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There is concern that current ACI shear design procedures can be
unconservative if applied to thick one-way slabs or large beams
containing only minimum stirrups. This paper discusses the results
of 21 large beams tested to investigate these concerns. Based on
the experimental results, the paper concludes that until the current
ACI shear provisions are modified, it would be prudent to use the
recent shear provisions of the AASHTO LRFD specifications as
these provide a more consistent level of safety. A simple spread-
sheet is described that enables these provisions to be conveniently
applied.
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INTRODUCTION
Since 1963,1 the ACI Building Code has specified that the

shear strength of reinforced concrete members not contain-
ing stirrups can be taken as 2 bwd (psi units). This simple
equation, which was based2 on experiments of small rectan-
gular beams containing relatively large amounts of longitu-
dinal reinforcement, was intended to represent a
conservative estimate of the shear at which diagonal cracks
would form. Figure 1 shows a typical set of experimental re-
sults obtained by some of the engineers3 involved in devel-
oping the ACI shear equation. It can be seen that for these 16
beams the shear strength increases by a factor of approxi-
mately 2, as the concrete strength is increased by a factor of
approximately 4. Note that the ACI shear equation is consis-
tently conservative with the average ratio of experimental-
to-calculated shear capacities being 1.38 with a coefficient
of variation of only 7.3%. Also shown in Fig. 1 are the cal-
culated shear capacities of these beams according to the re-
cently updated shear provisions of the AASHTO LRFD
Bridge Design Specifications.4 For the 16 beams, these pro-
visions, which are based on the modified compression field
theory (MCFT),5,6 give an average ratio of experimental-to-
calculated shear capacity of 1.22 with a coefficient of varia-
tion of 7.2%. 

The simplified ACI shear equation assumes that, for
beams without stirrups, the shear stress at failure will depend
only on the cylinder strength of the concrete. Thus, in Fig. 2,
it can be seen that the ACI expression predicts the same fail-
ure shear stress for small, heavily reinforced beams, similar
to those tested in the development of the code equation, and
for large, lightly reinforced beams. The AASHTO LRFD
shear provisions, on the other hand, predict that the large,
lightly reinforced beams will fail at much lower shear stresses
than the small beams (Fig. 2). Further, for the large beams,
the shear stress at failure is predicted to increase rather slow-
ly as the concrete cylinder strength increases.

A recent paper by Collins and Kuchma7 described an ex-
tensive experimental investigation aimed at evaluating the
size effect in shear. The results of two series of beams from

fc′

this investigation are shown in Fig. 3. It can be seen that as
the depth of the beams increased, the shear stress at failure
diminished in a manner similar to that predicted by the
AASHTO LRFD shear provisions. The shear capacities of
the beams made from high-strength concrete (the BH series)
differed very little from the shear capacities of the beams
made from normal-strength concrete (the BN series). For
Beam BH100, the shear stress at failure was only 0.695 MPa
(101 psi). The 1963 ACI equation would overestimate the
failure shear stress for this beam by a factor of approximately
2.4. Because of concerns with the applicability of the tradi-
tional empirical equation to beams made from high-strength
concrete, the ACI codes since 19898 have placed an upper
limit of 200 psi (1.38 MPa) on the failure shear stress calcu-
lated for such beams. Unfortunately, this reduced value of
failure shear stress, which is plotted in Fig. 3, still overesti-
mates the shear capacity of Beam BH100 by a factor of 2.

The current ACI Code requires that a minimum area of
stirrups be provided in beams if the factored shear force ex-
ceeds 0.5φVc. For large beams, the safety issue then becomes
whether such a member containing the minimum amount of
stirrups specified by the ACI Code will fail at shears signif-
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Fig. 1—Experiments by Moody, Viest, Elstner, and Hognestad
to investigate influence of concrete strength on shear
capacity.
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icantly less than those predicted by the traditional equations.
Unfortunately, very few experiments are available that can
help to answer this question. To investigate these issues in
more detail, a series of twelve 1 m deep beams consisting of
six pairs of beams with concrete strengths varying from 21
to 80 MPa (3050 to 11,600 psi) were designed and tested. For
five of these pairs, one beam contained approximately the
minimum quantity of stirrups specified by the ACI Code
while the other contained no stirrups. The results of these ex-
perimental investigations are summarized in this paper.

Concrete shear design provisions, based on the modified
compression field theory, were introduced into the first edi-
tion of the AASHTO LRFD Bridge Design Specifications in
1994.9 Based on experience with these early provisions and
the results of further research, a number of changes were
made to the AASHTO shear provisions in the annual update
issued in 2000. This paper will briefly describe the current
AASHTO LRFD shear provisions and will introduce a sim-
ple spreadsheet that enables the shear strength predicted by
these provisions to be calculated conveniently. As the
AASHTO code does not explicitly deal with strength predic-
tions for beams with stirrups that contain less than the mini-
mum amount, a method to assess the strength of such beams
is also provided.

RESEARCH SIGNIFICANCE
Recent tests7 have shown that the ACI Code equations for

the shear strength of large, lightly reinforced concrete beams

and one-way slabs can be very unconservative. Further, a
small number of tests had shown that concrete strength had
little effect on the observed shear failure loads for such mem-
bers. The research reported in this paper significantly in-
creases the available experimental data on the shear strength
of large, lightly reinforced members, particularly for mem-
bers containing a minimum amount of stirrups. The experi-
mental and analytical results reported herein indicate that it
will be necessary to change the current ACI shear provisions
for large, lightly reinforced members.

AASHTO LRFD shear design provisions
In the AASHTO LRFD specifications, the shear strength

of a reinforced concrete section is expressed as

(1)

Values of β and θ determined from the MCFT are given in
Fig. 4 for sections containing at least the minimum amount
of transverse reinforcement, and in Fig. 5 for sections with-
out transverse reinforcement. The minimum amount of
transverse reinforcement required in the AASHTO code is a
function of the strength of the concrete, with higher strength
concrete requiring more transverse reinforcement as follows

 (psi units)  (MPa units) (2)

This contrasts with the minimum specified by the ACI Code,
which is 0.35 MPa (50 psi).

Vn 0.083β fc′bvdv

Av fy

s
----------dv θcot+=

Av fy

bvs
---------- fc′= 0.083 fc′=
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Fig. 2—Predicted influence of concrete strength on shear
capacity for two series of beams.

Fig. 3—Influence of member size and concrete strength on
shear stress at failure.
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The values of both θ and β are related to the longitudinal
strain εx occurring in the web (Fig. 4). As a simple procedure
for calculating εx it can be related to the strain εt of the flex-
ural tension chord of an equivalent truss. Thus, for nonpre-
stressed members with no axial load

(3)

where As is the area of longitudinal reinforcement on the
flexural tension side of the member and Mu and Vu are the
coincident moment and shear values. For members with at
least minimum web reinforcement, the average longitudinal
strain over the depth of the web can be used for εx. Because
the strain εc on the flexural compression side of the equiva-
lent truss is usually quite small in comparison to εt, it is ap-
propriate to take εx as 0.5 εt (Fig. 4). 

For members without stirrups, the predicted shear strength
is a function of the spacing of the diagonal cracks in the web
(Fig. 5). The crack spacing when θ equals 90 degrees is
called sx, and is primarily a function of the maximum dis-
tance between the longitudinal reinforcing bars. As sx in-
creases, β decreases and hence, the shear strength decreases.
The β values in Fig. 5 were derived assuming that the maxi-
mum aggregate size agg was 19 mm (3/4 in.); however, the

εt

Mu dv⁄( ) 0.5Vu θcot+

AsEs

-----------------------------------------------------=

tabulated values can be used for other aggregate sizes by us-
ing an equivalent crack spacing parameter sxe where

 (mm units) (4)

In beams made from concrete with high compressive
strengths, for example, greater than 60 MPa, the cracks tend
to pass through the aggregate, rather than going around the
aggregate. As a consequence, it is recommended that agg be
taken as zero for such members. To avoid a discontinuity in
predicted strengths, agg can be linearly reduced to zero as fc′
goes from 60 to 70 MPa. Because members without stirrups
are relatively brittle, it is prudent to use the highest longitu-
dinal strain that occurs in the web in determining the β values
(Fig. 5). Thus, εx can be taken as equal to εt for members
without stirrups. Note that beams with stirrups that do not
have at least the minimum amount of stirrups are not directly
addressed by the AASHTO code, and a method to rate the
strength of such beams is described in this paper.

Shear causes tensile stresses in the longitudinal reinforce-
ment as well as in the stirrups. If a member contains an in-
sufficient amount of longitudinal reinforcement, its shear
strength will be limited by the yielding of this reinforcement.
To avoid this type of failure, the longitudinal reinforcement

sxe

35sx

agg 16+
--------------------=

Fig. 4—AASHTO provisions for beams with more than minimum stirrups: (a) location of
εx for members with stirrups and illustration of parameters; and (b) values of θ and β for
sections containing at least minimum amount of transverse reinforcement.

(b)

εx × 1000

≤0 ≤0.125 ≤0.25 ≤0.50 ≤0.75 ≤1.00 ≤1.50 ≤2.00

≤0.075
θ, degrees 21.8 24.3 26.6 30.5 33.7 36.4 40.8 43.9

β 3.75 3.24 2.94 2.59 2.38 2.23 1.95 1.67

≤0.100
θ, degrees 22.5 24.9 27.1 30.8 34.0 36.7 40.8 43.1

β 3.14 2.91 2.75 2.50 2.32 2.18 1.93 1.69

≤0.125
θ, degrees 23.7 25.9 27.9 31.4 34.4 37.0 41.0 43.2

β 2.87 2.74 2.62 2.42 2.26 2.13 1.90 1.67

≤0.150
θ, degrees 25.0 26.9 28.8 32.1 34.9 37.3 40.5 42.8

β 2.72 2.60 2.52 2.36 2.21 2.08 1.82 1.62

≤0.175
θ, degrees 26.2 28.0 29.7 32.7 35.2 36.8 39.7 42.2

β 2.60 2.52 2.44 2.28 2.14 1.96 1.71 1.54

≤0.200
θ, degrees 27.4 29.0 30.6 32.8 34.5 36.1 39.2 41.7

β 2.51 2.43 2.37 2.14 1.94 1.79 1.61 1.47

≤0.250
θ, degrees 28.5 30.0 30.8 32.3 34.0 35.7 38.8 41.4

β 2.40 2.34 2.14 1.86 1.73 1.64 1.51 1.39

≤0.250
θ, degrees 29.7 30.6 31.6 32.8 34.3 35.8 38.6 41.2

β 2.33 2.12 1.93 1.70 1.58 1.50 1.38 1.29

v
fc′
-----

(a)
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on the flexural tension side of the member must satisfy the
following requirement

(5)

In using both Eq. (3) and (5) to predict the strength of a
beam, a location in the beam must be selected that is critical
for shear. This critical location for shear is generally a dis-
tance dv from the face of the support, or dv from the edge of
the loading plate. The effective shear depth dv can be taken
as 0.9d. Thus, for Beam BH100, shown in Fig. 6, dv is 0.9 ×
925 = 833 mm. As the shear span for this beam is 2700 mm
and the loading plate is 152 mm wide, the critical section is

As fy Mu≥ dv⁄ Vu 0.5Vs–( ) θcot+

2700 – 0.5 × 152 − 833 = 1792 mm from the support and
hence, the M/V ratio at this location is 1.792 m. As this beam
is made from 99 MPa concrete, agg can be taken as zero and
from Eq. (4)

mm

Before the values of θ and β can be read from Fig. 5, the
failure value of εx is needed. For hand calculations, this re-
quires some trial and error. As a first guess, it may be as-
sumed that εx is 1.0 × 10–3, meaning that the stress in the
longitudinal steel would be approximately 200 MPa (29 ksi)

sxe
35 833×
0 16+

--------------------- 1822= =

Fig. 5—AASHTO provisions for beams with less than minimum stirrups: (a) location of εx
for members without stirrups; (b) member without stirrups and with concentrated longitu-
dinal reinforcement; (c) member without stirrups but with well-distributed longitudinal
reinforcement; (d) values of θ and β for sections without transverse reinforcement.

(a)

(b) (c)

(d)

sxe , mm

εx × 1000

≤0 ≤0.125 ≤0.25 ≤0.50 ≤0.75 ≤1.00 ≤1.50 ≤2.00

≤127
θ, degrees 26.4 27.7 28.9 30.9 32.4 33.7 35.6 37.2

β 5.15 4.41 3.91 3.26 2.86 2.58 2.21 1.96

≤254
θ, degrees 29.3 31.6 33.5 36.3 38.4 40.1 42.7 44.7

β 4.89 4.05 3.52 2.88 2.50 2.23 1.88 1.65

≤381
θ, degrees 31.1 34.1 36.5 39.9 42.4 44.4 47.4 49.7

β 4.73 3.82 3.28 2.64 2.26 2.01 1.68 1.46

≤510
θ, degrees 32.3 36.0 38.8 42.7 45.5 47.6 50.9 53.4

β 4.61 3.65 3.09 2.46 2.09 1.85 1.52 1.31

≤760
θ, degrees 34.2 38.9 42.3 46.9 50.1 52.6 56.3 59.0

β 4.43 3.39 2.82 2.19 1.84 1.60 1.30 1.10

≤1020
θ, degrees 36.6 41.1 45.0 50.2 53.7 56.3 60.2 63.0

β 4.06 3.20 2.62 2.00 1.66 1.43 1.14 0.95

≤1520
θ, degrees 40.8 44.5 49.2 55.1 58.9 61.8 65.8 68.6

β 3.50 2.92 2.32 1.72 1.40 1.18 0.92 0.75

≤2030
θ, degrees 44.3 47.1 52.3 58.7 62.8 65.7 69.7 72.4

β 3.10 2.71 2.11 1.52 1.21 1.01 0.76 0.62
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at shear failure. For an εx of 1.0 × 10-3, Fig. 5 shows θ = 64.1
degrees and β = 1.08. The predicted shear capacity from
Eq. (1) will then be

kN

At the critical section, this shear will be associated with a
moment of 1.792 × 224 = 401 kNm and hence, from Eq. (3),
εx can be calculated as

= 

A second estimate of εx as 1.16 × 10-3 results in θ = 65.4
degrees and β = 1.00, which gives a predicted shear strength
of 207 kN and a calculated value of εx of 1.17 × 10-3, which
is close enough to the estimated value. Thus, the calculated
shear capacity of Beam BH100 is 207 kN, which agrees well
with the experimental shear failure load of 193 kN. For this
beam, yielding of the longitudinal reinforcement did not
govern the failure as Eq. (5) gave

Spreadsheet for AASHTO LRFD shear provisions
To calculate the shear capacity of a given section from the

AASHTO LRFD shear provisions, a convenient spreadsheet
is available via the Internet from the address listed as fol-
lows. Also available at this address are the original spread-
sheets used to calculate the tabulated values of β and θ:
http://www.ecf.utoronto.ca/~bentz/aashto.htm.

From the entered value of sxe, for members without stir-
rups, the spreadsheet interpolates between the rows of the ta-

V 0.083 1.08 99⋅ 300× 833× 224= =

εx εt
401 106× 833⁄( ) 0.5+ 224× 103 64.1°cot×

3 700× 200 000,×
-----------------------------------------------------------------------------------------------------------= =

1.28 10
3–×

3 700× 550× 1.79 207× 106×
833

----------------------------------------≥ 207+ 103 65.4°cot×

1155 103× 540≥ 103×

ble in Fig. 5 to find the θ and β values for each value of εx.
From these values and Eq. (3) and (5), the spreadsheet calcu-
lates the combinations of shear and moment that will cause
failure of the section. Thus, for Beam BH100 at εx value of
1.0 × 10-3, the shear capacity is calculated to be 224 kN with
θ being equal to 64.1 degrees. Knowing εx, V, and θ, Eq. (3)
can be used to determine that the corresponding moment is
305 kNm. This gives one point of the interaction diagram
(Fig. 6). When the calculations are repeated for the other val-
ues εx, the interaction diagram is obtained. The intersection
of the loading line (which is defined by the moment-to-shear
ratio at the critical section) with the failure envelope gives
the predicted shear capacity of the section; in the case of
Beam BH100, this equals 205 kN. Note that while the sim-
plified ACI shear expression assumes that the shear failure
load is independent of the magnitude of the moment, the
AASHTO provisions indicate a substantial reduction in
shear capacity as the magnitude of the moment increases.

For members with at least the minimum amount of stir-
rups, the values of θ and β depend on the longitudinal strain
εx and the concrete shear stress v where

(6)

To draw the moment-shear interaction diagram, it is nec-
essary to have the values of θ and β for each value of εx. This
can be derived from the values in the table. The failure shear
stress of the section can be derived from Eq. (1) and (6) as

For a given value of fc′, this equation can be used to deter-
mine the required amount of stirrups for each of the cells
in the θ, β table given in Fig. 4. For example, if fc′ equals
25 MPa, then for v/fc′ to be equal to 0.100 and εx to be equal
to 0.001, the stirrups quantity Av fy/(bvs) would need to be
1.186 MPa. If the shear stress was reduced to 0.075 fc′, the
required stirrups would be reduced to 0.697 MPa. If the ac-
tual amount of stirrups lies between these calculated values,
then the level of stirrups itself can be used to interpolate the
values of β and θ. For example, if Av fy /(bvs) equalled 0.8
MPa for this case, β and θ would be found by interpolating
between the values for v/fc′ = 0.075 and v/fc′ = 0.1.

Once the θ and β values have been determined for each of
the values of εx, then the shear-moment interaction diagram
is constructed in the same manner as that previously de-
scribed. A typical shear-moment interaction diagram calcu-
lated by this procedure is shown in Fig. 7 for Beam BM100.
Beam BM100 was a large, lightly reinforced beam tested in
the same investigation7 as Beam BH100. It was made from
47 MPa concrete and contained 16% more than the mini-
mum quantity of stirrups specified by the ACI Code, but
30% less stirrups than the minimum required by the AASH-
TO LRFD specifications. Even though the provided amount
of stirrups was less than the minimum requirement, the pro-
visions of Fig. 4 were applied in drawing the shear-moment
interaction diagram shown in Fig. 7. In predicting the failure
load of lightly reinforced members such as Beam BM100, it
must be recognized that the beam may fail in flexure at mid-
span before it fails in combined shear and flexure at the crit-

v V
bvdv

----------=

v 0.083β fc′
Av fy

bvs
---------- θcot+=

Fig. 6—Shear-moment interaction diagram for Beam BH100.
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ical shear location. The calculated flexural capacity of Beam
BM100, using the ACI procedures, is approximately 1010
kNm. Thus, it would be estimated that Beam BM100 would
fail in flexure at midspan at a shear force of 374 kN before
reaching the calculated shear failure load of 381 kN (Fig. 7).
In the experiment, the beam failed in shear at 342 kN.

Table 1—Summary of experimental results

Beam

Reinforcement Concrete Experimental observations ACI AASHTO

ρ, %
Avfy /(bws), 

MPa
fc′, 

MPa Cast date

Test 
age, 
days

εshrink, 
mm/m

Vexp, 
kN

∆, 
mm

w, 
mm

γ, 
mm/m

εlong, 
mm/m

εstirr, 
mm/m VACI, kN Vexp/VACI

VAASHTO, 
kN

Vexp/
VAASHTO

DB120 1.01 0.000 21 2-19-98 75 n/a 179 5.6 0.25 0.38 0.94 — 226 0.79 158 1.13

DB130 1.01 0.000 32 11-6-97 26 n/a 185 4.9 0.30 0.34 1.02 — 273 0.68 182 1.02

DB140 1.01 0.000 38 6-15-98 32 0.18 180 4.6 0.15 0.50 1.00 — 295 0.61 193 0.93

DB165 1.01 0.000 65 7-10-98 48 0.19 185 4.5 0.15 0.37 0.95 — 378 0.49 217 0.85

DB180 1.01 0.000 80 8-13-98 55 0.35 172 5.2 0.15 0.54 1.14 — 389 0.44 214 0.80

DB230 2.09 0.000 32 11-6-97 27 n/a 257 5.4 0.90 1.18 0.82 — 288 0.89 220 1.17

DB0.530 0.50 0.000 32 5-29-98 39 0.14 165 7.5 0.15 0.55 1.53 — 261 0.63 144 1.15

DB0.530M 0.50 0.401 32 5-29-98 34 0.14 263 20.2 1.50 3.70 2.45 10.8 372 0.71 258 1.02

DB120M 1.01 0.401 21 2-19-98 70 n/a 282 14.8 3.50 2.72 1.49 6.2 337 0.84 358 0.79

DB140M 1.01 0.401 38 6-15-98 26 0.18 277 13.2 1.80 2.50 4.59 7.3 406 0.68 384 0.72

DB165M 1.01 0.401 65 7-10-98 39 0.19 452 22.2 3.00 3.85 3.40 8.0 489 0.92 394 1.15

DB180M 1.01 0.401 80 8-13-96 48 0.35 395 20.8 2.50 4.15 3.15 8.5 500 0.79 375 1.05

B100 1.01 0.000 36 8-30-95 54 n/a 225 5.7 0.20 0.20 1.15 — 288 0.78 189 1.19

B100H 1.01 0.000 98 12-21-95 27 n/a 193 7.7 n/a 2.00 1.05 — 389 0.50 227 0.85

B100HE 1.01 0.000 98 12-21-95 29 n/a 217 6.1 n/a 1.23 1.11 — 289 0.56 227 0.96

B100L 1.01 0.000 39 2-2-95 13 n/a 223 5.4 n/a 0.33 1.26 — 299 0.75 195 1.14

B100B 1.01 0.000 39 2-2-95 18 n/a 204 5.4 n/a 0.27 1.24 — 299 0.68 195 1.05

BN100 0.76 0.000 37 6-20-96 42 n/a 192 5.9 0.25 0.60 1.20 — 285 0.67 173 1.11

BH100 0.76 0.000 99 5-17-97 41 0.27 193 n/a 0.65 0.75 1.25 — 384 0.50 206 0.94

BRL100 0.50 0.000 94 7-5-96 38 n/a 163 6.8 0.10 0.75 1.85 — 384 0.42 172 0.95

BM100 0.76 0.401 47 11-4-96 119 0.16 342 20.8 2.50 3.65 2.69 15.5 431 0.79 344 0.99

Average 0.67 — 1.00

Coefficient of variation 21.7 — 13.8

Fig. 8—Details of 21 large, lightly reinforced beams.

Fig. 7—Shear-moment interaction diagram for Beam BM100.
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EXPERIMENTAL PROGRAM
To learn more about the influence of concrete compressive

strength and minimum stirrups on the shear response of large,
lightly reinforced concrete members, twelve 1 m deep beams
with concrete strengths ranging from 21 to 80 MPa were con-
structed. These specimens were designed so that comparisons
could be made with the results from nine 1 m deep beams test-
ed in previous studies at the University of Toronto.7 The de-
tails of the 21 beams are summarized in Fig. 8 and Table 1.
The beam names for the 12 new beams start with the letters
DB, while for the other nine beams the names start with the
letter B. Fourteen of the 21 beams contained 1.01% of longi-
tudinal reinforcement, three contained 0.76%, another three
contained 0.50%, and one beam was relatively heavily rein-
forced, containing 2.09% of longitudinal steel. Six of the
beams contained stirrups with the amount being such that
Av fy/(bvs) equalled 0.401 MPa (58 psi), which is 16% more
than the minimum amount specified by the ACI Code. All of
the beams were made from concretes with crushed limestone
aggregate with a maximum size of 10 mm (0.39 in.).

The beams were loaded by a point load applied at the mid-
dle of a 5.4 m (17 ft 8.6 in.) simply supported span (Fig. 8

and 9). The deflection at midspan was recorded, as were the
shear strains at the quarter points of the span (measured by
pairs of linear variable displacement transducers [LVDTs]
inclined at 45 degrees). Continuous readings were also taken
of the strain at midspan in the longitudinal reinforcement
and, if the beam contained stirrups, the strains on approxi-
mately six of the stirrups. At approximately four load stages
during each experiment, the displacement of the beam was
held nearly constant while the crack patterns were recorded,
crack widths were measured with a crack comparator, and
surface strains were measured with demountable displace-
ment gages using targets on a 300 x 300 mm grid.

The most important experimental observations are sum-
marized in Table 1. The tabulated failure shears Vexp are one-
half of the highest point load applied to the beam plus an al-
lowance for the shear due to self-weight of the beam taken as
7 kN. The midspan deflection ∆, the shear strain γ, the high-
est strain in the longitudinal reinforcement εlong, and the
highest strain in the stirrups εstirr were all measured at the
time the point load reached its highest value and are listed in
Table 1. Also given are the largest crack widths measured at
the last load stage prior to failure. More details of the exper-
imental results can be found in Angelakos.10

The influence of the concrete strength on the load-defor-
mation response of the five DB beams that contained 1.01%
of longitudinal reinforcement and no stirrups is shown in
Fig. 10, and photographs of the beams at failure are shown in
Fig. 11. It was somewhat surprising to observe that varying
the concrete cylinder strength from 21 to 80 MPa (3050 to
11,600 psi) had almost no effect on the load at which a brittle
shear failure occurred. In examining the beams after failure,
it was observed that the crack roughness decreased notice-
ably as the concrete strength increased. It seemed probable
that the crushed limestone aggregates used in making the
concretes were rather weak as even for Beams DB130 and
DB140 the cracks cleaved most of the aggregate particles.
Note also that the 80 MPa concrete developed noticeably
higher shrinkage strains prior to testing.

While changing the concrete strength by a factor of 4 had al-
most no influence on the shear strength of these large beams,
changing the longitudinal reinforcement ratio from 0.50 to
2.09% increased the observed shear strengths by 62% (Fig.
12). Note that all of the beams without stirrups failed at very

Fig. 9—Testing of 1 m beam in progress.

Fig. 10—Load-deflection relationships for five beams with
no stirrups.
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small deflections with the midspan deflection at failure corre-
sponding to only approximately 1/1000 of the span length.

The presence of ACI minimum stirrups increased shear
strength of the beams by factors ranging from 1.54 to 2.44
and increased the midspan deflections at failure by a factor
of between 2 and 5 (Fig. 13 and Table 1). For the lower-
strength concretes, the postpeak response was relatively duc-
tile, while for the high-strength members the drop in capacity
at failure was very abrupt, indicating that for such members,
the ACI minimum level of stirrups should be increased.

Comparisons with ACI and AASHTO predicted 
shear capacities

The influence of concrete strength and the amount of lon-
gitudinal reinforcement on the shear strength of large, lightly
reinforced concrete members that do not contain stirrups is
illustrated in Fig. 14. In preparing this figure and Table 1, the
more complex and presumably more accurate expression for
Vc was used, namely1,8

(7)Vc 1.9 fc′ 2500ρVd+ M⁄( )bwd=

Fig. 12—Influence of amount of longitudinal reinforcement
on load-deformation response of three large beams.

Fig. 13—Load-deflection relationships for beams contain-
ing ACI minimum amount of stirrups.

As can be seen in Fig 14, this equation predicts only a very
small reduction in shear strength as the longitudinal rein-
forcement ratio is reduced from 1 to 0.5%, but predicts a very
large increase in shear capacity as the concrete strength is in-
creased. In contrast, the AASHTO provisions predict substan-
tial reductions in shear capacity as the reinforcement ratio is
reduced and a much smaller increase in shear capacity as the
concrete cylinder strength is increased. None of the experimen-
tal series shown in Fig. 14 indicate any significant increase in
shear capacity as the concrete strength increases. The experi-
ments do, however, indicate a substantial change in shear ca-
pacity as the longitudinal reinforcement ratio changes.

Figure 15 is primarily intended to compare the calculated
and observed capacities of the four beams that contained stir-
rups and 1.01% of longitudinal reinforcement. For conve-
nience, however, the experimental failure shear for the beam
with 0.75% longitudinal reinforcement (Beam BM100) is
also plotted. It can be seen that traditional ACI procedures
significantly overestimate the shear capacity of these beams,
even though the beams contain 16% more than the minimum
quantity of stirrups specified by the ACI Code. It can be seen
from Table 1 that, for these six beams, the ratio of observed
failure shear to calculated ACI shear capacity ranges from
0.68 to 0.92, with an average of 0.79.

Fig. 11—Photos of failure of beams without stirrups.
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Both the ACI Code and the AASHTO provisions require
that if stirrups are needed to resist the applied shear, a mini-
mum quantity must be provided. The Code does not explic-
itly provide guidance on how to evaluate the shear strength
of beams with stirrups that have less than the specified min-
imum. It is suggested that a good estimate of the shear
strength of members with less than minimum stirrups can be
obtained if the shear strength is calculated first by ignoring
the stirrups as in Fig. 5, and second, by assuming the beam
contains the full AASHTO minimum amount of stirrups us-
ing Fig. 4. The shear strength estimate can then be obtained
by interpolating between the two calculated values in accor-
dance with how close the actual amount of stirrups is to the
specified minimum. 

The bottom line in Fig. 15 shows the strength with no stir-
rups, the top line shows the strength with full AASHTO min-
imum stirrups, and the middle line shows the suggested
interpolation. Figure 16 shows how the predicted shear
strength of beams made from 80 MPa concrete, such as
DB180 and DB180M, increases as the quantity of stirrups in-
creases. Also shown on the figure are the predictions from a
nonlinear sectional analysis program based on the MCFT,
called Response-2000.11 It can be seen that the proposed in-
terpolation method is a reasonably good approximation of
both the Response-2000 predictions, as well as the experi-
mental results. The shear strength estimates for the five
beams with less than the AASHTO specified minimum stir-
rups listed in Table 1 were obtained using this proposed lin-
ear interpolation method.

If the ratios of experimental failure shears Vexp to the cal-
culated shear capacities from the ACI provisions VACI for the
21 beams listed in Table 1 are examined, it will be recog-
nized that the current ACI shear provisions are very uncon-

servative for these large, lightly reinforced sections. None of
the beams reached the calculated ACI shear capacity, and
three of the beams failed in shear at less than one half of the
calculated ACI shear capacity. For the 21 beams, the average
value of the Vexp /VACI ratio is 0.67 with a coefficient of vari-
ation of 21.7%. When these values are compared with the
1.38 and 7.3% obtained for the 16 small, highly reinforced
beams shown in Fig. 1, it seems unlikely that the ACI shear
equations would have their present form if the engineers in-
volved in their development had tested several series of large,
lightly reinforced beams. It can be seen from Table 1 that the
AASHTO LRFD shear provisions give a much more consistent
estimate of the shear capacity of these large, lightly reinforced
members with an experimental over predicted shear strength
ratio of 1.00 and a coefficient of variation of 13.8%.

Fig. 15—Comparisons of shear capacities for five large
beams with stirrups.

Fig. 16—Proposed interpolation technique to estimate
strength of beams with less than AASHTO specified mini-
mum stirrups.

Fig. 14—Influence of concrete strength and amount of
longitudinal reinforcement on shear capacity of 14 large
beams without stirrups.
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Example of large one-way slab
To illustrate the consequences of the fact that the ACI provi-

sions overestimate the shear capacity of large, lightly reinforced
concrete members, the one-way slab described in Fig. 17 will
be used. This slab spans 50 ft (15.2 m) and must safely sup-
port a uniform loading of 2.5 kips/ft2 (120 kN/m2) caused by
a substantial depth of overburden. Because of durability con-
siderations, the engineer has specified a concrete strength of
5000 psi (34 MPa). As is the usual practice for one-way
slabs, the engineer has decided not to use shear reinforce-
ment but rather to rely solely on the concrete contribution Vc
to provide the required shear resistance.

From the ACI equation, it has been found that a 7 ft (2.13 m)
thick slab will provide adequate shear strength. Knowing the
slab thickness, the total factored loading, which the slab
must resist, is calculated to be 5.72 kips/ft2 (274 kN/m2).
This means that the slab must resist a factored moment at
midspan of 1788 kip-ft/ft (7950 kNm/m) and a factored shear
d from the face of the support of 104 kips/ft (1520 kN/m)
(Fig. 17). To resist the moment, No. 11 (36 mm) bars at 3.5 in.
(90 mm) spacing have been chosen. An engineer evaluating
this slab using the ACI Code would conclude that the design
was satisfactory, and that if for some reason the slab was
overloaded, it would fail in flexure and, being lightly rein-
forced (ρ = 0.54%), would exhibit very large deflections pri-
or to failure. The nominal flexural capacity would be reached
when the applied loading was 6.72 kips/ft2 (322 kN/m2).

To evaluate the shear capacity of a uniformly loaded mem-
ber using the AASHTO LRFD shear provisions, it is neces-
sary to check a few points along the span. Usually the critical
section for members without stirrups occurs at approximately
20% of the span from the support. The AASHTO capacities
shown in Fig. 16 were calculated at 0.1L, 0.2L, and 0.3L from
the support by changing the M/V values in the spreadsheet.
From this figure, it can be seen that the AASHTO provisions
predict that the large slab can safely resist a factored load of
3.60 kips/ft2 (172 kN/m2), which is only 63% of the required
factored capacity. Further, these calculations indicate that the
slab would suffer a brittle shear failure similar to those shown
in Fig. 11 at a very low deflection. The nominal shear capacity
would be reached when the applied loading was 4.24 kips/ft2

(203 kN/m2). Note that this value is only 19% greater than the
service load applied to the slab, indicating a factor of safety of
only 1.19, a value that is dangerously low.

The AASHTO LRFD shear provisions indicate that for
this large, lightly reinforced slab, it would be appropriate to
provide a minimum quantity of shear reinforcement. With an
Avfy /(bvs) value of 71 psi (0.49 MPa), as required by Eq. (2),
the shear failure would be suppressed and the nominal flex-
ural capacity would be reached at 6.72 kips/ft2 (322 kN/m2).
That is, this small quantity of stirrups would change the failure
mode of the slab from a brittle shear failure to a ductile flex-
ural failure and would increase the overall factor of safety
from 1.19 to 1.89.

CONCLUSIONS
The experiments and analytical studies described in this

paper indicate that large, lightly reinforced concrete mem-
bers designed using the shear provisions of the current ACI
Code can have inadequate margins of safety. For members
without stirrups, these margins will become smaller as the
concrete strength increases, as the member size increases,
and as the longitudinal reinforcement ratio decreases. The
experiments indicate that even members containing 16%

more than the minimum quantity of stirrups specified by the
ACI Code will still have inadequate margins of safety.

The basic shear provisions of the current ACI Code were
derived approximately 40 years ago using experimental
results from small, heavily reinforced beams. From the re-
sults of these tests, it was concluded that concrete cylinder
strength was the most important parameter influencing failure
shear stress of members without stirrups and that the amount
of longitudinal reinforcement had only a small effect.

In the ensuing years, significant changes have occurred in
the concrete construction industry and considerable research
has been conducted on the shear response of concrete mem-
bers. The typical yield strength of reinforcement used in
practice has increased from 40 to 60 ksi (275 to 414 MPa),
causing longitudinal reinforcement ratios for similar struc-
tures to be substantially reduced. At the same time, advances
in concrete materials technology have made it practical to
use a much wider range of concrete strengths, including con-
cretes made from potentially lower quality aggregates that
can still have high concrete cylinder strengths. As was seen
in this investigation, these high cylinder strengths do not
necessarily result in high values of failure shear stress. Re-
cent shear research,12-16 including that reported herein, has
shown that for members without stirrups, the shear stress at

Fig. 17—Predicted shear capacity of large, lightly reinforced
one-way slab: (a) details of large one-way slab; (b) factored
moments and moment capacity; and (c) factored shears and
shear capacities.
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failure can decrease substantially as the members become
larger and as the longitudinal reinforcement ratio becomes
lower. The tests reported in this paper have revealed that
even large, lightly reinforced members containing the ACI
minimum level of stirrups can fail at approximately 70% of
the ACI predicted shear strength. More research is needed to
find the reasons and extent of this unconservative behavior.

Until the ACI shear provisions are modified to provide a
more consistent level of safety, it is suggested that it would
be prudent for engineers designing large, lightly reinforced
concrete members to use the shear provision of the AASHTO
LRFD Bridge Design Specifications. It has been shown that
these give more consistent estimates of the shear capacity of
such members. While these provisions are certainly more
complex than the traditional ACI equation, the spreadsheet
described herein makes the evaluation of shear strength ac-
cording to these provisions very simple.

ACKNOWLEDGMENTS
The experimental research described in this paper was funded by the Nat-

ural Sciences and Engineering Research Council of Canada. The authors
would like to thank this organization for its long-term support of the shear
research program at the University of Toronto. The experiments were con-
ducted by the first author as part of his MSc thesis project. The AASHTO
LRFD spreadsheet and the analytical calculations were the responsibility of
the second author.

REFERENCES
1. ACI Committee 318, “Building Code Requirements for Reinforced Con-

crete (318-63),” American Concrete Institute, Farmington Hills, Mich., 1963.
2. Joint ACI-ASCE Committee 326, “Shear and Diagonal Tension,” ACI

JOURNAL, Proceedings V. 59, No. 1-3, Jan.-Mar. 1962, pp. 1-30, 277-344,
and 352-396.

3. Moody, K. G.; Viest, I. M.; Elstner, R. C.; and Hognestad, E., “Shear
Strength of Reinforced Concrete Beams, Part 1—Tests of Simple Beams,”
ACI JOURNAL, Proceedings V. 51, No. 4, Nov. 1954, pp. 317–333.

4. “AASHTO LRFD Bridge Design Specifications and Commentary,”
Second Edition, (1998) and 2000 update, American Association of State
Highway Transportation Officials, Washington D.C., 1998, 2000.

5. Vecchio, F. J., and Collins, M. P., “The Modified Compression Field
Theory for Reinforced Concrete Elements Subjected to Shear,” ACI JOUR-

NAL, Proceedings V. 83, No. 2, Jan.-Feb. 1986, pp. 219-231.
6. Collins, M. P.; Mitchell, D.; Adebar, P. E.; and Vecchio, F. J., “A Gen-

eral Shear Design Method,” ACI Structural Journal, V. 93, No. 1, Jan.-Feb.
1996, pp. 36-45.

7. Collins, M. P., and Kuchma, D. K., “How Safe Are Our Large, Lightly
Reinforced Beams, Slabs and Footings?” ACI Structural Journal, V. 96,
No. 4, July-Aug. 1999, pp. 482-490.

8. ACI Committee 318, “Building Code Requirements for Structural
Concrete (ACI 318-89) and Commentary (318 R-89),” American Concrete
Institute, Farmington Hills, Mich., 1989, 353 pp.

9. “AASHTO LRFD Bridge Design Specifications and Commentary,”
First Edition, American Association of State Highway Transportation Offi-
cials, Washington, 1994, 1901 pp.

10. Angelakos, D., “The Influence of Concrete Strength and Longitudinal
Reinforcement Ratio on the Shear Strength of Large-Size Reinforced Con-
crete Beams With and Without Transverse Reinforcement,” MSc thesis,
Department of Civil Engineering, University of Toronto, 1999, 181 pp.

11. Bentz, E. C., “Sectional Analysis of Reinforced Concrete Mem-
bers,” PhD thesis, Department of Civil Engineering, University of Tor-
onto, 2000, 310 pp.

12. Kani, G. N. J., “How Safe Are Our Large Concrete Beams?” ACI
JOURNAL, Proceedings V. 64, No. 3, Mar. 1967, pp. 128-141.

13. Kuchma, D.; Végh, P.; Simionopoulos, K.; Stanik, B.; and Collins,
M. P., “The Influence of Concrete Strength, Distribution of Longitudinal
Reinforcement and Member Size of the Shear Strength of Reinforced Con-
crete Beams,” CEB Bulletin No. 237, 21 pp.

14. Bažant, Z. P., and Kazemani, M. T., “Size Effect on Diagonal Shear
Failure of Beams Without Stirrups,” ACI Structural Journal, V. 88, No. 3,
May-June 1991, pp. 268-276.

15. Shioya, T.; Iguro, M.; Nojiri, Y.; Akiyama, H.; and Okada, T., “Shear
Strength of Large Reinforced Concrete Beams,” Fracture Mechanics:
Application to Concrete, SP-118, American Concrete Institute, Farmington
Hills, Mich., 1989, 309 pp. 

16. Shioya, T., “Shear Properties of Large Reinforced Concrete Member,”
Special Report of Institute of Technology, Shimizu Corp., No. 25, 1989, 198 pp.


