shear area shall be the vertical section which follows the
periphery at the edge of the loaded area, and the ultimate unit shear
stress shall be a function of f,” and r/d.

_ V. _ ,
Vu = 3o = 0.0525 f’ (2d/r + 1)
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Fig. 8-2—Comparison of Eq. (8-14) to 1955 AC! Building Code

Similarly, the proposed design procedure may be expressed in terms
of the 1956 Code concept:

The shear area shall be the vertical section which follows the
periphery at a distance d/2 beyond the edge of the loaded area, and
the ultimate shear stress shall be

Although the two concepts are different, the selection of one in prefer-
ence to the other becomes a matter of personal choice. The proposed con-
cept follows the line of reasoning adopted by laboratory research; it ap-
proaches the basic philosophy which explains the effect of slab action
on shear strength. On the other hand, the 1956 Code concept is uni-
versally understood and accepted in everyday design practice.

The proposed design procedure offers several advantages over the
1956 Code procedure. In the region of normal flat slab or flat plate design
they are more liberal than the 1956 procedures, but they are proven to
be safe by laboratory tests. Although it would appear that the same re-
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Fig. 8-3—Comparison of Eq. (8-15) to 1956 Building Code

sults may be achieved by increasing the ultimate shear stress of the pres-
ent procedures, to do so would endanger safety at the extremes in r/d
values. The proposed procedure also brings shear strength under two-
way slab action in line with the general thoughts regarding the mechan-
isms of shear and diagonal tension. Furthermore, j is eliminated; and
expressing ultimate shear stress in terms of Vf/ facilitates effective
use of concrete strengths exceeding 3000 psi.

There is merit, however, in expressing the proposed design procedure
in terms of the 1956 Code concept. The proposed method requires ex-
pressing the ultimate shear stress as a function of r/d. For a loaded
area of other shape than square, there may be doubt regarding the cor-
rect value of r to be used. On the other hand, by assuming the ultimate
shear stress as equal to 4.0V f. and defining the critical section as that
which is located at a distance d/2 from the periphery of the loaded area,
regardless of its shape, the question of interpretation regarding the cor-
rect value of r does not arise. Furthermore, this gives a simple method
of handling the case of openings in the vicinity of the loaded area.

The ultimate shear load capacity V, can, therefore, be computed by

Ve = vubd .o (8-17)
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where

Ve = 40V Fe oo (8-18)
and

b — the periphery of a pseudocritical section located at a distance d/2 from
the periphery of the loaded area.

805—Concentration of reinforcement over a column

The 1956 ACI Building Code permits an increase in allowable shear
stress if the tensile reinforcement of the column strip is concentrated
over the periphery of the shear area. A thorough search of the technical
literature failed to reveal the origin of, or the logic behind, this require-
ment. It was probably not based on laboratory tests.

Recent tests by Elstner and Hognestad and by Moe indicated no in-
crease in shear strength due to concentration of tensile reinforcement
through the shear area. However, Moe pointed out the following ad-
vantages from concentrating tensile reinforcement in the vicinity of
the loaded area:="

1. Concentration increased the stiffness of the slabs; center de-
flections decreased as the amount of concentration increased.

2. Concentration reduced the stresses in the flexural tension rein-
forcement in the vicinity of the column and thereby raised the
load at which first yielding took place.

3. Even with heavy concentrations, bond failure or splitting fail-
ure was not detected. The concentration reduced the violence of
the shear failure.

These tests indicated advantages of concentrating tension rein-
forcement in the vicinity of the column, but the advantages were
realized in the flexural behavior of the slabs, not in their shear
behavior.

Because of its advantages in flexure, concentration of tensile rein-
forcement in the vicinity of the loaded area should be encouraged. How-
ever, Committee 326 feels that such encouragement should not be tied to
the design requirements for shear.

806—Slabs with openings

Moe™ reported 15 test specimens having different patterns of open-
ings adjacent to the column. Fourteen of the specimens failed in shear.
The tests showed that the ultimate shear strength of the slabs is af-
fected by the size and location of the openings with respect to: the
loaded area, the size of the loaded area, and the thickness of the slab.

The effect of the openings on the shear strength of the slabs can be
accounted for by reducing the perimeter of the pseudocritical section
which is assumed to be at a distance of d/2 from the loaded area. This
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TABLE 8-3 — EFFECT OF OPENINGS20

P, corrected

Periphery, b,* _ to V f = 615
Slab Piost, ' Testt
No. Percent kips psi percent | Cale

in. of H-1 kips of H-1
H-1 58.00 100 83.5 61.5 83.5 100 1.00
H-2 50.75 87.5 74.0 60.2 75.5 90.5 1.03
H-3 43.50 75.0 73.0 58.6 76.5 91.7 1.22
H-4 43.50 75.0 65.1 61.1 65.5 78.5 1.05
H-5 36.25 63.4 56.1 60.2 57.4 68.7 1.08
H-6 29.00 50.0 55.2 64.2 53.0 63.5 1.27
H-7 52.88 91.2 70.1 60.5 71.3 85.5 0.94
H-8 47.76 82.5 70.1 63.8 67.5 80.9 0.98
H-9 52.80 91.0 70.3 59.1 73.0 87.5 0.96
H-10 54.00 93.0 75.1 60.2 76.8 92.0 0.99
H-11 55.20 95.2 76.1 61.5 76.1 91.4 0.96
H-12 29.00 50.0 60.4 63.5 58.5 69.0 1.38
H-13 19.36 33.4 45.1 59.8 46.4 55.6 1.66

+ Periphery of critical section b,, was calculated at d/2 from loaded area subtracting the
projection of openings in accordance with the procedures recommended in Section 806.

t Test/Calc = ratio of percent reduction in corrected measured ultimate shear load, Ptest,
to calculated percent reduction in periphery bo; in both cases percent reduction with respect
to Slab H-1 which had no openings.
reduction in perimeter length depends on the size and location of the
openings and the 7/d ratio.

The ultimate shear load capacity V, can be evaluated from Eq. (8-17)

and (8-18) as
Ve = vubod = 40VFe boderrrn., (8-17) (8-18)a

reduction in perimeter length depends on the size and location of the
pseudocritical section located at a distance d/2 from the periphery of
the loaded area. Several examples of proposed methods for computation
of reduced periphery b, are shown in Fig. 8-4.

1. For an opening whose closest edge is located less than d/2 from
the loaded area, it is proposed that the reduced perimeter be the
length of the original pseudocritical section minus the radial pro-
jection of the opening on the pseudocritical section. The radial lines
should be drawn from the centroid of the loaded area to the edges
of the opening so that the radial lines lie completely outside the
opening as shown in Fig. 8-4a. If there are several openings, the
sum of the radial projections should be subtracted from the perim-
eter of the original pseudocritical section.

2. For openings whose closest edges are more than d/2 but less
than 2d from the loaded area, the reduced perimeter should be
taken as the smaller of the two given by the following criteria:
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Fig. 8-4—Effect of openings and free edges

(a) The shortest of all possible sections lying not less than
d/2 from the loaded area as shown in Fig. 8-4b.

(b) The original pseudocritical section minus the sum of the
radial projections of the openings as shown in Fig. 8-4c.

3. For openings near the corners of the original critical section,
such as the case shown in Fig. 8-4d, Criterion (a) gives no reduc-
tion. Criterion (b) probably overestimates the reduction.

4. For the effect of openings whose closest edges are more than
2d from the loaded area, only Criterion (a) and the original un-
reduced critical section need be investigated.

‘5. Openings that are large compared with the dimensions of the
critical section, such as that shown in Fig. 8-4e, should be treated
as free edges or corners as described below.

6. The shear capacity of the slab in the vicinity of free edges or
corners, as shown in Figs. 8-4f and g, should be evaluated by apply-
ing Criterion (a). Particularly when the free edge is located at some
distance from the column or loaded area, the original critical sec-
tion should also be investigated.

7. If several openings are close together, Criteria (a) and (b) may
be used provided the distance between openings parallel to the
critical section is sufficient to maintain two-way slab action. The
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TABLE 8-4 — TRANSFER OF AXIAL LOAD AND MOMENTS
FROM COLUMN TO SLAB

Slab \ 7, l d, ‘ e, Vi~ Vo, (Vi Vieer | View
No in. in. in. psi bo kips kips | kips | Ve
Moe slabs™

MI1A 12.00 | 4.50 0.00 55.0 | 0.691 99.5 99.5 97.3 N 0.978
M2A 12.00 | 4.50 7.30 474 | 0.631 84.4 52.5 47.8 ' 0.912
M4A 12.00 | 4.50 17.10 50.6 | 0.671 92.8 38.3 32.3 | 0.844
M2 12.00 | 4.50 7.70 61.1 | 0.694 104.2 63.5 65.7 1.035
M3 12.00 4.50 13.30 57.4 0.701 103.1 48.9 46.6 0.954
M4 12.00 4.50 17.20 59.8 0.711 106.5 43.8 29.6 §
M5 12.00 4.50 24.20 62.5 0.726 110.3 36.6 22.7 §
M6 10.00 | 4.50 6.62 64.2 | 0.882 81.3 48.9 53.8 1.100
M7 10.00 | 4.50 2.40 60.2 | 0.916 83.6 67.4 70.0 1.039
M8 10.00 | 4.50 17.20 59.7 | 0.909 83.2 30.6 33.6 1.100
M9 10.00 | 4.50 5.00 62.1 0.897 81.4 54.3 60.0 1.105
M10 10.00 | 4.50 12.12 57.8 | 0.877 78.7 35.6 40.0 1.125

+ Calculated ultimate capacity neglecting shear stress due to eccentric loading.

1 Calculated by Moe’s assumption that one-third of the column moment is transferred to
slab by vertical shear.

§ Failed in negative hending near the column.

required distance is a function of slab depth, size of openings and
other parameters. In extreme cases, a plurality of openings may
create a free edge condition.

These criteria were applied to Moe's tests on slabs with openings as
shown in Table 8-3. Slab H-1, which had no openings, was considered as
the standard, and all slabs with openings were compared relative to
this standard. As seen in Table 8-3, the use of the reduced length of the
pseudocritical perimeter accurately predicts the reduction in capacity
caused by the presence of openings. The strengths of Slab H-6 with open-
ings adjacent to all four faces of the loaded area, and Slabs H-12 and
H-13 with openings at all four corners are predicted conservatively. This
is desirable because these latter three cases are extremes that should
be avoided in practical design applications.

When relatively minor openings are present, it is safe to assume that
the shear stress is uniformly distributed over the reduced critical sec-
tion located at a distance d/2 from the column or loaded area. This ulti-
mate stress v, should then not exceed 4V f.. When large openings, a
plurality of openings, or free edges are present, however, it becomes
necessary to consider transfer of bending moment. This leads to a non-
uniform distribution of shear siress as described in Section 807.

807—Transfer of moment between columns and slabs

Only limited information is available regarding the shear strength ot
slabs near columns when both axial load and moment are transferred.
Moment is transferred between column and slab by flexural moments,
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by torsional moments and by ver- P
tical shear as shown in Fig. 8-5. No M
experimental method has been ;
found so far of directly measuring 9%
their individual contributions to
the total transferred moment. The M
three quantities can be inter-re- Le
lated by mathematical analyses, t} [~ OM]/"J
but such analyses must be based
on simplitying assumptions which

may or may not be realistic. A Distribution of shear
Moe?" reported tests of 12 speci- -. (1 due to load P

mens which had eccentricity of N P

column load as the primary vari- ¢

able. His specimens were square 2 Distribution of shear

slabs having a centrally located m due to moment M

column stub. Eccentricity was va-
ried from 0 to 24 in. on 12 and
10 in. square columns. In his anal-
ysis of the tests, Moe did not at-
tempt to separate the transfer mo-
ment into its three components. He
assumed that the vertical shear Fig. 8-5—Transfer of moment
stresses were constant across the

critical planes perpendicular to the plane of symmetry as shown in Fig.
8-5; and they were assumed to vary linearly along the other two critical
planes. Secondly, he assumed that failure occurred when the maximum
shear stress reached a value equal to the ultimate shear strength of the
same slab loaded with zero eccentricity. Based on these assumptions,
Moe worked backward from his test data and found that approximately
one-third of the total moment M was transferred by vertical shear
stresses. This finding is, of course, limited to the type and size of speci-
men used by Moe. The results of Moe’s tests and analysis are summarized
in Table 8-4.

In a study which is still in progress, Hanson?! investigated the shear
and moment transfer between slabs and columns by testing ten 3 in.
thick slabs with 6 in. square columns. The rectangular slabs were 48 in.
wide and 84 in. long, with the column centrally located. They were
tested with line loads applied to the slab 36 in. from the column center
to create various combinations of shear and moment. Five tests by
Frederick and Pollauf** which were similar to Hanson’s are summarized
together with Hanson’s tests in Table 8-5. In this group of 15 tests, the
range of eccentricity of load was from zero to near infinity.

Combined distribution
of shear
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Calculation of ultimate shear strength for 25 tests of these three in-
vestigations at various distances x outside the column are summarized
in Table 8-6. In these calculations, which follow the general form de-
veloped for interior columns by Di Stasio and van Buren?? rather than
the methods used by Moe, the shear stresses v, and v, in Fig. 8-6 are

wm 8 [+ 5 (5)])

............................... (8-19)
we S [T KM ey

where

Ay = 2(CH D)t (8-20)

is the area subject to direct shear and

2 tc®
Jo = -
12 +

21c2ta 4 2bt (%) .......................... (8-21)

TABLE 8-5— TRANSFER OF AXIAL LOAD AND MOMENTS
FROM COLUMN{t TO SLAB%

Voilds 4
i — T f
Specimen 1;11(3) r?gb . d, N f'c’ ransferre
No. side of in. psi Viests Miest,
columns kips in.-kips
Hanson slabs®
1 None 2.44 66.2 1.29 197.6
4 B§ 2.44 73.2 0.92 213.3
5 Ctt 2.44 71.2 1.14 139.6
2 None 2.44 69.4 6.04 181.4
6 B 2.44 68.9 5.88 175.9
i C 2.44 71.8 4.30 118.9
Column at
13 slab edge 2.44 67.2 2.71 87.9
8 None 2.44 67.3 1.08 215.9
9 B 2.44 69.6 1.08 210.7
10 C 2.44 71.1 1.04 150.6
Frederick and Pollauf slabs®
1 None 2.44 54.7 6.09 175.4
2 None 2.44 41.8 7.62 176.0
3 None 1.94 49.7 5.06 106.0
5 None 2.44 49.5 7.07 160.4
6 None 2.44 50.9 7.07 160.4

+ All columns 6 x 6 in.
1 All slabs 3 in. thick except Specimen 3 (t = 2.5 in.).
§ Voids along sides of column parallel to axis of stress symmetry.

6 Hlv_oids along sides of column perpendicular to axis of stress symmetry; all voids were
x 1in.
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Fig. 8-6 — Shear stress at c
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is the polar moment of inertia of the surface described by the critical
section passing through the slab thickness as shown in Fig. 8-6.

An increase in A, and J. may be made to account for dowel action of
the steel crossing the area by multiplying the individual terms of Eq.
(8-20) and (8-21) by [1 + (n — 1) p].

The factor K in Eq. (8-19) is a reduction factor on the total moment
transferred M, to obtain the moment transferred by torsional shear stress.

It is shown in Table 8-6 that the best correlation with the test data
was obtained when the shear stresses were calculated at a distance
x = d outside the column with full dowel action considered. The value
K = 0.487 gave the best coefficient of variation of 0.121 for the 25 tests
available. The average value of the maximum shear stress at ultimate
strength was 4V f, psi.

To be consistent the design procedures developed earlier in this
chapter, Eq. (8-19), (8-20) and (8-21) can be written as

\"4 KM/ ¢
y = — e —— e 8-22
Ly il (2 ) (8-22)
where
A, = 2(c+b)d = boed..occooooiiiiii (8-23)
and
2 de® 2 cd? c \?
o = — = === t e e 8-24
I 12t +2’d(2) (8=24)

In Eq. (8-22) to (8-23), the critical section is taken at a distance x = d/2
from the face of the loaded area. When the perimeter of the critical
section is reduced for exterior columns or when openings are present,
Fig. 8-4, the polar moment of inertia should be computed on the basis of
the remaining section and taken about the centroidal axis of the reduced
perimeter. Furthermore, consistent with other parts of this report, no in-
crease in shear resistance due to dowel action should be made for Eq.
(8-23) and (8-24).

Using the results of the 25 tests available, the factor K was re-evaluated
for Eq. (8-22), taking into account the reduction of the perimeter of the
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TABLE 8-6 — SUMMARY OF CALCULATIONS OF ULTIMATE
SHEAR STRESS FOR 25 SPECIMENS WITH MOMENT TRANSFER

Distance
outside Dowel Best Coefficient A\;erage Based
column, action coefficient, of —lest on
x of steel K variation \K equation
-0 Full 0.150 0.290 5.64
0 None 0.148 0.272 6.62
t/2 Full 0.331 0.143 4.32 (8-19)
t/2 None 0.312 0.182 5.04
d Full 0.487 0.121 3.99
d None 0.437 0.180 451
d/2 None 0.200 0.259 4.47 (8-22)

critical section for those slabs which had openings. As shown in Table 8-6,
a constant K — 0.20 gave a coefficient of variation of 0.26 and an average

value of calculated ultimate shear stress, v, = 4.47V f, psi, so that the

value v, — 4V f. used in other parts of this report appears to be a safe
design value.

The r/d-ratio in the tests considered here was between 2.23 and 3.10.
‘Additional tests are necessary to establish the strength for other values
“of*the r/d-ratio. Until further experimental data are available, these
procedures may serve as a general guide to design.

808—Shear reinforcement in slabs

Shear reinforcement transfers shear force across a diagonal tension
crack. To accomplish this purpose, the shear reinforcement must be
securely anchored at both ends. Generally speaking, anchorage of stir-
rups or bent-up bars fall into two categories. First, anchorage can be
developed by transferring the force in the shear bar to other reinforce-
ment, such as by rigidly attaching stirrups to longitudinal reinforcement
or by tightly wrapping stirrups around the longitudinal reinforcement.
Secondly, anchorage can be developed by transferring the force from
the shear bar to the concrete by bond and bearing. The second category
is exemplified by standard hooks on stirrups in which bond is controlled
by embedment length and bearing is controlled by specifying minimum
bend radii. Anchorage by bond and bearing should, of course, be con-
fined to the compression zone of the concrete.

In beams of normal size, anchorage of shear reinforcement is rarely a
- serious problem. However, in slabs, it is a major problem which becomes
more acute as the thickness of the slab diminishes. Consider a slab 6 in.
thick. With normal percentages of tensile reinforcement, the depth of
the compression zone will be 1 in. or less. Since the reinforcement must
have at least a 34-in. cover, it becomes impossible to anchor the shear
reinforcement by bond within the compression zone of the slab.
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Similarly, the bending of diagonal bars or stirrups presents difficulties
in slabs. Generally speaking, the requirements for minimum radii of
bends are dependent on the bending properties of the steel. However,
minimum radii serve another purpose; i.e., limiting the direct compres-
sion or bearing on the concrete under the bend of the reinforcing bar.
The bearing stresses on the concrete under the bend will depend on the
radius of the bend and the load carried by the bar at the beginning of
the bend. In beams, bends of minimum radii are easily located well above
the neutral axis. A part of the load carried by the bar at a diagonal
crack is transferred to the concrete by means of bond over the bar length
from the diagonal crack to the beginning of the bend. Therefore, bearlng
stresses under bar bends are rarely a problem in beams.

However, two factors make bearing stresses an acute problem in slabs.
Because of space limitations it is often difficult to have bends of mini-
mum radii. Secondly, the diagonal cracks will cross the bar much closer
to the beginning of the bend so that little of the load in the bar will be
taken out by bond between the diagonal crack and the beginning of the
bend. Both factors cause increased bearing stresses on the concrete
under the bar bend.

Tests by Elstner and Hognestad!” confirmed the difficulties which can
be encountered with shear reinforcement in their slabs. Inability to
anchor shear reinforcement within the compression zone caused the
shear failure plane to pass around, rather than through, the shear
reinforcement. Likewise, bearing failures of the concrete under shear
bar bends were observed.

The test specimens of Elstner and Hognestad had effective depths of
4.5 in. Graf® reported six tests of slabs with shear reinforcement. Graf’s
slabs had effective depths of 10.7 and 18.7 in. Data from the 14 tests are
presented in Table 8-7. The data are meager; the variables have not been
fully explored. Unfortunately, the thin slabs of Elstner and Hognestad
were limited to light shear reinforcement while the thick slabs of Graf
were limited to heavy shear reinforcement. Therefore, it is not possible to
determine the effect of poor anchorage in thin slabs since the two sources
of data are not comparable on the basis of slab thickness being the only
variable.

However, Table 8-7 does present interesting information. In all slabs
except one, shear reinforcement increased the load capacity, and in all
cases except one the ultimate load capacity was greater than either the
load capacity of the concrete alone or the load capacity of the shear
reinforcement alone. However, in no case was the ultimate load capacity
of the slab equal to the sum of the load capacities of concrete and the
shear reinforcement.

The conclusion may be drawn that the shear reinforcement was not
fully effective, although this conclusion cannot be firmly supported by
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TABLE 8-7 — SLABS WITH SHEAR REINFORCEMENT

— vll' ,
Slab | d, | Vo | ¢f | vei | Krf,, | test, | w0 | Krfu
No. in. in. psi psi psi psi Dy Va

Elstner-Hognestad slabs™

B- 10.00 4.50 43.9 1.040 309 229 358 1.159 0.741
B- 10.00 4.50 45.6 0.614 423 211 472 1.116 0.499
B- 10.00 4.50 49.6 0.768 419 422 584 1.394 1.007
B-10 10.00 4.50 82.0 0.832 667 422 666 .999 0.633
B-12 10.00 4.50 81.5 0.856 653 574 982 1.540 0.879
B-15 10.00 4.50 84.2 0.743 724 638 860 1.187 0.881
B-16 10.00 4.50 81.0 0.798 673 854 932 1.385 1.269
B-17 10.00 4.50 45.8 0.888 359 229 445 1.240 0.638
Graf slabs®
1355 7.90 |[10.70 47.0 0.980 425 681 802 1.887 1.602
1356 7.90 10.80 47.0 1.042 410 669 846 2.063 1.632
1376 7.90 |18.70 48.7 0.986 454 704 858 1.890 1.551
1377 7.90 |18.70 47.0 0.966 443 704 840 1.896 1.589

1361 11.80 |[10.70 48.7 0.965 425 620 768 1.807 1.459
1363 11.80 |18.50 48.7 0.852 479 617 778 1.624 1.288

Moe slab with shearhead®

S8-60 | 8.00 | 450 | 57.8 | 0.980 | 454 | 222 | 573 | 1.262 | 0.489

Y p = Viest/Vyter
1 v« = shear stress calculated by Eq. (8-11), and neglecting the shear reinforcement.

test data. In the thin slabs there is little doubt that poor anchorage
limited the effectiveness of the shear reinforcement. In the thick slabs
the heavy shear reinforcement may have caused shear-compression
failures before the shear reinforcement was fully effective.

In view of these circumstances, it is not possible at this time to recom-
mend detailed design procedures for shear reinforcement in slabs. How-
ever, the following points can be emphasized:

1. Because of difficulties in anchorage and bending, shear rein-
forcement should not be permitted in slabs less than 10 in. thick.

2. Although shear reinforcement is beneficial, the required shear
steel area may be abnormally large to increase load capacity even
a small amount.

3. Restrictions on the use of shear reinforcement do not neces-
sarily penalize flat plate design. The proposed design procedure is in
many cases more liberal than that of the 1956 ACI Code. Further-
more, the proposed procedure permits higher shear stresses for con-
crete strengths exceeding 3000 psi. Therefore, it would seem more
safe and practical, and possibly more economical, to increase shear
capacity by using higher strength concrete rather than by using
shear reinforcement.



SHEAR AND DIAGONAL TENSION 389

809—Recommendations for design

Experimental investigations have indicated that the ultimate shear
strength of slabs is dependent on three major variables: concrete

strength V f./; ratio of column width to slab thickness 7/d; and ratio of
shear capacity to flexural capacity ¢,. In normal design practice, the
shear capacity should be equal to or slightly greater than the flexural

capacity. Therefore, ¢, was taken as unity in the development of design
recommendations.

The variable r/d can be taken into account in two ways. First, the
ultimate shear stress v, can be expressed as a function of r/d in accord-
ance with Eq. (8-14). The ultimate shear load capacity V, can then be
computed by Eq. (8-15), in which the critical section is the periphery
around the loaded area. Secondly, the variable r/d can be taken into
account by choosing a pseudocritical section which is located a distance
d/2 from the periphery of the loaded area. The corresponding ultimate
shear stress on this pseudocritical section is independent of r/d and is

equal to 4.0V f, in accordance with Eq. (8-18). It has been pointed out
that the latter method seems preferable because of its simplicity, espe-
cially for irregularly shaped loaded areas, and when openings, free
edges or free corners are present in the vicinity of the loaded area.
Furthermore, the second method involves a familiar concept similar to
the method used in the 1956 ACI Building Code.

The following design recommendations are based on the previous
discussion in this chapter:

(a) The shear strength of slabs and footings near a concentrated
load or reaction is governed by the more severe of two conditions:

1. The footing or slab may act essentially as a wide beam
with a potential diagonal crack extending in a plane across
the entire width. This case shall be considered in accord with
the recommendations made in Chapters 5, 6 and 7 of this report.

2. Two-way slab action may exist, with potential diagonal
cracking along the surface of a truncated cone or pyramid
around the concentrated load or reaction. This case shall be
considered as described under Recommendations (b) through
(3.

(b) Although the proposed concept of shear strength, when slab
action is present, is based on the premises that the shear area is the
vertical section which follows the periphery at the edge of the
loaded area, and that the ultimate shear stress is a function of Vf.”
and r/d, an approximately equal shear strength can be evaluated by
assuming that the shear area is a pseudocritical vertical section
located at a distance d/2 from the periphery of the loaded area, and

that the ultimate shear stress is a function of Y f,” only.
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It is therefore recommended that shear strength shall be com-

puted by
_ V. _ TF
Ve = bd = 4.0V f.
where
v. = permissible ultimate shear stress
f¢ = compressive strength of 6 x 12 in. concrete cylinders
V. = the ultimate shear force on a pseudocritical section of area b.d
b, = the effective periphery of the pseudocritical section at a distance
d/2 from the periphery of the loaded area, taking into account the
effect of openings, free edges or free corners in the vicinity of the
loaded area
d = th effective depth of the slab at the periphery b,

(c) Openings in slabs, free edges, and corners in the vicinity of
the loaded area shall be considered by reducing the periphery of
the pseudocritical section in accordance with the recommendations
of Section 806. That part of the periphery of the pseudocritical
section which is covered by radial projections of openings to the
centroid of the loaded area shall be considered ineffective, or the
shortest periphery of a critical section shall be used as outlined in
Fig. 8-4.

(d) Flexural reinforcement shall be provided along the edges of
all upenings and extend as required for anchorage in both directions
beyond the openings. However, all flexural reinforcement which
would normally pass through the loaded area in slabs without
openings, must be so rearranged that it continues to pass through
the loaded area when openings are present.

(e) If the effective depth of the slab is less than 10 in., shear
reinforcement consisting of bars, rods or wires shall not be con-
sidered effective.

(f) If the effective depth of the slab is greater than 10 in., shear
reinforcement shall be permitted to carry the excess shear as
described in Chapter 6, but the shear reinforcement shall be con-
sidered 50 percent effective.

(g) Concentration of flexural reinforcement in a slab over a
column or column capital should be encouraged in flexural design,
but the permissible ultimate shear stress shall not be increased
because of concentration of reinforcement.

(h) If moment is transferred at a slab to column connection, it
shall be assumed that, due to torsion, the vertical shear stresses are
constant across the pseudocritical sections perpendicular to the
plane of symmetry (parallel to the axis of torsion) and vary linearly
on the other two pseudocritical sections parallel to the plane of
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symmetry (perpendicular to the axis of torsion.) The vertical shear
stresses due to the total shear load shall be assumed uniformly
distributed over the entire pseudocritical area b,d. It shall further
be assumed that the law of superposition applies so that the shear
strength shall be computed by

Vu KM/ c\ _ T
o = — = (=) = 40V .
o= gt (g ) Vi
where
M = the total joint moment on the pseudocritical peripheral section
about its centroid

J. = the polar moment of inertia of th pseudocritical peripheral sec-
tion about its centroid equals dc*/6 4 cd?/6 + 2bd(c/2)® for a critical
section without openings or free edges

¢ = the side of the pseudocritical section perpendicular to the axis of
torsion

b = the side of the pseudocritical section parallel to the axis of torsion

K = a reduction factor on the total moment to obtain the moment trans-
ferred by torsional shear stress, found to be 0.2 on the basis of the limited
test data available, but may approach zero or take values greater than
0.2 under other conditions.

(i) It should be noted that no design recommendations are made
by Committee 326 for lightweight aggregate concrete slabs and
footings. Throughout this chapter, reference has been made to
ordinary sand and gravel concrete only. The Committee has not
considered a series of tests of lightweight aggregate concrete slabs
carried out in 1961 at the PCA laboratories.

(j) To apply these recommendations in ultimate strength design,
suitable safety provisions must be combined with these recommen-
dations. Development of such safety provisions is considered beyond
the scope of this Committee’s mission.

810—Test data

The test data considered in this chapter on slabs and footings are
presented in condensed form in Tables 8-1 through 8-7. For more detailed
information, the reader is referred to the references listed in Section 811.
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NOTATION

The frequently used letter symbols of this report are summarized
below:

A. = area of peripheral section in slabs

A, = gross area of the uncracked section

A, = area of tensile reinforcement

A, = area of shear reinforcement

a = spacing of web reinforcement in a direction perpendicular to web rein-

forcement; also length of shear span; also side length of square footing
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width of cross section; also perimeter of critical peripheral section; also
the side of the peripheral section parallel to the axis of torsion

web width in I- and T-sections

effective perimeter of peripheral section

C,, C: = constants

the side of the peripheral section perpendicular to the axis of torsion
effective depth

modulus of elasticity of concrete

modulus of elasticity of steel

eccentricity of axial load measured from centroid of tensile reinforce-
ment

> — constants

compressive strength of 6 x 12-in. cylinders

design strength of concrete in flexural compression
compressive strength of cubes

tensile steel stress

flexural tension stress

diagonal tension strength of concrete

stress in web reinforcement

yield point of steel

total depth of section

moment of inertia

polar moment of inertia of peripheral section about its centroid
internal moment arm

(sin a cot 6 4 cos a) sin « or (sin a 4+ cos o) sin a; also a moment reduc-
tion factor

length of beam
shear span in slabs
bending moment

M_nN_4h—d

8
ultimate resisting moment per unit width of slab
axial load
E,/E,

total load on loaded area
ratio of tensile reinforcement = A,/bd A./b'd for I- and T-beams
first moment of part of a cross section

A, fysin a
78 bd fo’
reaction

ratio of web reinforcement = A,/ab; also side length of loaded area
spacing of web reinforcement along longitudinal axis of member
force in tension reinforcement

total depth of section

total shear force

shear force carried by web reinforcement
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V. = shear force carried by concrete

Viiee = ultimate shear force for flexural failure

V. = ultimate shear capacity

V, = shear force at which web reinforcement yields

v = shear stress

v. = shear stress allotted to concrete; also ultimate diagonal tension strength
of beams without web reinforcement

V.on = shear stress in concrete compression zone

vs — ultimate shear stress; also ultimate shear stress in members with web
reinforcement

vy = V,/bjd

o = inclination of web reinforcement to longitudinal axis of member

g =1 —(h/2d) — j

9 = inclination of diagonal crack to longitudinal axis of member

¢0 = Vu/Vites

CLOSING REMARKS BY THE CHAIRMAN

Committee 326 was formed 12 years ago and was given the assignment
of “developing methods for designing reinforced concrete members to
resist shear and diagonal tension, consistent with the new ultimate
strength design methods.”

This report consolidates thoughts, engineering judgement, and knowl-
edge gained from engineering practice as well as extensive experimental
and analytical investigations into a form believed to be useful to practic-
ing engineers. Furthermore, safe and workable new design procedures
are given. The Committee’s original mission has been accomplished.

In closing this report, the Chairman wishes to express his personal
appreciation to the Committee members for over a decade of active work.
Engineers at home and abroad beyond the Committee membership, too
numerous to be listed here, have also contributed importantly to this
report. Special recognition is due members of ACI Committee 318,
Standard Building Code and the European Concrete Committee, as
well as Prof. C. W. Thurston of Columbia University.








