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Concrete Columns Under Biaxially
Eccentric Thrust
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Data from biaxially eccentric load tests of 9 specimens with a 5
x 9 in. (130 x 230 mm) rectangular cross section plus 14 specimens
with a 5 x 11 in. (130 x 280 mm) rounded end cross section are
reported as a supplement to data already available from others
for tests on square columns. Cross section strength analyses derived
with the traditional rectangular stress block to represent concrete
were found to underestimate observed capacities. Improved correla-
tion between analysis and observation required the use of a nonlinear
stress-strain function for concrete that remained unspalled until
maximum surface strains reached at least 0.4 percent. Slenderness
effects from biaxial bending were governed largely by weak axis
flexibility, and significant differences were observed between the
skew angle of the neutral axis and the skew angle of the eccentric
load. However, no twisting about the longitudinal axis was detected.
Moment magnification factors if used for design in accordance with
ACI Building Code recommendations determined separately for each
principal axis of bending would have produced safe results. The
elliptical relationship of ratios between bending moment and bend-
ing capacities about each principle axis produced strength estimates
thataveraged 10 percent greater than measured strength. The Bresler
reciprocal thrust formulation of capacity produced results always
safe, but results that averaged 26 percent above measured capacity.
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ABSTRACT

Data from biaxially eccentric load tests of 9 specimens
with a 5 x 9 inch (130 x 230 mm) rectangular cross section plus
14 specimens with a 5 x 11 inch (130 x 280 mm) rounded end
cross section are reported as a supplement to data already
available from others for tests on square columns. Cross section
strength analyses derived with the traditional rectangular
stress block to represent concrete were found to underestimate
observed capacities. Improved correlation between analysis
and observation required the use of a non-linear stress-strain
function for concrete that remained unspalled until maximum
surface strains reached at least 0.4 per cent. Slenderness
effects from biaxial bending were governed largely by weak axis
flexibility, and significant differences were observed between
the skew angle of the neutral axis and the skew angle of the
eccentric load. However, no twisting about the longitudinal
axis was detected. Moment magnification factors if used for
design in accordance with ACI Building Code recommendations
determined separately for each principal axis of bending would
have produced safe results. The elliptical relationship of
ratios between bending moment and bending capacities about
each principal axis produced strength estimates that averaged
10% greater than measured strength. The Bresler reciprocal
thrust formulation of capacity produced results always safe,
but results that averaged 267 below measured capacity.

INTRODUCTION

Design criteria for eccentrically loaded concrete columns
during the past half century have evolved from allowable stress
limits for presumably elastic members toward strength limits
that recognize inelastic material response before maximum
strength is achieved. Early recognition that compression stress
limits at the extreme fibers of concrete cross sections pro-
duced unacceptably low estimates of allowable load preceded
the adoption of a strength formulation of an allowable stress
for the design of non-slender axially loaded columns (1).
Analysis for flexure in addition to thrust continued to require
an elastic analysis of the heterogeneous cross sections. If
design loading required resistance to biaxially eccentric thrust,
a complex analysis of elastic response was necessary (2), and
an allowable stress limit governed the design. The procedure
certainly was safe, and the difficult analysis (sans electronic
computers) was avoided if a rationale for alternate load cases
could be cited as a basis for designing the column. Graphs or
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tables were available as a computation aid for eccentric loads
in the plane of a principal axis of cross sections (3).

The application of strength criteria as a basis for design-
ing concrete columns would be more complex analytically than the
elastic strain and allowable stress criteria had been were it
not for the rectangular stress block representation of concrete
at ultimate. The accepted use of a constant ultimate stress
equal to 85 percent of the cylinder strength f' on a compression
zone extending from the extreme fiber 85 per cént of the depth
to a neutral axis (4) made strength analysis of beam columns no
more difficult than the allowable stress analysis had been.
Under biaxially eccentric loading conditions the use of the
rectangular stress block for concrete at ultimate made the
strength analysis less complex than the elastic stress analysis
procedure.

However, when failure of a cross section analytically is
defined to occur when any strain reaches 0.3 per cent and when
the rectangular stress block is used to represent concrete
strength at ultimate, the accuracy of the capacity calculation
decreases as the strain gradient decreases. (The strain gradient
is the quotient obtained when extreme fiber strain is divided by
the distance between the extreme fiber and the neutral axis.)
The use of the rectangular stress block undervalues flexural
strength if cross sections contain little or no tensile strain
regions at failure (5). The characteristic thrust-moment inter-
action diagram should "bulge out" somewhat with larger values
of moment when thrust is between 25 to 75 per cent of the squash
load P . Since strength analytically is undervalued for cross
sections with an entire edge at the same failure strain, pos-
sibly it could be undervalued even more if only a corner were
subjected to the maximum strain.

Computer programs have been developed for analyzing the be-
havior of columns composed of discrete elements of dissimilar
materials with stress-strain functions that can be specified
or programmed (6, 7). Results from the analytical treatment
reported by Farah and Huggins were shown by Drysdale (8) to
agree well with results observed from tests on square columns.
The analytic treatments included displacement estimates as
stresses or loads increase. Wu reported (9) that the Farah and
Huggins program gave good predictions of secondary beam column
effects caused by the lateral displacements of biaxially loaded
long columns. A specific discrete element analysis of column
cross sections is not a practical tool for design. For design
practice, graphs or computer subroutines that produce analytic
estimates for "standard" materials and cross section shapes are
necessary.
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DESIGN PRACTICE

Almost all columns that support bridges must be designed
to resist load combinations that create significant amounts of
biaxial bending, but biaxial bending is rarely a critical con-
cern for the design of columns in buildings. Even though every
column in every building resists biaxially eccentric thrust
most of the time, the limit loading conditions that serve as a
basis for structural design are derived from an analysis of
frames in the planes in which the principal axes of columns are
constructed. Column design moments are largest when live load
exists in the bay adjacent to a column only in the direction of
maximum moment as suggested in Fig. 1. As live load is shifted
from principal axes to a skew axis of bending as in Fig. 1(b) to
produce maximum skewed bending, the reduction in the effective
span across skewed lines leaves a resultant skewed moment which
is less than the moment that could be produced about either
principle axis by the same unit loading. Only at the exterior
corner of a building does maximum skew bending occur under the
same loading that creates maximum moment about each principal
axis. The type of framing sometimes eliminates significant skew
bending possibilities even at corner columns of buildings.

The ACI Building Code (10) and the AASHTO criteria (11)
explicitly recognize the use of the rectangular stress block
and a fiber failure strain limit of 0.3 per cent to represent
concrete in the analysis of cross section strength. More sophis-
ticated representations of the stress-strain behavior of concrete
are permitted, but only the rectangular stress block is used for
the derivation of design aids that are readily available (12, 13,
14). The design aids are applicable for the strength design of
cross sections, presumably after moment magnifiers from slender-
ness effects have been investigated for secondary moments acting
separately about each principal axis. Additional secondary
effects, such as twisting instability unique to conditions of
biaxially eccentric thrust, are not ordinarily considered for
design.

Rectangular cross section capacity is derived from analyt-
ical representations of an interaction surface for which thrust
capacity is the vertical abscissa and bending capacities about
each principal axis are horizontal ordinates. Contours at con-
stant thrust have been described (14, 15) as an elliptic function
of the ratios between moment components and moment capacities
about each principal axis in the form

m n /m n
(M—X> +<ﬁ1) = 1. (1)
y

X

The magnitude of the exponent n has an upper limit value of 2
when thrust equals the squash load P , and the magnitude of n
decreases to reflect variables such 8s the reinforcement ratio,
the ratio between the short side and the long side of the rec-
tangle, and the ratio between concrete strength and steel yield
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The form of Eq. (1) is convenient, but the apparent pre-
cision of accommodating numerous parameters is not appropriate
for the real accuracy of the equation. The design aids (14,
15) for determining the exponent n were derived from computer
programs that used the rectangular stress block and a limit
strain to define concrete at ultimate load. That analytic
model for concrete behavior at ultimate may differ from the
actual behavior of concrete enough to produce for Eq. (1) errors
in strength estimates that are greater than errors that result
from changes of parameters such as f' and f_, reinforcement
ratios, or ratios between the lengthcof sides of rectangles.
Present design procedures may be more cumbersome than their
consequent accuracy can justify.

The major goal of this study was to recommend for biaxially
loaded concrete columns a design procedure for which the accu-
racy of calculations would be comparable with the precision of
results. It was beyond the scope of this study to refine
existing strength analysis procedures for columns eccentrically
loaded in a principal plane. The majority of physical tests
of eccentrically loaded columns have involved square shapes,
and no new tests of square cross sections were included in this
study. In order to provide data relevant for the proportions of
columns used for highway bridges, a rectangular section and a
rounded end cross section were tested.

LABORATORY TESTS

A testing program for non-square columns under biaxially
eccentric thrust was carried out on specimens slender enough to
deform laterally during the application of load (16). 1In
addition to the desire to test bridge column shapes it was felt
that secondary deformations that are unique for biaxially loaded
beam columns might be revealed more readily by observations of
columns with cross-sections that have bending flexibilities
quite different about each principal axis than by observations
of square columns.

Specimens with a 5 x 9-in. (130 x 230 mm) rectangular cross
section and specimens with a 5 x 11-in. (130 x 280 mm) rounded
end cross section are described in Fig. 2. The latter cross
section was designed to model a configuration familiar for
single column bridge piers. The low reinforcement ratio employ-
ed for all specimens also is characteristic for concrete bridge
structures. The 72-in. (1830 mm) long specimens were subjected
to an axial force that was maintained constant while bending
moments were applied in increasing amounts until failure occur-
red. Measurements of longitudinal strain and lateral displace-
ment along the length of each loaded specimen were used for
evidence of secondary beam-column response.
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Three different levels of thrust were applied while moments
were increased at 3 different nominal angles of skewed bending.
At each of the 3 levels of thrust bending moments were applied
in the plane of each principal axis of rounded end specimens
only. It was assumed that an adequate amount of data already
exists for uniaxially eccentric loads on rectangular cross
sections. The three levels of thrust were set at approximately
one sixth, one third and one half of the nominal squash load
P for each specimen. Biaxially eccentric thrusts at higher
fPactions of P would involve very small resultant eccentric-
ities for whicf analysis has indicated that an elliptical
function describes adequately the interaction surface. Forces
were applied to specimens through a loading head that consisted
of a rigid steel box to which were welded the beams on which
flexural forces could be applied. A hemisphere shaped bearing
was applied to the center of the rigid box, and most of the
applied axial force acted through the hemispherical bearing.

As flexural loads were increased the force on the hemispherical
bearings was reduced in order that the total axial force would
remain constant.

Longitudinal strains were monitored with displacement gages
opposite the 4 faces of each specimen. The longitudinal strain
meters were located 6 inches apart at 5 stations symmetric about
midheight of each column. Lateral displacements in the direc-
tions of the principal axes also were monitored at 7 stations
along the length of the specimens. Rotations were measured at
mid-height and at each end of the specimen. As failure appeared
to be imminent, all gage readings were recorded, and subsequent
loading increments were made smaller. Nevertheless, the majority
of failures were sudden, and some of the measuring equipment
was damaged as the column failures took place.

TEST RESULTS

The nominal specimen dimensions, concrete quality f', com-~
puted squash load P , failure thrust, failure moments, fSilure
skew angles, and maxXximum measured longitudinal strain for each
of the 14 specimens are listed in Table A. At each end of the
specimens the nominal moment loading devices created the major
portion of end moments that are tabulated. Small eccentricities
of the loading head spherical balls at the ends of specimens
were computed analytically from displacement curve data accumu-
lated during each test. The tabulated values of end moment in-
clude the effects of specimen and loading head alignment correc-
tions and represent the average of the end moments at each end
of the specimen. Midheight moments were larger than end moments
as the specimens deformed under applied loading.

Longitudinal strain meters had a 6-inch gage length, and
the meters produced readings of longitudinal deformations
opposite each face of the columns. Among the 4 readings of
strain at any cross section, only 3 could be used to define a
plane. Planes defined by 3 readings were checked against the
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4th reading and found to produce an average discrepancy less
than 2 per cent of the 4th measurement just before specimens
failed. The analytic assumption that plane sections remain
plane after skew bending appeared to be valid. Recorded values
of maximum strain listed in Table A were computed from the last
recorded set of readings for the 6-inch gage station nearest
the region at which spalling of concrete preceded failure.

The tabulated values of skew angle were calculated as the
inverse tangent of the ratio between strong axis moment M_ and
weak axis moment M . The neutral axis angles shown repregent
angles between theYminor axis (the Y axis in Fig. 2) and the
neutral axis as computed from longitudinal strains through the
midheight region of the test specimens prior to failure.
Values of skew angle near midheight were always smaller than
values of skew angle at the ends because secondary moments due
to lateral deflections obviously increased more for bending
about the weak axis than about the strong axis.

The difference between skew angle 9 and neutral axis angle
¢ appeared to increase as the angle itself increased. When
bending occurs only about the minor axis, the neutral axis angle
should be zero. Small changes of a few degrees would lead to
only minor amounts of major axis bending. When bending occurs
only about the major axis, the neutral axis angle should be 90
degrees. Even large "errors'" of 20 to 30 degrees would produce
only small amounts of minor axis bending. The graph of Fig. 3
indicates that the differences 9 - ¢ increased almost in direct
proportion to the skew angle. Even though differences between
skew angle and neutral axis angle suggest a tendency to twist,
the largest amount of twist observed between midheight and ends
of a specimen was 0.43 degrees for specimen R2. The consequent
torsional stress index of 170 psi was comfortably lower than the
torsional cracking strength of the cross section. Secondary
torsional stresses due to skew bending would appear to be neg-
ligible unless slenderness ratios are significantly larger than
those used for the test specimens.

ANALYSIS OF CROSS SECTION STRENGTH

Just before failure occurred the plane of strain that was
established from the average of the 5 sets of strain meters
throughout the 30-inch midheight zone of test specimens was used
analytically as the failure plane for the specimen involved. The
integration of stresses produced across a discretized analytical
representation of the cross section yielded values of thrust and
values of moment about each principal axis. A study was made to
compare analytical forces with measured forces as several func-
tions (17, 18, 19) shown in Fig. 4 were employed to define the
stress-strain behavior of concrete. Results of the study are
shown in Table B.

All calculated values of thrust and all but one value of
moment were underestimated by analytical representations of

ACl JOURNAL/October 1979 1103



O RECTANGLE SECTION A 55°

.2

O ROUND END SECTION b -

0 .-
0.9 -.
® = .

o .. od@ 2.
ad” P
Pie ’ \
. \
0. .

0 20 30 40 50 60 10 80
LoAD ANGLE 8 , Degree
P =NEUTRAL AXIS ANGLE

Fig. 3--Load angle and neutral axis angle

Ksi
5 -

Stress

FOR # =5ksi (34.5mMpa)
Parabola-rectangle
— — —— Mod /fied Hognestad
— Hognestad
—=-—-— Chang
—o—e— Kent & Park

—x

1104

0.1 0.2 0.3 0.4 05
Strain %

Fig. 4--Concrete stress-strain functions

ACI JOURNAL/October 197



‘w-NY Lecl =

X/

NX St =1

€00’ |900° |9a0- | 200" | 110" |0I@ " |200 60O |bOO* | €00 |110*|110° UoQUI4OAN #4200
Lo’ |06Q | vbO |80 |G0I1" | 201" |1SO ' |bbO°|LLO"|GS50°|QCOI | G0/ uoIroINGg PtS
L98"|ocg (209" |899° |€L@° |LAF" |69  |bLO°|GLB"|S0L" |bbO”|LLE" PN voIdw
— |opg-|L€L | — 129 | Lol — |6l87|66L°| - |29 |cO9" 0 2LE | oS vid
(GG | 6197 |LI9° |GLE" |0ve | 968 (006" | 198°|0€b” | SIb° |DLE°| 206 |G B2 | 262 | 2°€¢ erg
Y8 {129 | OSL (6O |212°|0LD° |099° |9€D° | /LL" | 0@ |be2° |9SL°|0°82] | bb2 1°¢s 2clg
ol6'| — |S6L |0bg°| — |€PL |b26"| - |€29° |b24°| - |LI8°]|SS9) 0. 09 na
- |spg-|vio/| - |e9s°|2907| - |I1Sec|€ol’l| - |l1007|SSIT| ©O ‘eGY b1l o/g
gy | 016" | 619" |228° |268°|8SL" |L 99" | (6" |LEC" |bLE |OVL* [1b€°|2°6G! | §P2 |2°6b bg
06" | 1997 | £86° |069° | bSO | EEL" |06 |299° |220°1|€2L° | €88°|Db6b" | I°LY] |€/L1 | 2726 eqg
LEY°|SEQ |968° | 299 (099 |6SE (116" |L28° |06 (214 |0 |LIb | 1°6L/ @@L |29 Lg
Sob| - |bIg eS| ~ |So" 68| - |€€9 {poOI| — |I1SB |2Vb] o bo/ 29
- |eog° 088" | - |098°|b629°| - |2s€°|LI6*| - |bLg°|v2b" o vy | 95/ Sg
O€G | /106" | 6Lh° |208"|6LE° |G8F° |EVE |SIb6° |6Lb" |268° |P26° | 166" | L L] | ‘822 ‘es/ g
1LL°|SSL | 916° |O2€° |SI19° |D06° |8SE° |909° | (96" |6L9° |€€F° | vS6° | 9°19/ | |G/ ov/ €g
26L° 2001 | €L8° |€28° | LSIT1|099° D29 |Lvil|€16°|GI19° |29/ |206" ‘PRl | /LS ‘ee/ 29
296" - |2t8°|opbt| - |229°|cLLb| - (9697 |2Lb° - |eLec | 1Sl | 0 ‘o¢/ g
S| oL | 9/L | 2287 | Z6L” | 0LD* | 198 |29 | 9SL” |028° |2 |IPL" |Pbog |vOb&/ |POP b
ZI8°|LbR | 0IL"| 119 | €€b° | 999 |0Q9" | 2bb° | 89L° |SLE " |8S6" |OSL | €121 |2°9¢ voy e
SUS 162" |92 |8LL" | D/IL" | 0SSO |vb@" | O/L" | 2EL" | €€9° [p2L " |6OL" | b'SP I |2°2S b€ LYy
28" |LL8" |€€9° | O/b" | BQIb" | 828" | 224 | 6997 | L8R | bPb” | 656" |V6O " |0 20/ g2 |8sg oY
obb | I1L8" | ILb | L26° | PI6° | SOb" | 2Lb" |G16° | 166" | D86 |OLb" 20071 |b'OS! (292 [EPb (=4
ESH | ObL |29L° | LI6° |958" | v2L | 896" |8€8 " |bbL" |OLL" |098° |bbl " |®'C2) |E€0F INA-] v
Opg°| VI8 | SZL | 9.8 | vSO" | 00L" |SbE"|699° |SSL™ | 126" |0bQ" |bOL " |PL2/ 622 62/ (¢4
SLE | 128° | 8€C° | 96" |POL" | 118|226 |Ob8B" | 2L8° | €€h" | V26" |DLO" |l S/ 2/ | 027/ 22
608" | LLE (VPP | 609 | ILL" | 108 | bEQ | 906" | 804" | 200" | 186" |LOG " pre/ |209 bl 1y
wlwl g |"'wlw | ad | wl*w| T | Wi w |G | x| x| ¥
X404 p4u3y buoy> poisaubop -popy $33)-vj0oquing x~\< v d  |uawiadg)

NION pINIISGO /INUA Patndwor=0140

$92404 PanudsqQ

SUIDIte Woiy payndwo) Spbo] Pup Sppo7

panizsqo g 3I19V)

1105

ACI JOURNAL/October 1979




concrete. Two factors can be suggested to explain why. First
the "failure" strains represented the average of strains through
a 30-inch length of the specimen before failure occurred but
locally at the failure zone, strains were larger. Second, the
spacing of longitudinal bars and transverse ties may have pro-
vided effective lateral confinement of concrete in corners or
rounded ends of specimens. Among the 4 stress-strain

functions for concrete, the parabola-rectangle and the modified
Hognestad function (parabola-trapezoid) gave forces slightly
closer to those measured than did the Chang or the Kent and
Park functions. Any of the 4 functions could be used to gener-
ate a satisfactory thrust and moment capacity interaction sur-
face. However, most design circumstances do not justify the
implementation of a non-linear analysis of discretized cross-
sections as a normal part of the design process.

The normal design process would employ handbook aids or
computer programs for estimating uniaxial thrust and moment
capacity of cross sections. Most design aids are derived with
a rectangular stress block (Reference 4) to represent plain con-
crete at ultimate load. The same type interaction diagrams for
uniaxial bending capacity about each principal axis of test
specimens were derived, and test loads were compared with the
capacities, as tabulated in Table C. When the failure thrust
P 1is acting the flexural capacities M and M__ are bending
cgpacities one would obtain from desiggxaids i?such aids were
available with a capacity reduction factor ¢ = 1 for the specific
values vy, f', and f for each specimen. Eccentricities e and
e are quotients obtained by dividing ultimate midheightux
motents MuX and Muy by the failure thrust Pu.

Two forms of an analytic function for the strength inter-
action surface are examined with data in Table C. Planes of
constant thrust would intercept the strength interaction surface
along '"contours' that relate moment capacities about each prin-
cipal axis. If the contours were taken to be elliptical in
shape the biaxial moment capacities M _ and M _ would be related
to uniaxial capacities Mnx and Mny as"Fo11ows?

M \2 M \2

ux u

nx ny
The distance from the center of the ellipse to a point on the
ellipse is the square root of the left side of Eq. (1), and
these distances represent resultant moment capacity. The square
root of the left side of Eq. (1) can be taken as ratios between
test load and load predicted by Eq. (1). The ratios are listed
in the 4th column of Table C. All values exceed 1, and the
average of 14 values for skew bending conditions was 1.15. The
smallest values occur when the skew loading angle approached
45 degrees and axial loads were less than 0.5 P _, but the hint
of a deviation from the elliptical shape of the interaction
function is not large enough to justify a complex evaluation of
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new exponents less than 2. When the traditional rectangular
stress block represents concrete in strength estimates, Eq. (1)
underestimated actual skew bending capacity by an average amount
of 15 per cent.

The second analytical function that was examined in Table
C is the reciprocal thrust relationship.

1 1 1 1
R @
i X y o
in which P, is the thrust capacity at an inclined eccentricity
with respecCt to the principal axes, P_ is the thrust capacity
if the eccentricity about the y-axis Fere zero, P is the thrust
capacity if eccentricity about the x-axis were ze¥o, and P is
the squash load under no eccentricity. Values of P_ and P° were
obtained from the same interaction functions that wire used for
values of MnX and Mn . All of the estimated skew bending capa-
cities P, weTre lowe?” than test loads P , and ratios of the values
Pu/Pi shéw in the right hand column of Table C. The average
ratio for the 14 skew bending cases was 1.21, indicating that
biaxially eccentric thrust capacity was estimated by Eq. (2)
to be 21 per cent less than that observed when the usual
rectangular stress block is used to represent concrete capacity
at failure under uniaxial loading conditions. The thrust rela-
tionship of Eq. (2) did produce results with a standard deviation
smaller than that observed for the moment relationship of Eq.
(1a)

EFFECTS OF SLENDERNESS

The effects of slenderness can be observed from values of
the ratio between end moment and midheight moment. These ratios
are observed moment magnification factors based on the condition
of the specimens just before failure occurred. The moment mag-
nification expression of the Building Code (10) can be rearrang-
ed to provide values of an apparent effective stiffness EIL £f 23S
follows: €

P 22
EI = — 3

" ( Mtnd )

Analytic expressions for the stiffness function EI appear in the
ACI Building Code in the form of a fraction o of nominal gross
stiffness of concrete E I and in the form of steel stiffness
Es IS plus a different®frdction B of the gross stiffness of
concrete:

EI1 = aEc IG (4a)

EI, = E IS +BE I (4b)

G
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Values of o and B that correspond with test data can be deter-
mined with the substitution of Eq. (4a) and (4b) into Eq. (3)
to obtain:

P 2
a = u
M
) ¢
m<(1 - ) Ec IG (5a)
end
P 22
g = u -E I L (5b)
M s s E I
) c G
me(1l - )
Mend
Table D contains maximum values of the ratio MQ /Mend and

calculated values of o and B for all specimens. The graphs of
Fig. 5 display variations of a and B for the different amounts
of axial load reflected by ratios P /P . '"Observed" values of
effective stiffness were found gene%algy to be lower than those
obtained from ACI Code Eq. 10-10, as shown in Fig. 4(a), and
Fig. 4(b), indicating that the majority of "observed" values of
effective stiffness were less than those obtained from Eq. 10-9.
In order conservatively to include a larger proportion of the
measured values for an effective stiffness EI, the following
expressions are suggested:

P
-2 _u
EL, = 3 5 E I, 2 0.2 E I (6a)
1 P 1
EI, = EI_+ (3-53 - 735 E Ig 2 EI (6b)

Actually, the apparent non-conservative influence of stiffness
estimates EI overall may not lead to unsafe predictions of

slender column capacity. The "measured" values of MC./M do

end
involve the most exaggerated condition of response possible as
the ultimate load state approached. Softening of the mid-height
region prior to failure was more advanced in test specimens than
in the conditions generally assumed as an analytic part of

column failure. The measured surface strains listed in Table A
exceeded the 0.3 per cent strain limit associated with failure
conditions defined by regulations of the Building Code (10).
Acceptable estimates of EI must be coordinated with the defini-
tion of failure. If failure were defined as a maximum value

of M for each P as curvature increases, then the low reinforce-
ment ratio of lagoratory specimens tends to emphasize the varia-
tion of stiffness EI as cracking occurs, and the apparent
influence of thrust ratios P /P may be smaller in the presence
of higher amounts of longituinfl reinforcement.

ACI JOURNAL/October 1979 1109



TABLE D
E ffective Stiffness Coefficients

EI

meas.

=X ET,
Elmeas, = £l +'3£,_.IG ACI Code Eq.(10-9)

ACI Code £g. (10-10)

Specimen | Strong axis bending | Weak axis bending
x| p | |
Mend Mena

R/ 127G |0.265|0.029 | 1.487 |0.567 | 0.360
R 2 1.153 0.436(0./199 | 1.722 |0.447 | 0.240
k3 1174 (0.407 | 0.178 | .978 |0.393 (0.192
R4 /185 |0.265 | 0.032 | /.639 |0.344 |0./40
RS5 1.123 |0.40/ | 0.173 | 1.555 (0.399|0./199
RG 1143 0.337 | 0.09% | |.643 |0.349|0./38
k7 1.090 |0.330 | 0.082 | 1.456 (0.282| 0.065
RS 1,109 |0.2/0 |-0.04! | 1402 [0.233|0.0/4
L9 1.084 |0.263 | 0.015 | 1309 |0.280|0.063
8/ - - — 1.643 |0.567|0.35/
82 1.313 |0.2/1 |-0.086| 1.774 |0.5/9|0.30!
B3 [ 16/ 0.369 | 0.07/|1.881 |0.49/1| 0.273
B4 1.150 [0.387 | 0.118 | I.6/8 | 0.594| 0.398
B85 1.128 |0.479 | 0.195 - - -

86 - - - 1.780 (0.367| 0.17]
87 1147 | 0.262 |-0.023 | 1.633 | 0.389| 0./18/
B8 1165 | 0.238 |-0.060 | 1.496 | 0.457| 0.239
B89 /. 14G 0.264 |-0.0l2 | 1.569 | 0.418]| 0.215
8/0 1132 |0.333 | 0.067 — - -

8/1 - - - 370 | 0.355| 0.145
8/2 1.088 |0.248 |-0.638|/.382 | 0.327| 0.117
8/3 1.086 |0.234 |-0.050| 1.354 |0.3/9| 0.111
8/4 1101 0233 [-0065| — - -
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(b) Values B. for ACI Code Eg. (10-9)
Fig. 5--Effective stiffness EI
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Evidence from the tests does indicate that biaxially
eccentric thrust slenderness effects can be analyzed sepa-
rately for each principal axis. The capacity estimates must
be developed from the combined thrust and magnified moments
at the location involving the largest magnification of end
moment, the midheight region for test specimens.

RECOMMENDATION FOR DESIGN

Analysis of data obtained in the 17 tests of columns that
were subjected to biaxially eccentric thrust indicates that
Eq. (la) provided the most accurate description of cross section
strength when concrete strength for major axis eccentricity was
represented by a rectangular stress block and a limit strain
of 0.003. When used with the same definition of cross section
strength, Eq. (2) produced results consistently lower than those
observed in test specimens. Tests indicated that the simple
ellipse of Eq. (la) gave good results. If the exponent were
reduced from 2 to smaller values, the correlations with test
results could be improved by less than 5 per cent. The com—
plexity of modifying exponents different from those of the
ellipse as in Eq. (1) is not justified by test results.

Slenderness effects could be evaluated separately for
bending about each principal axis in order to obtain critical
combinations of biaxial bending at midheight. The ACI Building
Code recommendations for computing flexural stiffness EI pro-
duced values of appropriate order of magnitude, but values
frequently were greater than those obtained from lateral de-
formations prior to failure of test specimens. For purposes
of design, it appeared that the EI recommendations of the Build-
ing Code would lead to safe results if the cross section strength
were analyzed on the basis of a limit strain of 0.003 and a
rectangular representation of concrete stress failure.

A modification of Eq. (la) can be used as a part of a
simple and reliable design procedure. Cross sections can be
proportioned for a resultant moment M _ considered to act only
about the major axis. For a rectangufgr, or even a circular
end cross section of length a and width b, the ratio Mnx/Mn

can be taken roughly equal to a/b to yield y
1 Mg
= 2 nx 2
1 M Mux + (M ) Muy (1a)
nx ny

2
_ 2 a2
Mur_ Mnx ‘\/;ux + bz Muy 7

Reinforcement adequate to resist M _ acting about the major axis
should be spaced uniformly around Ythe periphery of cross sections
thus proportioned. After cross sections have been selected the
specific values of Mnx and Mny can be obtained with the aid of the

1112 ACl JOURNAL/October 1979



standard tables (12) or graphs (13) in order to demonstrate

that Eq. (1) is satisfied by the selected section. An

alternate and obviously more certain verification of an adequate
selection could be based on Eq. (2). If values of P , PX, and

P for the chosen cross section produce a value P, greater than
that required, the cross section should be quite safe.

In order to demonstrate the reliability of Eq. (1) and
Eq. (2) with ACI Building Code stiffness relationships (Eq.
(4) with o = 0.40 and B = 0.20), the 55 test specimens reported
by Ramamurthy (20) were checked against analytic results. Test
specimens with slenderness ratios £ /h from 6.25 to 12.5 were
subjected to biaxially eccentric thEust applied at each end.
The reinforcement ratios of all specimens were large enough
that stiffness values EI from Eq. (4b) (ACI Code Eq. 10-9)
were larger than those from Eq. (4a) (ACI Code Eq. 10-10). In
order to compute analytical estimates of capacity, an iterative
procedure was employed. An initial value of thrust was used to
determine a moment magnification factor as well as a moment
capacity for each axis of bending. If Eq. (1) was not satisfied,
a different thrust was used until Eq. (1) was satisfied. Moment
magnification factors were applied to end eccentricities before
values P_ and P_ could be determined for use with Eq. (2). When
the value of P yfrom Eq. (2) was the same as that assumed for
the determination of moment magnifiers, Eq. (2) was considered
to be solved. Table E contains a listing of Ramamurthy's test
specimens and a display of analytic results., Ratios between
test loads P T and computed capacities Pu are shown in the 10th
and 15th columns of the table. The elliptic formula Eq. (la)
produced an average ratio P, EST/Pu equal to 1.09, and (unsafe)
ratios less than 1.00 were Eetected for only 7 of the 55
specimens. The reciprocal thrust formula Eq. (2) produced an

average ratio PTEST/Pu equal to 1.29, and none of the predictions

were unsafe.

All results show that designers should be permitted to use
Eq. (2) as a demonstration that a column loaded with biaxially
eccentric thrust has been proportioned adequately. Whereas the
use of a rectangular stress block for concrete strength and an
analysis of cross section capacity has been shown by research
reported here to be safe, the simpler use of Eq. (2) should be
authorized explicitly by the ACI Building Code. The research
reported here has illustrated that the equally simple ellipse
Eq. (la) produced more accurate correlations with observed and
reported test results, but in 7 of the 72 specimens involving
biaxially eccentric loads the predicted capacity exceeded the
test load. If the exponent of terms in Eq. (la) were changed
from 2 to 1.5 in order always to produce analytic results great-
er than observed results, the average value of predicted results
would be at least as (conservatively safe) far above test values
as were those obtained from the reciprocal thrust Eq. (2).
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CONCLUSIONS

Test results have been displayed for 23 reinforced concrete
columns of rectangular or partially circular cross sections sub-
jected to eccentric compression loading. Comparisons between
measured displacements, strains and strength and analytically
derived displacements, strain and strength indicated that:

1. The difference between the skew angle of the neutral
axis increased as the skew angle of loading departed from the
minor axis. Small eccentricities from the major axis could
produce comparably large differences between skew loading angle
and neutral axis angle, but the implied tendency to twist lon-
gitudinally about the axis of the column was almost impossible
to detect.

2. Integration of stresses compatible with measured strains
showed clearly that the rectangular stress block representation
of concrete at ultimate undervalued cross section strength when
the compression zone was not rectangular at failure. The use of
a parabola-trapezoidal stress-strain function produced results
more closely in agreement with observed results than did the use
of other analytic stress-strain functions for concrete.

3. The contours to an interaction surface at constant
thrust appeared to conform to an elliptic shape.

4. The reciprocal thrust Eq. (2) produced strength estimates
21 per cent greater than those observed, and none of the elements
was lower than the observed thrust.

5. Effective values of flexural stiffness EI were evaluated
from measurements of transverse displacement just before columns
failed. The apparent values of EI appeared to increase as ratios
of average axial strength P /P increased. Equations acceptable
by ACI 318-77 produced values generally greater than those de-
rived from test data. .

6. Strength estimates were derived from traditional (rec-
tangular stress block) thrust and uniaxial moment capacity
functions for stiffness EI, and biaxial bending interaction
functions Eq. (1) and Eq. (2). The elliptical moment ratio
function of Eq. (1) produced strength estimates with average
values 15 per cent lower than those observed, and the reciprocal
thrust function of Eq. (2) produced strength estimates with
average values 21 per cent lower than the observed strengths.

7. A comparison between the observed strength and the use
of Eq. (2) and Eq. (1) for estimates of capacity of 55 specimens
reported by Ramamurthy produced results similar to those for the
17 new tests reported in this paper.

8. If slenderness effects are evaluated separately for
each principal plane of bending in accordance with recommendations
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of ACI 318-77, and if traditional handbook (12, 13) thrust-
moment interaction functions are used for cross section strength,
the reciprocal thrust Eq. (2) produced safe estimates of
capacity for all 73 test specimens studied. The use of Eq. (2)
should be authorized explicitly by the ACI Building Code as an
adequate analysis of skew bending strength of columns.

10.

11.
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