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1. INTRODUCTION — THE STRUT-AND-TIE-MODEL

by resear Ewrs and practitioners to be
the rationel and appropriate basis for the
e m of amske{j inforced concrete

 shear and tor-
sect on the
n cover only

sior, §ism >
standard
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Since all parts a& E) mtrmt*zr{ incloading
those mentioned above are of similas
an acceptable design cone
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more, since the |
ment in design g
ify or ths};ﬂxm a theory bazt m)ﬂ
vive it, sueh a concept must e base
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8t every

tified by d
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bzars, prestyy
e tensile >ids.
ieal purposes, the strot-and-

tieernodels condense all stresses in corn-

pression and tension members and join

them by nodes,

This paper describes how strat-and-
tie-models can be developed by fol
Towing the path of the forces throughout

" a ostructure, A consistent design ap-

proach for a structure is attained when

its tension and compression members

{mr) udmu thelr nodes) are designed
3 ] safefy amd serviceability
using unitorm desi
“The conc incorperstes the
major elemerds of what is today called
“detailing,” and replaces empirical pro-
cedures, rules of thumb and guess work
by a mational design method, Strut-and-
tie-models could lead to & clearer under
standing of the behavior of structural
and codes based on such an
approach wonld lead to improved
structures,

The authors are aware of the en-
couraging fact that although they pub-
lished papers on this topic earlier, 123
thev are neither the frst nor the only
ones thinking and working along these
lines, it was actually at the tum of the last
century, when Rittert and Morseh® in-

1 oriteria.

troduced the truss anslogy. This method
was later refined and expanded by

Leonhandt ® Risch, ¥ Kupfer,® and others
until Thadimann's Zirich school ¥ with
Marti®® and Mueller® created it sclen-
tific basis for a rational applivation in
tracing the convent hack to the theory of

Collins and Mitchell further consid-

sred the deformations ofthe truss model
and derived a vationsd design method for
shear and torsion, 1

In various applications, Bay, Franz,
Leonhsrdt and Thivlimann had shown
that struband-te-models conld be use-
fully applied to deep beams and corbels,
From that poinl, the present authors
hegan their e¢fforts to systematically ex-
pand sach models to entire structures

Certain parts of struciures are dée-
signed with almost exaggerated accu-
racy whits other parls are designed
using rules of thumby or ji}dgmé{s?
based oh past experience. Howr

cever; all parts of a structure are of
“similatimportance
A unified design concept, which is
“consistent for all types of struchires
and all their pattsls reaquired, To be
,_aausfacmrys ihig concept must be
based on-realistic ahya cal models,
Strut-and-fie-models, a gengralization
of the well known truss analogy
method for beams, are proposed as’
- the approprigte approach for design-

Synopsis

ing structural concrete, whigh includes
both reinforced and prestredsed con-
orgte shructures.

This report shows How suilable
mdels are developed and propozes
‘ mtema awommg to which the model's

elgments cean be dimensioned Uni
formly for alf possibie cases, The con-
cept is explained using numerous dé-
sign examples, many of which treat
the effect of presiress. ‘

This réport was initially prepared fof
discussion, within CEB {Comits
Euro-international du Bétoh} in con-
nection with the revision of the Médal
Code,

and all structures.

The approaches of the various authors
eited above differ in the treatment of the
prediction of witimate load and the
satisfaction of serviceability require-
nents. From a practical viewpoint, true
simplicity can onlv be achieved j
lutions are ;;Luptvd with suffie wm
{hut not perfect) accuracy, I herefore, it
is proposed here to troat in general the
ultimate Hmit state and serviceability in
the cracked state by using nne and the
same model for both, As will be shown
later, this is done by orienting the

geometry of the stoutand-tie-mode! at
the elastic stress fields and designing
the mo “:1 ~tm¢:tm<»* following the theory

1 procedure also ;}emzm
§w (14 xzmmlm‘wa that reinforced and
prestres concrete follow the same
pringi thongh rheir behavior
under working | s is quite distingt,

It should be mentioned that only the
essential steps of the proposed method
are given here. Further support of the
theory and other information may be

found in Ref, 3.

2. THE STRUCTURE’S B- AND D-REGIONS

Those regions of a structure, in which
the Bemoulli hypothesis of plane strain
distribution is assumed valid, are uso-
ally designed with almpst e bl
carg and accuracy. These regions are
reiexwd o as B -reglons {where B stands
it Their internal
lv derived from the
(hending and torsional
v and sxial forces),
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‘%\‘s i(lil& 2% i’;}{" section is une i fﬂ){i

iFthe t‘a‘»?.mﬁ:ihe xtmt 24 axmmi fhe tensile
strength of the concrete, the truss mode]
or ifs variations apply.

The Beregions are designed on the
basis of truss models as diseussed later
onin Section 3.1,
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 Fig. 1. D-regions {shaded areas) with nonfinear strain distribition due fo (a) geometrical

discontinuities; (b} statical and/or geometrical discontimsities,

. The above standard methods are not
applicable %o al] the other regions and
_details of a sbructure where the stmin
distribution is significantly nonlinear,
£.8., near coneentrated loads, corpers,
bends, openings and other discon-
Houlties {sée Fig. 1). Such regions are
called D-regions (where D stands for

discontinuity, disturhbanece or detail).

As long as these regions are un-
cracked, they can be readily analyzed by
the lineor elastic stress moethod, ie., ap-

plying Hooke’s Law, However, if the

seetions are cmcked, accepted design
approaches exist for only a few cases
such as beamn supports, frame corners,

{
) @

Fig. 2. Stress tra;ectones ina B-regnon and near dlscontznumes

{D-segions).

corbels and splitting temsion at pre-
stressed concrete anchorages. And even
these approaches usually only lead to
the design of the required amount of
reinforcement; they do not involve
a2 clear check of the concrete
stresses. .
The inadeqguate {and inconsistent)
treatment of D-regions usmg so-called
detaximg,’ “past experience” or “good
practice”™ has been one of the main rea-
sons for the poor performance and even
failures of structures. It is apparent,
then, that a consistent design
phziosephy must comprise both B- and
D-regions witliout contradiction,

- Considering the fact that several de-
cades alter Morsch, the Beregion de-
sign is still being disputed, it is only rea-
sanable to expect that the more complex.

. D-region design will need to be sim-

plified with some loss of accuracy.
However, even a simplified methodical
concept of D-region design will be pref
erable to today’s practice. The preferred
:woncept is to use the strut-and-tie-model
s approach. This method includes the
i B-regions with the truss modsl as a spe-

- cial case of a strut-and-tie model.

. In using the stoit-and-tie-model ap-
proach, it is helpful and informative to
| Hirst subdivide the structure into its B-
zand D-regions. The truss mode) and the
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design procedure for the B-regions are
then readily available and only the
strut-and-tie-models for the D-regions
rermain to be developéd and added.

Stresses and stress trajectories are
quite swooth in B-régions as compared
to their terbulent pattern near discon-.
tinuities (see Fig, 2). Stress intensities
decrease rapidly with the distance from
the origin of the stress conceuntration, .
This behavior allows the identification
of B~ and D-regions in a structure,

In order to Bnd roughly the division
lines between B- and D-regions, the
following procedure is proposed, which
is graphically explained by four exam-
ples as shown in Fig, 3:

1. Beplace the real structuse {a) by the
fictitions structure (b} which is loaded in
such a way that it complies with the
Bernoulli hypothesis and satisfies
equilibrium with the sectional forces,
Thus, (b) consists entirely of one or sev-

_eral B-regions. It usually violates the

actual boundary conditions.

2. Select a selfequilibrating state of
stress {c} which, if superimposed on (b),
satisfies the real boundary conditions of
(ak

3. Apply the principle of Saint-Vénant
(Fig. 4) to {c} and find that the stresses
are negligible at 2 distance g from the
equilibrating forces, which is approxi-
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Fig. 3.1. Column with point loads.
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Fig. 3.4. T-beam.
{a) real structure . (c) self-equilibrating state of stress
{b) Ioads and reactions applied in - {d) real structure with B- and
acrordance with Bemoulli hypothesis D-regions

Fig. 3. Subdivision of four structures into their B- and D-regions, using Saint
Vénant's pringiple (Fig. 4). _
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Fig. 4. The principle of Saint-Vénant: {a) zone of a body

-affsc_:ter{ by seff-equilibrating forces at the surface: {b}
application fo & prismatic bar (beam} loaded at one face.

mately equal to the maximum distance

between the equilibrating forces them-

- selves. This distance defines the range

. ofthe Dregions{d).
It should be mentioned that cracked

concrete members have different shff -
" messes in different directions, This situ-
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ation may influence the extent of the
D-regions but needs no further discus-

sion since the prineciple of Saint-Venant
itself is not precise and the dividing

lines between the B- and D-regious
proposed here only serve as a qualita-

tive &J,d in developing the strut-and:
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Fig. 5. The identification of their B- and D-regions {according to Fig. 3} is

" arational method to classily structures or parts thereof with respect to
their loadhbearing behavior; {a} deep beam; {b) through {d) rectangular

beams; {e) T-beam.

tie-models. _
The subdivision of a structure into B-

and D-regions is, however, already of -

considerable value for the under-
standing of the internal forces in the
strocture, It alse demonstrates, that sim-
ple 1/h rules used today to classify
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beams, deep beams, short/long/high
corbels and other special cases are mis-
leading. For proper classification, both
geometry and loads must be considered
{see Figs. 3,5 and 6. '

If a stuctare is not plane or of con-
stant width, it is for simplicity sub-
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divided into its individual Qléams, which

are treated separately. Similarly, three-

dimensional stress patterns in plane or
rectangular elements may be looked at
in different orthogonal planes. There-
fore, i genewal, only two-dimensional
models need to be copsidered. How-
ever, the interaction of models in
different plages must be taken into ac-
count by appropriste boundary condi-

tions.

Slabs may also be divided into B-re-
glons, where the internal forces are eas-
iy derived from the sectionsl forces,
and D-regions which need further ex-
plavation. If the state of stress is not
predominantly plane, as for example in
the case with punching or concentrated
loads, three-dimensional strut-and-tie-
medels should be developed.

 3.GENERAL DESIGN PROCEDURE AND

3.1 Scope _ :

. For the majarity of structures it would
be tnreasonable and toe cumbersoms to
begin immediately to model the entire
structure with struts and ties. Rather, it
is more convenient {and common prac-
tice} to first carry out 2 general structural
analysis. However, prior to starting this
analysis, it is advantageous to subdivide

the given structare futo its B and Dere-

gions, The overall aralysis will, then,

include not only the B-regions but also

the Dwegions. ' o : .
H'a structure contains to a substantial

" MODELLING

_part B-regions, it i$ represented by its

statical systems (see Fig. 6). The genersl
analysis of linear structures {e.g., beams,
frames and arches) results in the support
reactions and sectional effects, the

" bending moments (M), normal forces

{N}, shear forces (V) and torsional mo-
ments{M, ) {see Table 1}, ’

The B-regions of these structures can
then be easily dimensioned by applying

standard B-region models {e.g.; the truss

madel, Fig. 8} or standard methods

- using handbooks or sdvanced codes of

practice. Note that the overall structural

: iiiiiié}“iifiiifiiiiii

Fig. 8. A frame structure containing a substantial part of B-regions, its statical system and

its bending moments.
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Fig. 7. Prismattic stress fields according to the theory of

plasticity (neglecting the transverse tensile stresses
due to the spreading of forces in the concrete) are

unsafe for plain concrete,

canalysis and B-region design provide
- glso the boundary forces for the D-re-
gions of the same structure,
Slsbs and shells consist predom-
inantly of B-regions {plane strain dis-

. tribution}, Starting from the sectional

effects of the structural analysis, imagi-
pary strips of the structure can be mod-
elled like linear members.

Ha structure consists of one D-region

" only (e.g., a deep beam), the analysis of

sectional effects by a statical system may
be omitted and the inner forces or stress-
es can be determined directly from the
applied loads following the principles
outlined for D-regions in Section 3.3.
However, for structures with redundant
supports, the suppert reactions have to
be determined by an overall analysis
before strut-and-tie-modsls can be
praperdy developed. ‘ '

In exceptional cases, a nonlinear B-

Tabie 1. Analysis leading to sireésses or strt-and-tie-forces.

) Structure consisting of;
Strictore B- and D-regions D-regions only
2.8, linear structsres, slabs and shells | e.g, deep beams
Analysis . -
B-regions D-regions D-regions
: . - " Boundary forces:
Oversli shructural anelysis | Sectional effects -

{Table 2) gives: M. NV, M, Sectional effects i Support reactions
Analysis of State 1 Via sectional values Linear elastic analysis®
inperforces | luncracked) AJs T {with redistsibuted stress penks}
0f stresses . -

PR State 11 . Strut-and-tie-models
m i?dw’d“a] {cracked) andior nonlinear stress analysis*
regions

Usually truss

* May ber combined with averall analysis,

- PCt JOURNAL/May-June 1987
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' Table 2. Overall structural behavior and method of gveraﬁ structural analysis of staticatly

indeterminate structures.
‘ Corresponding method of analysis
Limit Overall ofsectional effects and support reactions
state struchumd behavior -
: Most asdeguate Acceptable
Essentially uncrucked Linear elastie _
Service- Considr;rabiy eracked, Linear slastis for plastic
ability 1 withsteel stresses below | Nonlinear ifdesign is oriented at
-} yield elastic behavior)
Plastic with limited | Lineuarelastic or ‘
Ultimate | Widely ceacked, rotation capacity ponlinear or perfectly
capacity | forming plastic hinges or vlastic with plastic with
redistribution structural mstrictions

nite element method analysis may be
applied. A follow-up check with a strut-

. and-He-model is recommended, espe-

cially if the major reinforcement is not
modelled realistically in the FEM
analysis.

8.2 Comments on the Overall
Analysis

In order to be consistent, the overall
analysis of statically indeterminate
stractures should reflect the realistic
overall behavior of the structare, The
intent of the following paragraph {sum-
marized in Table 2} is to give some
guidance Tor the desigr of statically in-
determinate structures. Seme of this
diseussion can alse be applied to stat:

. ieally detenminate structures especially

with regard to determining deforma-
‘Hons, : '

Plastic methods of analysis (usually
the static method) are suitable primarily
for a realistic determination of ultimate
load capacity, while elastic methods are
more appropriate under serviceability
conditions, According to the theory of
plasticity, a safe solution for the ultimate
load is also obtained, if a plastic analysis
is replaced by 2 linear or nonlinear
analysis. Experience further shows that
the design of cracked concrete strue-
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tures for the sectional effects using 2
linear elastic analysis is conservative.
Vice versa, the distribution of sectional
effects derived from plastic methods
may for simplification purpeses also be
used for serviceability checks, if the
structura) design (lavout of reinforce-
ment) is oriented at the theory of elas-
ticity.

3.3 Modelling of individual 8- and
D-Begions

3.3.1 Principles snd General Design
Procedure

After the sectional effects of the B-re-
gions and the boundary forces of the D-
regions have been determined by the
overall structural analysis, dimensioning
follows, for which the internal flow of
forces has to be searched and quantified:

For uneracked B- and D-regions,
standard methods are gvailable for the
analysis of the concrete and steel stress-
es {see Table 1}, In the case of high
compressive stresses, the linear stress
dishibution may have to be modified by
replacing Hooke's Law with a nonlinear
materials law (e.g., parabalie stress-
strain relation or stress bloek).

If the tensile stresses in individusl B-
or D-regions exceed the tensile strength
of the conerete, the inner forces of those
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regmns are determined and are de- -

signed sccording to the ﬁaliawmg pro-
cednre;
1. Developthe mr-and»ﬁe—mgéel 8§

explained in Section 3.3. The stuts and

ties condense the real stress felds by
rezultant straight lines and concentrate
* ‘their curvsture in nodes.

- 2. Caleulate the strut and tie ftzrces

which satisfy equﬂ;bnum These are the

tuner forees.

3. Dimension .the steuts, ties and
aodes for the inner forces with due con-
sideration of erack width limitations {see
Section5).

" This method implies that the structuse
is designed according to the lower

bound theorem of plasticity. Sigece con-

crete permits only limited plastic de-
formations, the internal structural system
" {the strt-and-te-model) has to be cho-

_sen in a way that the deformation Hmit .

{eapacity of rotation) is not exceeded at
any point before the assumed state of
stress is reached in the rest of tre stnice-

In highly stressed regions this duoetil-
ity requirement is fulfiled by adapting
the strats and Hes of the model to the
" direction and size of the intersal forces
a5 they would appenr from the theory of
elasticity,

In normally or Lightly stxesse,d regmns
the direction of the struts and ties in the

model may deviate considershly Som

the elastie pattemn without exceeding
the stractine’s ductility. The ties and
- hence the reinforcement may be ar-
ranged according to practical consid-
eyntions. The strochure adapts iself o
" the assumed internal structural system,
Of course, in every case an analysis and
safety check must be made usmg the &-
~ nally chosén model. :
" This method of orienting the strut-
- and-He-madel along the force paths in-
- disated by the theory of elasticity obvi-
" ously neglécts some ultimate load

capaoity which could be wtilized by 2 -
. pure application of the theory of plastic.

|#ty. On the other band, it has the major

. 88

acdvantage that the same model can he
used for both the ultimate lodd and the
serviceability check. If for some reason
the purpose of the analvsis is to find the
actual sltimate load, the model can eas-
ily be adapted to this stage of loading by
shifting its struts and ties in order to in-
crease the resistance of the structure, In
this case, however, the inelastic rotation
capacity of the model bas to be consid-
ered. (Note that the optimization of
models i3 diseussed in Section 3.3.3.)
. Odenting the geometry of the model
to the elastic shress distribution is alse a
safety requirensent because the tensile
strenigth of concrete is only a swall frao-
tion of the compressive stzength Cases
like those given in Fig. 7 would be un-
safe even i both requirements of the
lower bound theorern of the theory of
plasticity are fulfilled, namely, equilib-
rinm and F/A =< f.. Compatibility evokes
tensile forces, usually transverse 1o the
direction of the loads which may cause
premature cracking and failure. The
“bottle-shaped compressive stress
field,” which is introduced in Section
4.1, further eliminates such “hidden”
dangers when opcasionally the model

chosen is too simple,

For vracked B-regions, the proposed
procedure obvicusly leads to a trusg
model as shown in Fig. 8, with the in-
clination of the diagonal struts oriented
at the inclination of the diagonal cracks
from elastic tensile stresses at the neu-
tral axis. A reduction of the strut sugle by
10 to 15 degrees and the choive of verti-
cal stirrups, ie,, a deviation from the
principal nsile stresses by 45 degrees,

usually {ie., for normal strength con-

crete and normal percentage of stirrup
reinforcemont) causes no distress. Since
prestress decreases the inclination of
the cracks and bence of the diagonal

struts, prestress permits savings of stir-.
rup reinforcement, whereas additional

tensile forces increase the inclination.
The distance z between the chords
should ususlly be determined from the

plane steain distribution at the points of
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Fig. 9. A typical Dwegion: {a) elastic stress trajectories, elaslic
strasses and shrut-and-tie-modst; (b} diagram of inlernal forces,
internal laver armz and strut angle 5.

-

. muximom moments and zero shear and  discussed later in Section 5.1,

for simplicity be kept constant between For the D-regions it is necessary to
two adjacent peints of zero moments.  develop a strut-and-tie-model for each
Refinements of B-region design will be case individually. After some training,
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©Fig. 10. Load paths and strut-and-tie-model,

"Fig. 11. Load paths (in&iu&ng a "ﬂ%um"} and

varﬁ‘iimmde

this can be done quzte szmgiy De- .

veloping a strut-and-tie-mode! i5 com-
parable t choosing an overmll statical
system. Both procedures require soroe
design experience and are of similar rel-
evance for the structure,
Developing the model of a Dregion is
“much simplified if the elastic stregses
and principal stress directions are avail-
ahle as in the case of the example shown
in Fig, 8. Such an elastie analysis is
readily facilitated by the wide variety of
compuler programs available today, The
direction of struts can then be taken in

scoordance with the mean direction of

principy] compressive siresses or the
more fmportant struts and ties can be lo-
eated at the center of gravity of the cor-
responding stress diagrims, € and T in

"Fig. 9a, using the o, disgram given

there,

Hovever, even xf 0o elastic analysis is
available and thefe is no time to prepare
one, it Is easy.to learn to develop strut-
and-tie-models using se-called “load
paths.” This is demonstrated in more
detail by some examples in the next
section. :

3.1.2 The Load Path Method ,
First, it must be ensured that the outer
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{c}) strut-and-tie-models.

Fig. 12.1. A typical D-region: {2} elastic stress trajeciories; (b) efastic stresses; .
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" Fig. 12.2. Spectal case of the D-region in Fig. 12.1 with the load at the

corner; {b) elastic siresses; (¢} strut-and-tie-modeils.

equilibriam of the D-region is satisfied
by determining all the loads and reac-
tions {support forces) actingon it. In a’
boundary adjacent to 2 B-region the
loads on the D-region are taken from the
B-region design, assuming for example
that 4 linear distribution of stresses {p}
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exists as in Figs. 10and 11.

The stress diagram is subdivided in
such a way, that the loads on one side of
the strusture find their counterpart on
the otber, considering that the load
paths connecting the opposite sides will
not cross each other. The load paths

o
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Fig. !3 Tad xmdeis for the same case:
b} for etﬂwgonaz reirforcement.’

begin and end at the center of gravity of
the corresponding stress diagrams and
~ have there the direction of the applied
- loads or reactions. They tend to take the
‘shortest possible streamlitied way in
between, Curvatures concentrate nesr

{#) requiring oblzq&e reinforcement;

stress concentrations {support reactions
or singular laads).

. Obviously, there will be some cases
where the stress diagram is not com-
Pletely used up with the load paths de-
seribed; there remain resultants {equal

a} good b} bod
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Fig. 14. The good model (a) has shorter ties than the bad model (b}.

in magnitude but with opposite sign)

‘which enter the structure and leave it

again on Utum or form 2 whitl as iflus-

~trated by forces B ar Figs. 1] and 13a.

Until now, equilibriutn only in the di-
rection of the applied loads has been

‘comnsidered. After plotting all Joad paths -
“with smooth curves and replacing them

by polygons, frther struts and Hes moust
be added for transverse equilibrium
scting between the nodes, including
those of the U-tum,

While doing so, the ties must be ax

"ranged with proper consideration of
“ practicality of the reinforcement layout

{generally parallel to the concrete sur-

‘face} and of crack distribution regquire-
‘ments,

The resulting models are quite often.
kinematic which means that equilib-

“rium in a given model is possible only

for the specific Joad case, Therefore, the

" geometry of the appropriate model has
“to be adapied to the load case and is in

most cases determined by equilibrivm

conditions alter only a few struts or ties

have been chosen, .

A very powerful means of developing
new strot-and-tie-models for compli-
cated cases is the combination of an
elastic finite element method analysis

‘with the load path method, This com-

PCTJOURNAL May-June 1887

bined approach is applied in Fig. 12 and
the numerichl example in Section 5.2.1.

In Fig. 12.1 the vertical struts and Hes
are found by the load path method as
explained in the previous examples:
The structure is divided into a B-region
and a D-region. The bottom of the D-re-
gion is acted on by the stresses {p) as
derived for the adjacent B-region.

These stresses are then resolved into
four components: The bvo compressive
forces Cy + G, = F, which leaves two
equal forces T, and C, The forces G4
and C, are the components, respec-
tively, on the left hand and right hand
side of the vertical plane which is de-
termined by the load F. By latemlly
shifting the load components into the
given positions, transverse stresses are
generated.

The corrssponding horizontal struts
and ties are locsted at the center of
gravity of styess diagrams in typical sec-
tions which are derived from an elastic

analysis (Fig, 12.1b). Their nodes with - '

the verstical struty also determine the
poslmon of the dxagona! struts {see Fig.
12.1e)

The example in Fig. 122 shows that
the tie T, of Fig. 12.1e disappears, if the
load F moves toward the corner of the
D-region.

a3 |
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Fig. 15. The two most frequent and muét uselul strut-and-tie models:

3.3.3 Model Optimization

In Fig. 13 one load case has been
solved with two different models. The
Ieft part of Figs. 132 and 13b shows how

:they were developed by the load path
:method and how they are connected to
rthe overall sectional effects of the D-re-
‘gions, The ties T, and T, in Fig. 13a

'would require mclmed reinforcement,
which is undesirable from a practical
“viewpoint,

Therefore, z tie arrangement has been
chosen in Fig. 13k which can be satis-
Bed by an orthogonal reinforcing net
‘with the bars parallel to the edges.

Thereby, special methods such as those
given in Ref. 17, which consider devia-
tions of minforcement directions from
the principal stress directions, are not
needed.

Poubts could arise as to whether the
correct model bas been chosen out of
several possible ones. In selecting the
model, it is helpful to realize that loads
try to use the path with the Jeast forces
and deformations. Since reinforced ties
are much more deformable than con-
crete strats, the mode! with the least and
shortest ties is the best. This simple
eriterion for optimizing a model may be

{see also fig 35}

’ﬁg 16. One single type of a D-medel appearsin many different sfructures; here £our

‘examples are given.

POl .:OURNAUMawme 1987
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Fig. 17. (8) Deop baam on three supporis; (b} end of a beam or slab

with anchorages of three prestressing tendons, Both cases are
identical if the reactions in (a) and the pfestressing forcas in (b} are

equal.

formulated as follows:

) EFJ} €y = “iﬁiﬁlm

. where o
F,= force in strat or te
. {4, =length of memberi .
| €= mean strain of memberi

This equation is derived fiom the
principle of minimum strain energy for
linear elastic behavior of the struts and
Hes afier eracking, The contribution of
the concrete struts can geverally be
omitted because the strains of the struts
" are uswally much smaller than those of
the sieel ties, This criterion is also
* helpful in eliminating less desirable
" models {see Fig. 14). :

U OF course, it should be understood
that there are no unique or absolute op-
- timum solutions. Replacing a con-
Hauous set of smooth curves by indi-

viduyl polygonal lines is an approxima-

tion in itself and leaves amiple room for
subjective decisions, Furthermore, in-
dividua! Baput such as the size of the re-
" gion or reinforcement layout are always
different. But an engineer with some
experience in strof-and-tie-modeling
will always Snd a satisBetory selution.

Y

334 The Pedagogical Value of Mod-
clling ' ‘

Anyone who spends time developing
strut-and-tie-models will observe that
some types of D-regions appear over
and over again even in apparently very
different structures. The two most fre-
gquent D-regions, which are even related
to one another because they have
the same charscteristic stress distri-
bution along their centerline, are giv-
en in Fig. 153 with some of theix

- Yariations,

Fig 16 sbows applications of the first
type of model (Fig, 15a) to four different
structures: The distribution of cable
forces in a bridge deck (Fig. 16a); 2 wall
with big openings (Fig 16b); 2 box gird-
er with anchor loads from prestessing

_tendons {Fig, 16c); and a detail of inter-

nal forces in a rectangutar beam which
shows that stirups veed to be closed

{Fig. 16d). In all of these cases the pat-

tem of internal forces is basically identi-
cal.

To recognize such common features of
structures is of considerable pedagogi-
cal value and very helpful to the design
engineer. On the other hand, it is con-
fusing if the same facts ave given dif

ferent designations only because they
appear under different circumstances.
For example, the deep beam in Fig, 17
“does not care” whether its identical
loads result from supports or from pre-
stressing tendons. It, therefore, does not

react with "hending” in the one case
and with “splitting tension” in the other
case, but simply with tension and com-
pression,

Numerous other strut-and-tie-models
are found in Ref 3.

4. DIMENSIONING THE STRUTS, TIES AND NODES

4.1 Definitions and General Ruls

Fig. 18 shows some typical examples

of strut-and-tie models, the correspond-
ing stress trgjectories and reinforcement
layout. Node regions are indicated by
shading. Looking closely at these ex-
amples as well as those in the previous
and following sections, the following
eonchusions may be drawn:
Dimensioning not only meang sizing

- and reinforcing the individual struts and

ties for the forces they carry, but also

" .ensuring the load transfer between them -

by checking the node regions. There is a
close relation between the detailing of

. the nodes and the strength of the struts
" bearing on them and of the tes an-

chored in them because the detail of the
node chosen by the design engineer af-

~fedts the flow of forces. Therefore, it is
-necessary to check whether the strut-

and-tie-mode! initially chosen is still
valid after detailing or needs comrection.
Thus, modelling and dimensioning is in
principle an iterative process. -

There are basically three types of
struts and ties to be dimensioned: |

£,: Concrete struts in compression

T.: Concrete ties in tension without

reinforcement
'T,:Ties in tension with reinforce-
ment {mild steel reinforcement or
~ prestressing steel}

Thetre are essentially four types of
nades depending on the combination of
struts € and ties T {see Fig. 10}

CCCrnode

CCT-node

- CTT-node
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TTT-node .
The principle remains the same if

.. more than three struts and ties meet.

Struts and Ties

Whereas the T, are essentially linear
or one-dimensional elements between
two nodes, the C, and T, are two- {or
three-) dimensional stress fields, tend-
ing to spread in between two adiscent
nodes. This spreading, indicated hy the

. bulging of the struts in Figs. 18 and 19a,
“can result in transverse tensile and

compressive stresses which then must
be considered either by introducing
these stresses into the filure criterion of
the C -strats and the T ~ties or by again
applying a strut-and-tie-model to them
{see Figs. 18¢ and 18d}. Both approaches
lead to the same result. .
The struts in the model are resul-
tants of the stress fields. Since by defini-
tion the curvatures or deviations of the

" forees are concentrated in the nodes, the

struts are straight, This is, of course, an
idealization of reality, If donbts arise
whether by doing so in 2 highly stressed
structure some tensile forces are not
sufficiently acconnted for, the straight
lengths of the struts can be reduced -
either by refining the mode] itself or by
smearing {or spreading} the node over a
substantial length of the strut {see for
example Figs. 18a2 and 18b2),

To cover all cases of compression
fields including those of the B-regians,
three typical configurations are suffi-
cient:

(a} The “fan” {see Fig. 20a},®
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£2} sot reinforced

€3} reinforced

, mespondmg reinforcement {if any is provided).

-

R g 18 Som typical examples of strut-and- -tie-models, the;: shress ﬁekis nodes and

{b) The “bottle” {see Fig. 20b}.

{c) The “prism™ or parallel stress
field {see Fig. 20c), being the limit
case ofboth o = O and bia = 1.

Nodes

The nodes of the model are 4 simpli-
fied idealization of reality. They are
formally derived as the intersection
points of three or more straight struts or
ties, which themselves represent gither
straight or curved stress fields or wein-
forcing bars er tendons, A node as intro-
duced into the mode!l implies an abrupt
change of direction of forces. In the ac-
tual reinforced conerete structure this

_deviation usvally oecurs over a certain

length and width,

1f one of the strots or ties represents a
cuncentrated stress field, the deviation
of forces tends %o be loeally concen-
trated also, On the other band, for wide

- conerete stress felds joining each other

or with tensile ties, which consist of
many closely distributed reinforcing
bars, the deviation of forces may be
smeared {or spread) over some length,
Therefore, in the former case the nodes
are called singular {or concentrated)

" nodes, whereas in the latter case they

are’ called smeared {or continuous)
nodes. Nodes A and B in Fig, 18a) serve
as typical examples of both types of
nodes,

41} © 42} strts not reinforced

43} struls reinforces

e,
P

Fig. 18 {cont), Some typical examples of strui-ang- iie»-models, their stress fields, nodes
and corresponding reinforcement fif any is pmwded)
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Fig. 19, Examp%% of tha basic ty;aes of nodes: {a) CCC-nodes. deafized hydrosta{tc”
singuiar nodes fransfer the congentrated ioads from an snchor plate {a,} or bearing plate
{80} into (bottle shaped) compression figlds; (b} CCT-nodes. A diagonal compression
strut and the vertical support reaction are balanced by reinforcement which is anchored
.. by an anchor plate behind the node {b,}, bond within the node (b}, bond within and
behind the node (bs), bOnd and radfa! pressure 0.).

Failure Criteria for Concrete

The strength of the concrete in com-
pression Belds or within nodes depends

&y a large éxtent on ity multiaxial state of

stress and on disturbances from cracks
and reinforcement,

(2) Transverse compression is favor-
able especially if it acts in both trans-
verse directions, 25 for example in con-
Bned regions. Confinement may be pro-
vided by transverse reinforcement or by
bulk concrete surrounding a relatively
small compression fleld {see Fig. 21},

{b} Transverse tensile stresses and the
oracks caused by them are detrimental ®
The roncrete may fail considerably
below its eylinder strength if the tans-
verse tension causes closely spaced
cracks approximately parzllel to the
principal coropression stresses such that

the prisms between those cracks are
ragged and narrow. The reduction of
compressive strength is small or noms-
nal ifthe tensile forees are carried by the
reinforcernent and the cracks are wide
enough apart.

(¢} In particular, eracks which are not
parallel to the compressive stresses are
detrimental,

In 1982, an empirical formula for cal-
culating the strength of paralle] concrete
compression fields with transverse ten~
sion was published by Collins et al,®
and 2 vears later a similar formula was
introduced into the new Canadian
CSA-Standard A 23.3-M 84.¢ These
formulas summarize the influence of
such significant parameters as cmack
width, crack distance and crack diree-
tion by the transverse tensile straln ¢

A

i

Fig. 19 {cont.). Exampiss of the basic types of nodes: {c) CTT-nodes. A compression

shrut is supported by two bondad reinforcing bars {c,), respectively, by radial pressure

abonded tie, .

" PCLJOURNALMay-June 1987

+ from a bent-up bar {g,); {d} TTT-nodes, as above with the compression strut repiaced by
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which, however, is not readily available
in the analysis,

For practical purposes, the following -

simplified strength values of J2, are
. proposed for dimensioning all types of
" struts and nodes:

fi = 10 fp for an und:sturbe& and’

_uniaxial state of compressive
stress as shown in Fig, 20¢;
Fo = 08 {0 if tensile strajps in the
cross direction or transverse ten-
. sile reinforcement may cause
cracking parallel to the strut with
normal crack width; this applies
alse to node regions whers ten-
sion steel bars are anchored or
crossing {see Fig. 19b);

£4 = 06 £ as above for skew oracking

- or skew reinforcement;

F& =04 f.ut for skew cracks with ex-
traordinary crack width, Such
"eracks must be expected, if mod-

. olling of the struts departs signifi-

: c:m!iy from the theory. of elastic-

- ity's Bow of fwternal fordes {e.g,
due to redistribution of intemal

- forces in order to exploit a.
axisiam pltimate capacity).

' - Fig. 20. The basic compression fields: (a) the “fan”; (b) the "bottie”; {c) the “priso”.

Note that f,; denotes the concrete

sompressive design strength, which is

related to the specified compressive

strength £, and which in tum depends
on the safety factor of the designated
code of practice. According to the CEB

Code, f,, is determined by:
_o0ss g
‘fm .

where :,r; = 1.5 i the partial safety factor -

for the concrete in compression and the
coefficient 0.85 accounts for sustained
loading. In the CEB Code,” ¢ = 1.0 in

all cases and the load factors for dead
and live loads are l 35 and }. 5, respec-

tively.

The incresse in stxength due to two-

or three-dimensional states of compres-
sive stresses may be taken inte account
if the simultaneously acting transverse
compressive stresses aré cnmidsred re-
Habie. :

Skew cracks are not expected, if the .

theory of elasticity is followed suffi-

" ciently closely daring modelling. This

means that the angle between struts and

ties entering 2 singular node should not

reinforcement

Fig. 21. Confinement (a) by the surrounding concrete; (b) by
reinforcement increases the design compression strength F7,.

be too small. However, skew cracks may

also be left over from a previous Joading

case with a different stress sityation.
Before deciding on one of the given

strength values, both transverse direc-

tions must always be considered.

General rule

Since singular nodes are bottlenecks
of the stresses, it can be assumed thatan
entire D-region is safe, if the pressure

mnder the most heavily loaded bearing.

plate or anchor plate is less than 06 £,
{or in vpususl cases 0.4 f,,) and if ol
significant tensile forces are resisted by
reinforcement and further if sufficient
development lengths are provided for
the reinforcement. Only refinements
will be discussed in the following Sec-
tions 4.2 throngh 4.5,

- 4.2 Singular Nodss

Singular nodes equilibrate the forces
of the ties and strats acting on thewm rel-

- atively abruptly as compared to the

smeared nodes. The deviation of the
forces ovcurs over a short length or small

area around the theoietical nodal point.

Such nodes originate meainly from single
loads or support reactions and from con-
centrated forces introduced by the
reinforcement through anchor plates,
bond, or radial pressure inside bent
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reinforcing bars such as loops. Fuar-
thesmore, geometrical discontinuities
{e.g., reentrant comers) can cause stress
cancentrations which are represented
by a singular node,

Although numerous possibilities exist -
for detailing nodes {and despite the fact
that they all behave somewhat differ-
ently}, in most cases their forces balance
each other in the interior of the node
throngh direct concrete compressive
stresses, which is a helpful observation.
The ideal tie anchor {with a plate}
transfers the load “from behind” and
thus causes compression in the node
{Fig, 1gb,}. Also, bond is essentially 2
load trausfer via concrete compressive
stresses which are supported by the ribs
of the steel bar (Fig. 19b, and b,) and by
radial pressure in bent bars {Fig. 19h ).

Even in these cases the flow of forces
can he visualized by strut-and-tie-
models with singular nodes at the ribs of
the bar, If these muodels reqnire concrete
tensile ties, this is valuable information
for the design engineer. However, for
practical purposes, the anchorage and
lap lengths of the applicable codes of

© practice should be used.

In summary, then, dimensioning sin-
gularnodes means:

{8} Tuniug the geometry of the node
with the applied forces.

For CCC-nodes it is helpful, though
not at all mandatory, to assume the bor-
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| desline to be perpendicular to the re-
sultznt of the stress field and the state of

stress within the interior of the node to.

be plase hydrostatic. In this particular
case the unequivocal geometrical rela-

tion 4, gy 6y = Gy €y Oy results (Fig.

"19s,), which may be used for dimen-

- sioning the length of the support or the
width of an anchor plate. However, ar-

rangevaents of forces which lead to
stress ratios down to 0.5 on adjucent

edges of 2 node are satisfactory. De-
parting even more from hydroestatic
stress and still disregarding the
nonuniform stress distribution in the
node may lead to compatibility stresses,
which are not covered by ‘the strength
values given above.

When designing a smgular o 04 o

node, the design engineer must be
aware that the curvatore ofthe load path
and the corresponding compression

v lanert - lpeet®9)
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field is largest at the prigin of the con-
centrated load, ie., next to the bearing
plate or aochor plate (see Figs. 9 and
10}. The ties and plates should be ar-
maged sccordingly.

{b} Checking whether the concrete
pressures within the node are within the
Limits given in Section 4.1,

“This condition is automatically satis-
fied for the entire node region, if the
stresses along the borderlines of the

node do not exceed those limits and if |

the anchorage of the reinforcement in
the niode is safe. H the reinforcement is
anchored in the node region, crmcks are
possible. and correspondingly the con-
crete strength for cracked conctete
applies.

For CCT-nodes with bonded rein-

. forcementarranged according to Fig. 22,

a check of concrete stresses &y, TESPRC-
tively, ¢, in the adjacent compression
struts is sufficient. Since in most cases it
is apparent from the geometry of the
node which pressure out of the tweo
struts controls, only one of them needs
to be analyzed. An analysis on the basis

~of Fig. 22 rewards reasonably the ar

rangement of multilavered reinforce-
ment distributed over the width o, {Fig.
2%a) compared with 4 tie consigting of
one layer only {Fig 29b and d).

¢} Emsuring a safe anchorage of ties in
the nodes {except for CCC-nodes),

In the case of anchor plates, this in-
volves a check of the bending strength
of the anchor plate and of the welded

connection with the tie. In this case a

smooth surface of the tie where it éross-
es the pode is better than good bond
quality because strain compatibility

- with the bonded bar will tend to crack

the node’s conerete.

In the case of directly anchored rein-
forcing bars, heek or loop anchorages
{with cross-pressue in CCT-nodes) are
preferted. Genenally, the minimum
tadiug altowed by the applicable code is
selected.

For straight bar anchorages, the
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length of the snchorage is selected fol-
lowing the designated code. The design
engineer must ensure that it is located

within and “behind” the node (Fig. 19h,

and by). Anchorage begins where the
transverse compression stress trajec-
tories of the struts meet the bar and are
deviated; the bar must extend to the
other end of the node region in order to
catch the outermost fibers of the de-
viated compression stress field (Fig,
Isbgs C;):

4.3 Smeared Nodes

Since D-regions usually contain both
smeared and singular nodes, the latter
will be eritival and a check of concrete
stresses in smeared nodes is unneces-
sary. However, if a smeared CCT-node
is assumed to remain wncracked, the
tensile stresses of the corresponding
concrete stress field need to be checked
{Section 4.5}. An example of this case is
Node 0 in Fig. 181 zmd the stress ﬁeld
in Fig. 18¢2.

Safe anchorage of reinforcement bars
in smeared nodes must be ensured fol-
lowing the rules for singular nodes

{Section4.2).

4.4 Concrete Compression Struis
— Stress Fields C,

The fan-shaped and prismatic stress
fields do not develop transverse stresses
and sccordingly the uniaxial concrete
strenth £, applies, If transverse stresses,
cracks or tension bars cross the strut, the
strength may be based on the values
given in Section 4.1,

The bottle-shaped compressmn stress
field {Fig, 20b) applies to the frequent
case of compressive forces being intig-
duced into concrete which is wnrein-
forced in the transverse direction.
Spreading of the forces causes biaxial 6r .
triaxial compression under the load and,
transverse tensions farther away. The
transverse tension {combined with loti-
gitudinal compressive stresses} ean fe-
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- sult in early failore. Again, the failure

eriteria from Section 4.1 apply.

The peneral rule given at the end of
Section 4.1 usually makes the caleula-
tion of stresses within the stress field
unnecessary, However, for questionable
cases, computational aids sheuld be
provided to facilitate the safety check.

As an example, Fig. 23a shows dia-
grams for checking plane bottle shaped
stress flelds in D-regions.’®15.4% This

" stress feld can be characterized by the

width ¢ of the anchor plate, the
maximum width b available in the
structure for the stress field and the dis-
tance I of the anchor plate from the sec-
tion where the stress trajectories are
agein parallel (soe ¥ig. 23b and also Fig.
206}, The diagram for compression
fields without transverse, reinforcement
{hold line) is based on an elastic

- analysis, 3 conerete tensile strength of £, -

= £:115 and a biaxial compressive tensile
failure criterion as given in Fig, 28b.

It cén be seen, that for certain geomet-
sical relations a pressure at the anchor
plate as low as 0.6 f; could cause crack-
ing, However, the hilure load of the
struat is nsually higher than its eracking
foad. A comparison of test results shows
that the diagram generally appeass to be
considerably on the safe side and
further research in this avea is required.
Better knowledge is also needed on

. substantially nonsymmetrical stress

fields which originate from singular
nodes with tension Hes crossing or an-
chored there. Comparisons with test re-
sults suggest that checking the singular

node {Section 4.2} and applying the

dingrams of Fxg 23 is also safe for those
cases,

The bottle shaped stress field pro-
vides a safe lower bound for unvein-
forced compression struts, whereas an

indiscriminate spplication of the theory |

of plasticity o cases such as those shown
in Fig. 7 (mainly Fig Ta) would permit
prismatic stress Belds between two op-
posite anchor plates with 1.0, as a fail-
ure stress and could lead to s premature
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failure.

For compression struts with trans-
verse reinforcement the failure loads
analyzed with the model in Fig. 23c are
also given in Fig. 23a. It can be seen that
a reinforeement ratio:

{where g, is the cross section of rein-
forcement per unit length} approxi-
mately compensates for the tensile
strength of the concrete.

If it is desired not to rely so heavily on
the concrete tensile strength, lower
reinforcement ratios may be used with
reduced values ofp Jf,, as shown in Fig,
23a,

The compressive strength of compres-
sion reinforcement may be added to the
concrete strength if the reipforcement is
prevented from buckling.

4.5 Concrete Tensile Ties — Stress
Fields T,

In the case of uncracked tensile stress
fields, the tensile strength of concrete is
used. Although it is difficalt to develop
design criteria for this case, it would be
even worse to maintain the formalistie
view that the tensile strength of con-
crete cannot and therefore must not be
utilized. Following the flow of forces
gap free and consistently with strut-
and-tie-models will inevitahly show that
equilibrium can frequently orly be
satisRed if ties or tensile forces can be
accepted in places where, for practical
reasons, reinforcement caunot be pro-
vided, i.e., if the tensile strength of con-
crete is utilized. ® It should be apparent
that no anchorage, no lap, no frame
corner, no slab without stirrups and {as
shown} no unreinforced strot or com-
pression member ¢an work without

.using the tensile strength of conerete.

Unfortunately, most codes of practive do-
not recognize this fact and, therefors,
surrogates such as bond, shear



and other misnomers have been intro-
duced. As a resdlf, codes bave become
waduly imprecise and complicated.
Until further research work is avail-
able in this field, the fllowing simple
guidelines are proposed, which appear
to yield safe rem}ts when compared to
tests: '
. The tensxle strength of concrete
" should only be utilized For equilibrium
forces where no progressive failure is
espected. Thereby, restraint forces and
microcracks have to be taken into ac-
ovuat, even in “uperacked” and un-
Inaded conerete. As shown in Fig. 24,

redistribution of stresses which avoids.

progressive cracking may be assumed to
be possible if at any part of the stress
© field a cracked failure zone with an area
AA, can be assumed, without the in-
-creased tensile stresses in the remaining

R fi’i
. Asa prehmmary pmposal. it is eug-
gested that: :

AA =4d3 ami 33,‘,,11{)

whem
Ay= areacf tensﬂ:e zone and
d, = diameter of largest aggregate
‘ngmssive failure of a section or
membier generally starts from the
periphery of structures in the case of
steep stress gradients, as for example in
;h; bendmg tensﬁe zone of beams €F;g
3
" The tensile stresses may be analyzed
with a linear elastic materials law, Stress
peaks in the outer Shers or 4t failure
zones may be distributed over a width of

5 om (2 in.} but not more than 3d,arule

which finds its justifivation in Fmcture
mechanies of concrete, t*
The design engineer will have to ée*
- ¢ide case by case which faction of the
tensile strength can be used for carrying
loads and which fraction has been used
up by resirsint stresses. The latter
stresses are usually large in the longitu-
{imal direction of a stmactural member
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section execeeding the 1ensxle strength

ax:cf at its surface, but are smaller in the

transverse diréetion and in greater
depth.

If the tensile stress Reld is emssed by
a compression field, the reduced biaxial

strength must be considered. The graph

{sce Fig. 26¢) provides 3 safe assump-
tion,

4.6 Reintorced Ties 7,

Usually, reinforcing steel should be
provided to resist tensile forces. The
axis of the steel reinforcement must
coinride with the axis of the tie in the

" model, The dimensioning of these Hes is

quite strightforward; it follows directly

- from the cross section A, (reinforving

steel} or A, (prestressing steel) and the
vield stiength £, andf,, of the respective
steels: .

Tsafy +A,0F,

Since it is proposed here (see Section

5.3} to introduce prestress as an external -

load into the analysis and dimensioning,
the acting tie force T, is the resalt of all
external loads {including prestress},

_Then, however, part of the strength of

the prestressed steel is already utilized

by prestressing and only the rest, Afpis

avaiiabie to resist T,.

4.7 Sefvineahiiﬁy: Cracks and
Deflections o

If the forces in the reinforced ties
under working loads are used and their
effective conorete area A, as defined
in the CEB Model Code® or in Ref 194
attributed to them, the known relations
for crack contrel can be applied direct-
by 2046 {n principle, it is proposed that
the same model be used at the uitimate
limit siate and the sssrvwsahx!m limit
state,

In very critical cases it may he ad~
vantageous to select 2 model very close
to the theory of elasticity, i.e., to provide
reinforcement that follows the path of

the elastic stresses. However, proper .
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Fig. 24. Assumgption of a fallure zone for the check of the tensile
strength of a concrete tensien tie 7.
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Fig. 25. Progressive faiflure of & beam because of a local failure zons, which

increases maximum tensile stresses o,

detailing (provision of minimum rein-
forcement, adequats selection of bar di-
ameters and bar spacing) is usually bet-
ter than sophisticated erack caleula-
tions.

Having determined the forces of the
model, the analvsis for the deformations
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mffgg)fgg,

is straightforward. Since the pontribys
tion of the coperete struts is usual
small, it is sufficient to use a mean valud
of their cross section even though th
varies over their length. For the ties
tension stiffening follows from the
above crack analysis, .
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‘ Fig. 26. The biaxial mmgresmve-ﬁens&e strangth of concrete and two

simplified assumpiions for ana?yﬂcal appiscanan

48 Gone!u&ing Remarks

ples have been set forth in this chapter,
much research work remains te be done

with respect to the more aceurate di-

mensioning of the concrete ties and

struts. This, however, should not pre-.

elude application of the proposed pro-
cedure as a whole, Current design
methods of D-regions are, in faot, worse

because they simmply ignore su{,h un-

solved questions,
Following the How of forces by strut-

and-tie-models is of considerable value |

~ even if used only to find out if, and
. Despite the fact thay the major princis

where, reinforcement i3 needed. In a

structure with reasonable dimensions

which is not over-reinforced, the con-
crete compressive stresses are usually
not the main concern, Furthermore, it is
much more important to determine
where the tensile strength of the con-
crete is utilized, and then to react with
reinforcement if possible, thau to guan-
tify the strength of the concrete ties.

~ In the next chapter the application of
the foregoing principles is elabomted

upon with many design examples.

5. EXAMPLES OF APPLICATION

With an unlimited number of exam-
ples it might be shown, that tracking
down the intemal forees by strut-and-

tie-mudels results in safe structures and

quite often provides simple solutions for
problems which appear to be rather
eomplicated, It should, however, also be

admitted that it sometimes takes some

effort to find the appropriate medel,
. -However, the strut-and-tie-model is al-
| ways worthwhile because it can often
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reveal weak points in a structute which
otherwise could remain hidden to the
desiga engineer if be approaches them
by standard procedures,

The major advantage of the method is
4o froprove the design of the critical D~

regions. However, the authars also be-
leve that the concept will lead to more
realistic and workeble codes of practice

alsa for the Beregions. Therefore, the .

B-ragions are first discussed here by ap-

Fig. 27. Various cross sections of beams and their webs.

plying truss or strut-and-tie-models to
them. Thereafier, some D-regiens are
treated (see Refs. 1. and 3 for additional

- design examplesy

Finally, the basie approach to pre-
stressed concrete is discussed and iltos-
trated with several examples,

5.1 The B-Regions

The plane rectangnlar webs consid-
ered here apply not only to beams with
rectangular cross section but may also
be part of 2 T, I, double tee or box beam
(see Fig. 27}, The shear loading may re-
sult from shear forces or from torsion
{see Fig. 28), the axial forces from ex-
temal loads or prestress (see Suctxon
5.3)..

As discussed ahove, the web of a B-
region modelled with the same criteria
as proposed for the strut-and-te models
of the D-regions would in most cases

- lead to a standard truss {Fig. 8), with the

inclination § of the struts oriented at the
inclination a of the principal compres-

" sive stresses according to the theory of

elasticity,
The design of beams for bending,
shear and torsion is then nothing more
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Fig. 28. Shear forces as a result
of torsion,

than the well known analysis of the toass

forces and the check of the compressive

stresses of the concrete and the tensile
stresses of the reinforcement. Sinee this
analysis of the truss includes the choxds,
possible problems like the staggering
effect or the guestion why both chords
are simultaneously in tension at the
points of inflection {moments = 0, shear
forces £ 0} are solved automatically,

1
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strut-and-tie-model analysis, corresponding to Fig, 33, Ref. 15.

It should be mentioned also, that in
%ccntmst to the bending theory, truss
‘models are capable of dealing with
gst:resses perpendieunlar to the beam’s
‘axis and varia!s!e" shear forces along the
ams

{Note that these shear forces are not
mnpanble with Bernoulli’s assumption
cf plane strains as defmed for the
i}~regmns )
¢ Why then, if everythmg appears to be
iso siraple, is there a “shear riddle™ and
ywhy has the “shear battle” been waged
Hor so many decades, In fact, the endless
discussioris on shear could be “put to
hed” if design engineers contented
ithemselves with the same level of accu-
§‘!’éb::j»’ {and simplicity) in the B-regions as
‘they do for the D-regions.

" Since in principle it makes no sense to
design B- and D-regions, which are
parts of the same stracture, at different
“levels of sophistication, there would be
;very good reasons for such 2 comparable
‘accuracy in every aspect of the analysis.
"However, at present this seems not to be
‘sppropriste mainly because of historical
teasgns, ie., since 50 many researchers
have invested so much time investigat-
.ing the B-regions, they have found that
{under certain conditions} savings in
stirmup reinforcement are possible com-
pared to simple truss design.
. Fig. 29 shows the well known plot (in’
dimensionless coordinates) of the ulti-

" mate shear forces V, versus the amount

of stirmups a, {cm%’m} Tequired to canty V,

. for beams in pure bending and shear, If

" the straight line according o the truss
amoda] with 45 degree struts (Morseh) is

“gompared with the compiled test re-
sults, it is found that 3 large discrepancy
results, mainly in the region of lmv to
- medivm valuesof V. :

The discrepancy is reduced if smal}ex
angles of inclination of the struts than
those taken from the elastic stresses at
the neutral axis are assumed. In fact,
from test results it is observed that the
angle. o of the initial crack from pure
shear can be up to 10 degrees less than
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45 degrees, depending on the amount of
stirrup reinforcement and the width of
the web expressed by b /b. If, in addi-
tion, avial compressive forces such as
prestress act, e is a priori smaller then 43
degrees but deviates less, that is, the
smaller o, the closer it is to the angle

given by the theory of elasticity. 1

However, the fact remains that the
explanation of the real stirmup stresses
only by the standard truss would imply
the assumption of struts with less than
realistic inclinations, in extreme cases
down to @ = 15 degrees. Other known
explanations are also not satisfactory: An
inclined compression chord would si-
multaneousty reduce the inner lever amn
z, which is not compatible with the B~
region assumphion of plane strains and
can, therefore, develop only in the D-
regions which extend from the supports;
the pure arch or direct struts with tie ao-
tion can only be applied if the He is not
bonded with the surrounding conerete
or to “short” beams, ie., beams without
B-regions; the dowel action of the rein-
forcement, though leading in the right
direction, can only to a small degree be
responsible for the effect under discus-
sion,

What does reaﬂy happen in the web?
On the following pages it will be shown,
that it is the concrete’s tensile strength
and aggregate interlock in the web
which really canses the reduction of the
stirrup stresses. Readers who are satis-
fied with this explanation or with the
pure truss design of B-regions may now
jump zhead to Section 3.2. The authors
wrote what follaws not with the inten-
tion of adding one more paper to the
shear dispute, but only to show the b
fectiveness of the strut-and-tie-model
approach even for such cases.

After the principal tensile stresses
have reached the tensile strength of the
conerete, the web cracks at angles as
discussed above, Consequently, fol-
lowing the direction of the load, indi-
vidual pieces of the web, unly con-
trolled in their movement by the
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' Fig. 30. Intermal forpes in the web due to shear: (a) kinematics of load path 1 if acting

alone {0 = a); {b} through (c} load paths 1 and 2in the web if acting cornbined (8 < a}..

flanges, try to fa1l down. There, they are
caught by the stirmps which hang up

 the load via T into the adjacent piece
evoking C in the struts for vertical equi-
libriem (Fig. 30a). The chords {or
flanges) provide borizontal equilibrium
with additionial tensile forces AF. This is
the pzineipal load path 1, if the con-
 grete’s tensile strength is disregarded
{Fig 30b).
~ Looking closer, it is recognized thiat
the kinomabties as described evoke an
additional load path 2 (Fig, 300} which
combines with the load path 1 {Fig. 30b)
but which is usuvally neglected: The
vertical movement ¢ has twe compo-
nents, the crack opening v petpeadic-
alar to the ctack and a sliding A pavallel
to the creck {Fig 31}, The sliding A is
obviously resisted by aggregate inter-
“Jock in the crack and it appears reason-
_ab}e to aszsume, that the registing force B
acts in the dizection of A, i.e., parallelto

the erack, The force R has two compo-

nents, 2 compressive foros G, with an
inclination ¢ < « and .2 conerete tensile
force T, perpendicular to it {Fig. 32}
'.&gam, the cherds are aetwated

14

e equzhbnum,

Both load paths jointly can’y the load
and therefore their combined compres-
sive struts together assume the fucliva-
Hion § = « As long as it ean be sustained
by the concrete, the concrete tensile
force perpendicular to the struls is re-
sponsible for the fact that the stirnups
need to cairy only part ef the shear
loads. However, it also vauses the con-
erete of the struts to be biaxially loaded,
thus either reducing their compressive
strength or resulting in 2 second amay of
cracks with inclinations less than o, de-
pending on the load case. Only 4 = o
does load path 2 disappear (Fig. 30a).
When this occors the compressive struts
are uniaxially Joaded and can therefore
develop their maximum strength.
Therefore, the maxiomm eapacity of a
beam for shear forces is achieved if the
struts are paraliel to the eracks and ifthe
corresponding large amount of stirrups
iz provided.

- What can so simply be d&scnbed in
words must also be accessible to a rela-
tively transparent analysis. This is pos-
sible, if the compatibility between load

paths 1 and 2 is solved by plastic su-

perposition of both the stirup and the
Junterioek forces, making use of the fact

that sggregate interlock is sofficiently
duntile. However, since a biaxial failure

«criterion for the concrete bas to be ap-

plied, a reproduction of the apalytical

.description (Ref. 15) would go beyond

the seope of this paper. The result is

plotted in Fig. 33 and compared there
. with results from experiments.

Tt is important fo note that the beam
“remembers” the ipitial inclination « of

.the diagonal cracks. This permits the

Iugieal introduction of the effect of pre-
stress into web design, resulting in sav-
‘tngs of stimup reinforcement but also in

-&n eardier compressive strut failure.

‘The analvtical curve in Fig, 33, which

: gives also the actnal inclinations 8 = o9s

a function of ¥, must be cut off before it
intersects the abscissa (where 8 = oi2),

‘because a minimum of stirrup reinforce-
- ent is necessary in order to guarantee
" that a truss model can develop at all, As
“shown in Fig, 34, it is necessary to avoid
- that the flanges separate fom the web
. after a diagonal crack has formed,

Of course, the longitudingl and trans-

. verse spacing of the stirmups must farther
“be limited to ensure a parallel diagonal
‘ gompression Reld, If the spacing Is too
- large, the smesred diagond] compres-
. sive strength may be less than that tsken
for Fig, 33, because the stresses con-

centrate in the nodes with the stinups

{Fig 35,

To use load path 2 in the practical de-
sign of the webs of Byegions — if it is

- considered desirable to be more sophis-
- Hieated there than in the D-regions,
‘where aggregate interlock or the com-
‘grete tensile streagth is neglected —
~simple diagrams way be derived from
- Fig, 33. Even easier (and corresponding
.to the present CEB Model Cade), it may

be sufficient to reduge in the “low shear
range” the acting shear force for stitrup

“design by an amount which is atiributed

te Joad path 2.
For that purpose, it may be sufficient
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y =verlical movement

w = CTack Spening
& =sliding

Fig. 31. stpiaoemetﬁs in the web because
of the crack.

I = resuttant of the tension field
€= resultant of the compression field
R = force of the cugregate interlock

Fig. 32, Aggregate interlock force R and
corresponding compression G, and tension
T.in the concrete.

to replace the curved branch of the dis-
gram in Fig. 33 by a straight line. It iz
only important that the design engineer
is aware that reliance is-placed on the
concrete tensile strength-in the web if
this method is uvsed to reduce the re-
quired amount of stirrups. Fig. 28 com-
pares the amount of stirmup reinforcer
ment derdved in this way from the strut-
and-tie-mode] with that from different

“rodes and tests.

One might also ask whether the full
design strength f,, can be exploited in
the compression chord of o beam, be-
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cause the chord is subject also to tensile

steatns in both bansverse directions. In

" the horizontal divection such strésses

| are guite obvyious in the flange of T-
beams with transverse bending and
‘transverse tension from the flange con-

" mection. In addition, there is vertical
tension from compatibility with stirmap
tensile strains. Some cross tension also
exists in both direetions in rectangular
beams {Fig. 35}.

"‘The neglect of this fact #n practical de-
sign is to some extent balanced by the
usual neglect of the staggering effect in

- the compression chord, which reduces

the forces in the compression chord as.

much as it increases the tension chosd

forees. However, if the chord forces are’

correotly derived from the truss model,

-the compression strepgth should be as-,

sumed fo be only 0.8 §, according to

- Section 4.1,

Caonsider, in addition, a special but

- very frequent B-region, namely, beam or .

column with rectangular cross section
loaded by an axial force in addition to

shear forces and bending moments. This |

ecase is typical also for prestresséd
beams, If the axial force is large enough

+ to keep the resultant of the normal force

£ompression chord

-—stirrup

Is‘ E;: 30

tension chord

* Fig. 34, A minimum amount of stirrups is hecessary to tie

together the web and the flanges.

and of the moment within the kem of
the cross section, the standard truss

model no longer applies. Instead, all
internal forees, including the shear force
V, may be represented by a single in-
clined compression strut ag in Fig, 36b.
" Looking closer at the trangition be-
tween such special B-regions and those
represented by the trusy model, it is
found that the compression stresses dis-
tributed over the whole section have to
converge into the narrow compression

PCLIOURNAL May-June 1887

Fig. 35. The compression strut in the web with stirnps.

chord of the adiacent B-region, thereby
creating transverse tensile stresses,
These stresses can be assessed by the
more refined model in Fig. 36c. Sticrups
way be used to cover them; however,
the model shows that tensile forees are
inherently quite different from the shear
forces in other B-regions but similar to
those in the bottle shaped compression
strot.

Speakmg of B-mgxon design, there
rempaing the issue of “beams without
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shear reinforcement.” Subdividing sach

‘beams into B- and D-regions first of all
reveals that an arch-and-tie explanation
only applies if the two D-regions of the
opposite sapports touch, leaving no sig-
nificant B-region in between (see also
Fig. 38a). Unbonded tensile chord re-
inforcement also stimulates arch-and-tie
action, in other words it increases the

‘length of the D-regions, The web of a

real Bregion, however, ean carry shear
Ieads only with the help of the con-
crete’s tensile strength. There are sev-
eral approaches based on rational mod-
els to exploit this finding, 1345

Again, as above, aggregate interlock is
involved and, thercfore, an analytical
solution is rather complicated. On the
other hand, the design engineer must
know and understand what actually
happens. Thus, it would realistically ro-
flect the present situation to replace the
permissible shear stresses of the cument
codes by the equivalent permissible
conerete tensile stresses. Unfortunately,
the stresses in the web are not uniformly
distributed, Therefore, calibrated aver-
age admissible tensile stresses must be
given in vodes.

For completeness, it should be men-

tioned that a B-region contains several
miero-D-regions, which again can be
understood 20d designed with strut-
and-tie-models. Fig. 35b shows why a
stirrup must be closed on the top and
hottom in a rectangular beam in order to
take the cross tension from the strut

support.

5.2 Some D-Regions

$5.2.1 Deep Beam With a Large Hole
{Numericsl Example)

Given:

Dimensions {(see F:g. 3?&}

Factored load F,=F = 3 MN

Concrete compression design strength
Foa=17MPa

Reinforcement design yield’ strength
Foe =434 MPa

Required:
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Strut-and-tie-modsl

Forces in the sbruts and ties
Dimensioning of ties: reinforcement
Check of stresses of critical struts and
nodes

Reinforcement layout

Saoluation:

(1} External equilibrium: reactions
' 2.5 .
A=3x 5~ = 1O7TMN
=3x g = loTME

45 ;
B=3x %»1.93!&1.%

F,=A +B =300 MN
{2} Elastic stress analysis

This is a rather complicated structure,
If the design engineer is not yot suffi-
ciently experienced with modelling, he
will first employ an elastio finite ele-
ment program and plot the elastic stress-
es {see Fig. 3Th) for orientation of the
strut-and-tie-model.

(3) Modelling

The whole structure is essentially one
D-region. Two short B-regions are dis-
covered in the linear parts to the left and
below the hole {see Fig, 37c)

The load path connecting the reaction
B and jts counterpart within F is readily
plotted (see Fig. 37c). The positions of
Nodes 1 and 2 are typical (see Fig, 15)
and the forces C and T balancing these
nodes in the horizontal direction are
thus also given, '

Before continging modelling on the
lelt side, the right side may be finished:
The strut between Nodes | and 2 will
spread and cause transverse tensile
forces as sketched in Fig 37d; option-

*ally, it can be treated as a hottle shaped

stress field as skeiched in Fig. 37b and
deseribed later on,

Now the left side’s boundary forces
are cleady defined {Fig. 37e) and it can,
therefore, be modelled independently
from the right side. (In passing, it may
be mentioned that the fictitious separa-
tion line between the two sides is where
the overall shear force of the derp beam
is zero and the beanding moment is
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Hpaximuni, Therefore, on:iy the horizon-  the respective tie forces is given in the
forces T/ =/ L/ connect the two  1able below.
ides.}
F‘omss C szi & meet at Node 3 and Force | Req'd,
eir resultant is given. From the bottom Tie | [MN1? | A, lcm?] Use & [m}
e reaction A enters the structure verti- -
. gx_:a!lv and it is assumed that it remains in 107 246 1847
— %;lse d;;ectmn until 1tﬂﬂhas passed $e T, | 0535 | 123 (427
S he B -region is thus 3 centrically s )
1 "}ﬂade*d cobumn. L (0585 | 133 1447
% ______..i © In fact, part of the reaction 4 could T, | 0535 |- 123 [2x743 ;| 0.08
- 3 : i SR 1 ‘also he transferred via the B,-région by - -
% i - r"“""" fbendmg moments and shear forces. T, | 0535 | 1233 (2544 | 03
g U T | i _ /Comparing the axial stiffness of B, with | T, | 107 246 [2x7#5 | 008
= X 1 S | the bending stiffness of B,, this part is | : _
2 . S -— ‘obviously negligible. This fact is also T | 107 | 246 |2x7e5 | 5.8
£ z nt et ‘¢onfinned by the elastic stresses, which | T, | 0335 | 123 24544 | 03
-1 1 gare very small there {Fig. 37b). Of T, | 0535 | 123 |2x7#5 | 008
T § seourse, some nominal reinforcement — -
- - — iwill be provided in the member below T, | 06631 153 {4#7
' et “the hole for distribution of cracks due to T, | 0402 92 | orbottle check
-, posed deformations, -
1 Figs. 37f and 37g give two dx&emnt Ty 0402 92 {sco below)
R strut-and-tie-models for the left side of Nt L om? = 0,155 s "
‘the deep beam. It is seen that there is
“Some similarity with 2 beam baving 2 (5) Check of the concrete stresses
’dapped end, The model in Fig. 37fis Stresses under the bearing plates:
thased on 45 degree struts and on ties 3.0
':'TK am §:;gxlss} at 45 degrees from the struts. This 7%~ p7z04 10.7 MPa < 1.2
] . - Vﬁs a reinforcement iay out, Wh!ch for (blaxm! Lgmpress;on)
o A z;pmctmai reasons is orthogonal, 1.07 '
&5 /{3-- A b - The model in Fig. 37g assumes a 45 747 53 %04 =54MPa <087,
a Ven o egree tie at the comer of the hole. 193
- , : SR ?i -  which is known to be effective in similar 0= 05s0d =9 TMPa<08f,
I ki S /(‘3"“" # "‘,/ T g&:ases like opening frame comers or {compre;smn with transverse tension -
g o« e . o . / it idapped beams. Each model in itself o tie)

g ® 1’“ jﬁ [ e 1 ] “;m’id b;é:ﬁ?sae?;}'mt ;;éaflgg‘:ttgi . The most heavily loaded node is the
5 TSy =Y - B e p -Eipes e X ASUC Sesses of Yig o com support B, Following Fig. 222 and the
S A 25 5 . ~ £ nation of both appeats to be better than 3 & o) of Node 2 in Fig. 37h:

£ e \&.:a K\ ™ - ither of them, Therefore, it is assumed, B S
E = AN e i =1 T i that each model carries halfthe load. o 97
5 WF b N N ) o N . Finally, Fig. 37h shows the superpo- 70~ 727 05 . e
¥ B . \ N #1, ition of both models of the left side in- (1 + F—tanZQ ) cos* 29
. eTh 4
Ry ——5 B T & uding the right side as described be- = 8.1MPa< 08
N —ci—.—_:-;"' 3 o e “ore, When comparing model] and elastic Jea _ .
+ g . g fresses one finds a satisfactory coinci- Bottle shaped stress Beld at right side:
' R T - dence, The geometry of the model is in- p.=81MPa
e e “deed oriented at the elastic stress fields, P. _ 81 =048
A= . o X ' f:f! 17 ’ ' .
14) Design of the ties From Fig. 23aforg = 0,68 mandb =

The reinforcement requirement for 2.0 m and bis = 3.4, the pexmissible
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Palfes Tor uncracked plain conermte is
0.62 > 048, ‘

 The stress field is safe without trans-
verse reinforcement. If no dependence
is placed on the concrete’s tensile
strength, the reinforcement as given by

Fig. 238 oz, equivalent, as caleulated

from T, and T,, sy be provided,

Chord C ynder the loaded plate:
G = =1, 07 MM :

Regquired depth of compression zone:

' 107
B
04x124.,
o 1.07
S 04x12x17
0.13m<04m .

Nodes 1 and 3 were taken 0.2 m below
the tpper surface and arve the centroids
of the rectangular compression zone
which has therefore an available depth
of 0.4 m.

{6) Check of the anchumge lﬂngths of
the reinforcing bars

The anchorage length I, . of the tie 7
in Nede 2 must comply with the anchor-
age fength given in the code, consider-
ing the favorable transverse compres-
sion from Resction B. Anchorage begins
at the feft end of the bearing and extends

i

over the whele length of the bearing.

Accordingly, T, is anchoved with cross
pressere over the column type B region
to the left of the bole. Less favorable
styess conditions with transverse tension
vxist in the node where T, and T, meet,

Therefore, the T, bars simald be Ioop |

anchored whereas the T, bars pass

throngh those loops and find sufficient _

anchor Iength in the Byregion below the

hole. Anchorage in the other nodes is

less critieal,

{71 Be inforcement layout

In Fig. 371 only the main minforce-

" ment resulting from the ebove design is

shown, The design engineer should pro-

vide further reinforcement, such as a

mesh on either surface of the wall, nomi-

nal column reinforcemnent at the left of

the hole and stirrups below the hole.
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5.2.2 Transition from Beam to Deep
Begm - Variation of Span-to-Depth
Ratio

I asingle iuad is applied at a distance
a < h pear the support (Fig. 38a), the
load is carried directly to the suppoxt by
a enmpression stross field; therefore, ng

“shear” reinforcement is required be
tween the load and the support, Hows
ever, the transverse tensile stresses in
the compression strut may call for dzag»
onal reinforcement or vertical ram-
forcement instead.

With increasing g, this single stnzt
mode! gradually blends into the trass
model as shown in Fig. 38b, c. Follow-

ing the principle of minimwm strain-

energy, the compression member G, and
the tensile member 7, (Fig. 38s) of the
chord combine {Fig. SSb) ‘and t.hereby
cancel the compression force G, and an
equivalent part of the tension ﬁame Ty
Simoltaneously, the transverse tensile
forces of the strut {Fig. 38a} blend ints:
the vertical ties of the truss model] (Fig,
38b}, which are now also needed ib'x
hanging up the shear forces.

In the typical truss models on !‘hé
right sides of Fig. 38c and d and of Fig. 8
the inclination 8, of the support strut iy
shown to be nuch steeper than ¢ of the
‘interior struts. This can be proven by the
principle of minimum potential energy
if models with different strut incling:

. tioms are compared. Ouly the geomatw

cal relation:
a oot
oot g‘ = ....,...., ES ........E_?_.

provides constant vertical web tension
.0t equal distances ¢ between all vertis
cal ties and thereby distributed stirrug
forces which are proportional to the
shear forces (Fig. 39). The force in the
tensile chord would have to increasg
near the support, if 8 were constant
throughout, or in other words, the
supplementary chord force From a cons

stant shear force is constant aleng the

i £ .g.,cie
, ——-'-‘3;4*- ""'&" CG!QQ-ZZ 2
7 ,.Iwﬁi, ’%ﬁ 2

i

, i
S I s I
PN 29 ;‘{
af
- TR ZeeeT
g EEEOTTE-ly

cotgy -+ Y8

Fig. 39. Detailed deometry of D,-region from Fig, 38:
{a) direct support; (b} indirect support.

chord only if 9, satisfies the above given
relation.

523 Corbels
Some of the se-called problems of
worbel desigo result simply from the
Tact that the individually different
‘houndary conditiens are not con-
‘sequently considered. Each case leads
‘fo a different strut-and-tie-mode] {Figs.
‘40 and 41). Fusthermors, fiow Fig. 40d
.it becomes evident that the compression
‘strengths of the struts, which according
0 Fig. 23 are a function of ¢/b, depend
.viag, on the detailing and viag,z and g,y
. on the depth x of the benqu compms—
rgion zone of the coluwny,.
%5- The modelling of a deep cothel is

f shown in detail in Fig. 41: The stresses -

:in the column of Fig. 41a may be
%evaiuated according to stendard
 methods er the theory of plasticity and
are then applied to the D-regions to-
¢ gether with the corbel load E,. The fact
i that the vertical struts at both sides of

£ PGI JOURNALMay-June 1987

the Bregion in Fig. 41b do not coincide
{the stress diagrams, of course, do} is
due to the different grouping of stresses
for the struts with respect to modelling
of the D-regions D, and D,

Balancing the applied forces between
the two houndaries of each D-region
{Fig. 41b) shows that two tension
chords develap, the first one as us-
val, right below the upper edge of the
corbel, and a second one in the lower
pait of the corbel. Theix forces are in this
case T, = 0.23 F, and T: = (.32 F,, re-
spu.tne}v

The vompression struts of the same
cotbel are not eritical because the sing-
ular nodes in the D and D regions with
maximum compressive fzilure strengths
of 1.2 f,; according to Fig, 23 keep the -
compressive stresses in the rest of the
structure relatively fow.

5.2.4 Details of a Box Girder Bridge
The critical D-regions of a box girder
bridge are deseribed by strut-and-tie-
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Fig. 40. Ditferent support conditions lead to different strut-and-tie-moxdels and differsnt |-
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models a3 slwi_vn in Fig. 42,

In Fig. 43 the diaphragm is pre-

stressed: The shear forces V, cazried by
the diagonal struts G, in the webs of the
box girder (Fig. 43a) are in this case
transferred fo the central support via a

prestressed web reinforcement de-.
signed for T, = V/sing = 101V, and

B-regions have to be applied as loads to
the D-regions. x

The B region will be represented by

the standard truss, which yields for g =
31 degrees: T

M, v,
RO AT 8 ]
C, . g cot

S

jo
S
)

NI

curved tendons desigved for: . C,= ?1
© Ty= 082 (2V,}in the diaphragm. smé .
-5‘&5 Beam With Opening T, = M, + ’f:; cot ¢
Fig. 44a shows the sectional forces ; S5F = -
- and the subdivision of the beam into B- =2 2166
and D-regions. Following the proposed L15 2
-procedure, the boundary forces of the = 3.92F,
la =850KN g i§~ - o
B, . _
D, : Wi Tt - ]
:':':-'--:";';a;?;n;';.:" ‘ 1 2 E ‘;
n W

130

Fig. 41, Deep corbel projesting from a column: (3} B- and D-regions; {b) boundary §
of the D-reglons and their models; (c} reinforcement layout. -

The Byregion is designed for 2 con-
stant tenssile force: :

Mz == ——“G‘JSF;"’S e 5»35?,3 '

g 5= e
% 1.15

The lever arm z = 1,15 m is deter

mined from the assumption of plane

strain in the cross section in the middle

of the opening by standard methods.

Therefore, B, has to carry the axial com-

pressive foree C = T, {ecoentrically with
Tespect to the axis of the B region) plus

the differential moments AM =3 M,
plus the total shear force V.
Under the combined action of these

forces, the Byregion shows the tramsi-

Hon from the column type B-region on

. ity left end (resnltant ©,) to the truss

type B-region at the other end (C,, C,,
Ts} {see Fig. 38). For simplicity, the
medel of the Byregion is extended
somewhat info the D, and Dgregions,
leaving over for mudelling only the D
and D regions in Fig. 44b.

With known boundary conditions
from B, B, and B, the model for the D~
region can be developed (Fig. d4c):
Looking for the counterparts of C,, C,
and T at the opposite side of the D
region it belps to split up C, into three
forces C 3, Cyand €’ in order to estab-
tablish the load paths, which balance
their horizontal components: {Cy, = G,
Ch=CouCig=T,~ [33

Vertical equilibrivm in the D{-region
is established by a vertical tension tie T,
and by a vertical compressive strut C,.

- Their forces depend on the choice of

their position. Knowing that they repre-
sent fransverse stresses which are Inside
the D,region and that these stresses
tend to fill the available space, the re-

sultant tension Ty, is chusen in the mid~

dle of the I};-region and the resultunt
compression C, at the right end of Dy,
{which is inside 13, }. Then:
To={T,~Ttan g, )
={5.35F,— 3.02F ) tan 46°
= 1 -4.8 F 4
The tie force T may be interpreted as
the transverse tension nevessary o so-
chor the differential force T, — T, of the

PO JOURNALMay-June 1987

bearn’s tension chord.

In a similar way, the Djregion at the
other end of the opening may be teated,
The transverse tension forces are:

T, =¥ =F,and

Te=(T,~T)tan g,

={I,-T,~Veotgitan g,
= {8.79F, ~ 5.35F; — 1.66 F,) tan 50°
=212F,

A striking result of this example are
the stirrap forces which in some places
considerably exceed the “normal shear”
reinforcement for 3 beam without open-
ings (Fig, 444).

This example alse shows, howeves,
that it sometimes takes some effort to
develop a realistic strut-and-tie-model.
But if it is considered how many tests
have been camied out and how many
papers have been written on bears with
openings without finishing the case, #
was worth this effort, -

3.2.6 Overlap of Prestressing Fendons

in Fig. 45 the flow of foroes in the
given cross section is investigated with
its B- and D-regions, In a longituding
section through the blister, e B-regions
of the cross section may also appear as
Deregions, becanse the corvature forces
of the tendons are line Joads.
{a) Prestress only

. Loads acting on the D-regions are the
anchor foress of the tendons P, the
known concrele stresses alonz the
boundaries between B- and D-regions
and the curvature forces Pa, from the
tendons {Fig. 45b). The horizontal com-
ponents of all forces follow two load
paths, whose position and direction is
given at all D-region boundaries,

" The relatively small shift of the load
path in between must be accomplished
by deviative forees within the D-
regions. This is a rather strict condition,
which limits the freedom of choice for
the bends of the load paths. A further .
kelp in finding appropriste nodal points
of the model is again the tendency ofthe
deviative forces to fill the available
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diaphragm; {d) pler and disphragm with single support; (e} other model for disphwagra;

{f) pier and diaphragm with two supports; (g} plerena pile cap.
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Fig. 42. Strut-and-tie-models of typical D-regions of & box girder bridge: (a} {ensile

flangs with opening
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Fig. 43, EJié;ah;ragm of a hox, girder bridge: {a} D-regions and
modet ofthe web near the diaphragm; {b) diaphragm and
. maudel; {0} prestressing of the web and the diaphragrm.

space ofthe D-region.
Then T, = ¥ tan ¢, = 0,18 P (see Fig.
45}, o :
The reinforcemsnt For-T, shonld be
' ghosen with due tonsideration of ac-
ceptable erack widths in this service-
. ability state of stress, i.e., the tensile
. strength of the reinfreement should not
- be fully wtilizéd wnd its slipfree anchor
- age shonld be sccounted for.

184

(b} Prestress plus other Joads
“Tensile frces are assumed in the By
segions, which are considersbly larger

shan the prestressing foree, as is the case

in an overloaded or partially prestressed
structure. In case there is no additional
reinforcement provided, and the tendop
has to take all tension forces the excess

force (T, g 20cording to Section 5.3.6)

was computed to he:

L
15, =3754H
K E

21114 B, B — b & Lo
L 3 2o o vl . H
L STR—— |
momenis ¥ .
sheor forces ¥ WM :
; % & 3

)
{;; 5

\5;‘$ hﬁ

o) ,
vy G ' o G e
TR "‘
I = .T/%; I B
- N B B b
] & L % s
i i bt Iz 12. Pk Vs Al Zant 8 ¥i
%
g} stirrups M} 20
' & 155, Lol
- o i L - ’ o -
N S0V oS R L A——— s
el

i
3
Y

&
et

Fig. 44, Beam with opening: {2} B- and D-regions, sectional forces; th} reduced
D-regions at both ends of the opening with boundary loads from the B-regions;
{c} strut-and-tie-models of the Dp-and Deregions; (d) distributed forees for the
design of the stirrups; {e) reinforcement jayout.
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u =T-P =033P
The load path for T, and the resalting

- mwdel (Fig 45¢) is pow quite different
" shifted toward the center of the blister,

from that for prestress alone, becapse
- the T, on both sides do not meet, but

tather try to equilibrate on the shorbest

. possible way with the nearby anchor

- loads of the other tendons. Thereby,

transverse tension T, develops.
‘The position of T, may have to be

if the bond of the tendon is very poor. It
is the tension from these bond forces
which now calls for &zansverse rein-

@ T, = P-tonay

S e

S A w P s =
1 @
. 11 o ’ T ['— I ..l}' p
— mas
~erock .
| W
- d} - .

L - NM“;mmmﬁm;—«ﬁx;“ww 1. : 3
. : b :

Fig. 45. Overlap of prestressing tendons: (a} Jayout, B and D-regions; (b) model for

. prestress only; {c) modet for presiress and additional load T,; {d) layout of the transverse

remrcemaai

136

' forcement T, = 0.53 T, not the splitting

action as for prestress alone,

The overlap of the prestressing ten-
dons results in twice the prestressing
foree within the blister, which therefore
remains basically uncracked and rela-
tively stiff. The strains of the tendon in
excess of the initial prestress will
therefore accmmulate within the bond
jength of the tendon in the blistér and
cause a crack at the jump of the wall
thickness.

For large bond lengths this crack may

open several millimeters wide, even f
the B,-region i5 reinfosced for evack dis-
tribution in the usual way. Therefore, in
this casé not very lasge tendons with
good bond properties have to be applied

or additional parallel wall reinforoéiient

must be provided, which takes aver
much of the tendon forces, before the
tendons entes the blister,

5.2.7 Beam With Dapped End -
It is conunon practice to suspend the .
reaction F of the beam in Fig. 48 besides

p— —

x
§ lfﬁf"— #;; i
P _ {_,r -5 :‘)
?—1 P 3% /"
P 4
F \af

#pp——ly- —»«-———--—«ig*z Gﬁ‘f@“m"‘*
HEITEH

b £ b
. REJ M%:‘I;;

Fig. 46. Beam with dapped end.

i

L

4
nevmrrm e |
[ i

Fig. 47. Girder with bent top tlange.
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Fig. 48, The stepped beam.

the dapped end {I', = F). But the com-
- plete strut-and-tie-model clearly re-
veals that it is not sufficient to simply
add 7, 10 the regular “shear reinforce-
ment” whzcﬁh amounts to the vertical tie

forees ¢, = Fil, Iu fact, there are addi- .

tional vertical tensile forces T, = F be-
cause the horizontal tie force T at the
recess needs #0 be anchored. The e
force T, is distributed over a length I, <
i, and therefore t, is elearly considerably
Zm:gex than ¢, If, as usual, an additional
horizontal force H acts at the recess, the
necessary amount of vertical stirmps
further increases,

5.2.8 Tapered’ Beam Wxth Berit Top
Flange

The girder in Ffig. 47a obviously pro-
duees a vertical fension foree T at the

bend of the compression chord. Bat
where does it go? The straight horizon- -

tal tension chord cannot equilibrate it.
The model shows that stimups in_ the

web are. necessary throughout this web -

even in regions without shear forees.
" Looking at Fig. 47b, it is apparent that
the compression chord is narrowed by
“the stirrups, resulting in & concentration
of compression stresses over the web.
Farthermore, unfavorable tensile
stresses in the tmangverse d:rectmu of

the flange appear.
- §.2.9 Stepped Beam

The stepped beam in Fig. 48 is fre-

guently used and is usually detailed by

overlapping the reinforcement coming
from both sides with an elegant loop.
The strut-and-tie-model supplies facts
for a mational reinforcement layout.

5.2.10 Frame Corner

The fame comer with opening mo-
ment, more often discussed by re-
searchers than actually cccurring in
practice, can be modelled guite differ-
ently (Fig, 49). Obviously, the design

" engineer has to choose hetween a rela-

tively simple reinforcement combined
with a reduced moment capacity {Fig.
49s,b) or a more sophisticated solution
{Fig. 49¢.d,e). The consequent applica-
tion of strut-and-tie-models makes the

designer aware of what is ocourring’

while ﬁfﬁ:nng a rational choice.

5.3 ﬁmstmssed G@ncrete

As a last esample, it will be shown
that locking at prestressed concrete
beams through strut-and-tie-models
helps to understand their behavier
which today gets hidden behind so
reany black hox riles. There is a common
denominator of all types of prestress:

-post-tensioning, pretensioning and un-

bonded prestress can be understood as

‘reinforced concrete which is loaded by
an artificial loading case, i.e., prestress,

As any other loading case, it simply
has to be introduced into the analysis of
the structure according to the actual

 history, e.g., for post-tensioning: con- -

’ L
e —— ‘
§ § { 1 i
..... 55 SV £ % i i
o’
b | )
{ !
i
¢l
d}
el

comer with posifiva moment.
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Fig. 49. Different strut-and-tie-models and the correspending rexnfomemer;t fora frame
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creting and bardening of the reinforced
concrete, applying the prestress
{thereby activating dead load), provid-
ing bond and imposiog external loads.
After bond is activated, the prestressing
sheel acts a8 reinforcement, like regular
reinforcement does; only its preloading,
Jits different surface with respect to the
~ strength of bond and its sensitivity
need$ e be taken into sceount,

_ .3‘3.1 Prestress as aLoad ,

By prestressing, foroes are adtificially
created with the help of hydranlic jacks;
on the one hand, these forces act as
keads on the prestressing steel, on the
" other as loads on the reinforced concrete
structure (Fig. 50, The loads acting on
the prestressing steel and on the rein-
. oreed conerete are inversely squal. The
. design engineer chooses the tendon
profile, the type and magnihide of the
prestressing foree in such a2 manner that

these artifinial loads influence the load -

paths and sectional effects or stresses
due to the actual loads {dead and live

loads and other loads) favorably and as

: emexf_nﬂy as possible,
At is proposed to treat these pre-
stressing loads like permanent loads

which never change after the prestress-

ing jack has been removed. All the

changes of stress in the prestressing

steel, which ocenr after removal of the
Jack, vught to be attributed to those load
 cases which cause them. In those load
cases the prestressing steel adds to the
resistance of the section or member like
nonprestressed steel,
The view sometimes expressed that
the prestressing itself incfesses under
- live loads because the stress in pre-
stressing steel increases or decreases as

- avesult of the bond with the conerete, is .
misleading. The stress also changes in -

sommal reinforcing steel due to these
effects and one would never regard this
as achange of prestressing,

Accordingly, the changes of stress in

. the prestressing steel due to creep,
shnnkage and steel miaxatmn {oftens

referred to as prestress losses) are in
reality simply stress redistributions
a5 in any reinforced compressed
member and can be treated accordingly.

If prestressing is introduced in this
way into the design of reinforced con-
arete, all types of prestressed structures

{linear members, plates, deep beams,

shells} can be designed, analyzed and
dimensioned like reinforced concrete
structures: The sectional forces of a pre-

stressed beam are determined and com-

bined for the load.cases prestress, dead
load, live loads, ete., and the resistance
of 2 ¢ross section is derived as for re-
inforced concrete with prestressing
steel as additional {passive) z'emfome—
ment,

Thereby, the sume method of analysis

und dimensioning can be applied to all

load eombinations in serviceability and

ultimute limit states. Consequently, in’

the nlimate limit state the reinforced
concrete sections {with reinforcement
A ,and A,) of a prestressed heam have to

be dimensmned for the following {ac-
. tve) sectional eFects:

Nommal forces: N = ~F + N,
Shear forces: ¥V =V, 4V,
Moments; M =M, + M,

where

P = prestressing force immediately
afiér prestressing

- M,, V,=vcorresponding moment and

shear force due to pre-

stressing
- N ¥y, M, = sectional effects From
Gi’her loads

The sectional effects given here are

meant to include the {partial) safety

factors sccording to the chosea safety

Ceoneept.

The proposed treatment of prestress-
ing leads %o the same results as does the
usual method with all stresses in the
tendons regarded as being passive in
the uitimate limit state. However,
the method proposed here is maore. > gen-

-eml

b}

" Fig.50.Leadsdue to prestreséing {anchor forees, friction forces,

devistion forces due o the curvature of the fendon) acting {a} on the
presiressing steel; (b} on the reinforced concrete member.

Also, the different degrees of pre-
stressing (full prestressing, partial pre-
stressing, no prestressing} and different
apolications like pretensioning, post-
tensioning and unbonded cables can all
be treated alike with these principles:
Forces due to prestressing as permanent

active loads which never change and .

prestressing steel contributing to the re-

‘sistance after the cable is anchored.

5.3.2 Prestressing of Statically
Indeterminate Structures

In sirctures with statically indeter-
minate supperts the properties of the
materials and the geometry of the
structare have to be considered when
detenmining the sectional effects, Those
from prestressing can be split up in:

Vpo=Psing+V,

M =~V,+ M,

' whexve 5 dene%es the xnehnatmn of the

prestressing cable and g denotes the ca-
ble’s eccentricity. V,, and M,,, the stat-
ical indeterminate portion of the pre-

© stressing effects resulting from support

reactions due to prestressing, are of the
same kind as the statically indetermi-
nate moments which. result from dead
Ioads or live loads. M., is not the result
of restraints such as thase due to
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changes in temperature or settlements;
these diminish or even disappear in the
whole structure if the stiffhess decreases
due to cracking, those from prestressing
are only redistributed.

If it can be assumed that the stiff-
nesses are not altered by loading, mo:
ments resulting from differert Ibading
cases may be superimposed. However,
because part of the reinforced concrete
girder passes from the uoeracked o the
cracked state and because plastic de-
formation of the concrete and the steel
in the reinforced concrete girder is pos-
sible, the loeal stiffnesses change with
variations of the load and, therefore, the
distribution of moments also changes,
When this occurs the individual mo-
ments can no Jonger be superimposed.
Nevertheless, if the theory of linear
elasticity is taken as a basis for ealculat-
ing the forces, the resulting overall mo-
ments {including M,,} can he adapted
to the real loadbearing behavior by re-
distribution. .

.5.3.3 The Prestressed Concrete Ream

With RBectangular Cross Section

In Fig. 52 the strot-and-tie or the truss;
model of a simple prestressed concrete.
beam with 2 straight eccentric tendon is

141



shown and ia the preceding Fig. 51, for
compurison drawn in the seme manner,
of 2 reinforced concrete heam. The de-
sign engineer selects the prestress P and
" pombines it with the support orve A =¥

. to & resultent, R, erzﬁermg the heam at

the support

“If the resultant mests ti;e dction bine

of the load ¥ within the kern of the sec-
ton, the condition is full prestress, if F
is the working load F,,. Then the mode!l
has no tensile chord {Fig. 53). If the re-
sultant meets the compression chord of
the beam before it meets F,, such that
vertical ties {stirrups} and, therefore,
also a truss with a tension chord is
necessary to lransport F,, into the in-
clined resaltant, the condition is partza!
prestress (Fig, 52}

1t is appazent that the vertical tie and

- inclined strut forces of this truss gre {al-
most, see beiow) the same as for the
reinforved concrete beam, hecanse the
" shear foroes are the same. The span of

the truss is only shorter and, therefore,

the forces in the tensile chord are less,

whereas the compression chord also in- .

cludes the additional prestressing foree.
- If the load is increased from F, to the

ultimate F, of course, the inclination of

the resultant B increases. The fully pre-
stressed beam now becomes “partially”
prestressed, the initially pastially pre-
stressed beam gradually approaches the
reinforced concrete beams, {This, inci-
dentally, shows that mampaiatmg safety
" completely via a factored load is mis-
leading fn contrast to partial safety fac-
tors being put on the material and the
" lead)
. Full pzestzessmg tmnsfoms the gird-
. & ander sérvice loads into a “horizon-
tal column” {Fig. 36); its eccentric nor-
mal foree is gonersted artificially and
the extemal load which actually has to
be cairied by it is relatively small.
 Whatever smount of prestress P is cho-

‘sem, it shortens that part of the girder, .

where a truss must form to carry the load
and replaces it by a direct snd shorter
load path. It is, thas, directly apparent

%2

that prestressing improves the load-

.. bearing behavior as compared to the

nonprestiressed reznforwﬁ eonerete

" girder.

Since prestress does not fully ntilize
the strength of the high tensile steel
used for tendons, it can be used as
Ty ea00 10 cover 8 part of the tensile force
of the chord Ty, If the prestressing
steel is not bonded with the concrete, it
is vnsuiteble to serve as reinforcement
for Tenprg. 1t only affects the sectional
forces in the reinforced concrete via ad-
ditional anchor and deviation forees,
and all tensile forces of the chord have
to be taken by regular reinforcing steel
to satisfy equilibrum,.

The resultant entering the beam from
the supported end, as discussed, has the
tendency to spread in the wob of the

beam as in the bottle shaped compres- -

sion field {¥ig. 52b). Tramverse tension

forces develop as well as a “force whirl”.

in the corner {Fig. 53) which causes high
tensile stresses near the anchor plate. 2

These tension forees have to be.
" checked. ¥ they cannot be covered by

the tensile strength of the conerete {see

- Section 4.5}, stisrups have to be pro-

vided {see Section 4.5},
Tensile edge forves, splifting tensile

‘forees, tensile end forces, ete., in the

zone of introduction of anchoring forces

- are thus simply past of the strut-and-

tie-model, In fact, they require no spe-
cisl names suggesting that they are
something special 61 spemﬁc to pre-
stressed concrete. The “problem”™ of
superposition of the reinforcement for
the shear force and the splitting tensile
force is resolved by the model.

5.3.4 The Prestxessed Concrete I-Girder

¥ a beam is not plane (rectangulas)

hut has a distinet profile like the T, For
box girders, with relatively large cross-
sectional areas of the flanges, the resul-
tant entering the beam as discussed
above, will spread on a path different

from that in the rectanguler beam;
‘though of course for the same applied

o = COMPrESSion

tension

with two single loads.

Fig. 51. Strut-and-tie-madel of a reinforced concrete beam loaded

L

Y

N1 chord

I

p_ i

i

moment \\\\____ ____________ /

shear force

f

normat force

Detal 141 [

Fig. 52. (a) Strut-and-tie-modet of a partially prestressed beam with rectangular
cross section; (b} detailed strut-and-tie-model uf the bearmn area, where the

resultant is within the beam section,

forces P and A the simplified model is
the same for any type of cross section
{compare Fig. 54a with Fig, 53a), -
The detailed strut-and-tie-model of
the prestressed I-girder (Fig. 54) shows
that a truss already develops in the area
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where the total resultant force remaing.
within the kem zone of the girdér sec:
tion (Fig, 54b). This is because the lon
gitudinal forces here are mainly cox
centrated in the flanges. Therefore, onl
a part of the prestressing force can joi
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Fig. 83. {a) Simplified strul-mode! of a heam with its rectangular cross section
“fully prestressad”; (b) detailed stmmnd-ti&mde!

bfenfrerd of the forces coming from thewed

.é; i}ﬁtiam fiange

Fig. 54. smm~tze-modeas of an I-girder with fon prestress: (a) Simplified model;

ol zhrough {d} detalied modsis of the web, top ﬁange and bottom flange, respectively.

with the support farce to flow into the
weh, The effective resultant force in the
weh is, therefore, smaller and at 2
greater angle than in the prestressed
girder with a rectangular cross section.
It is, however, still at a smaller angle
than in the ponprestressed reinforced
concrete girder.

The cherds in the two flanges are

.linked to one another via the web struts

and ties. In this way, compression forces
are introduced jnto the flanges (Fig. 54¢,

4}, The sttut-and-tie-meode! shows that

the spreading of the forces from the
width of the web to the width of the
flange generates transverse forces in the
flange. The transverse reinforcement
must be distributed in accosdance with
the length and intensity of the introduc-
tion of forces.

535 The Lvadbeamxg Bebhaviorof the
Wweb -

"The strut-and-tie-model of the pre-

stressed girder with rectangular cross

‘section shows, that the stirrup forces in
" the part of the girder where the total re-

sultant force remains in the kern zone of

. the section result from the spreading of

the compres&ion forces (Fig. 52b, 53b}.
The “shear wmforcement’* in that area
is in wahty 2 “tensile splitting rein-
forcement” As soon as the truss model
develops in the web (which as shown

happens for a eetangular bearn farther |

away from the support than for 2 beam
with a profiled section), the dimen-
sioning of its struts and ties follows as
discussed for the B-mgmm of mmfumed
concrete,

Whether the web crack develops from

" the bending erack or begins in the web

itself {as specified for example by the.
German Code DIN 4927 as “zones a and
57} has 0o effect on the loadbearing be-
havior of the members in the cracked
web. After the web has started to emck

the prestressing nernmal force is only

present in the compression chord, like
any normal compression force. In the
truss {or B-region} the weh itvelf is in-
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fluenced by the axial force due to pre-
stressing only via the inclination wofthe
weh crack, which is shellower than fora
nonprestressed beam, cortesponding to
the shallower inclination of the princi-
pal tensile stresses in the concrete when
cracking begins,

This effect of « can be considered in
the web design as discussed in SBection
5.1 {B-regions). From there it is shown
that the greatest possible inclination of
the diagonal strut is parallel to the coack
in the web. The ultimate load capacily
of the diagonal struts o a web of 4 pre-
stressed conerete girder is therefore
semewhat smaller than that of the web
of a girder without prestressing, how-
ever, it requires less stirrup reinforce-
ment for a similar beam and load.

5.3.6 Dimeusioning the Prestressing
Steel for the Different Typesof -
Prestressing

As already mentioned above, the pre-
stressing steel can and will serve as rege
ular reinforcement, if it is bonded with
the concrete, in other words it sets as the
tensile chord of the truss, developéd for
the structure loaded with prestress and
other loads. If the capacity of the pre-
stressing steel still available after pre-
stressing Ty cane cannot slone cover the
force of the chord, reinforcement must
be supplemented in such a way that the
total chord foree T, can be taken by
the prestressing steel {p) and the rein-
forving stesl {s):

Terora = :rp.f:?ssre + T ot

in this equation T, represents the
total chord force from the varipus joads
{including prestress). The loads are to
be multiplied by the partial safety -
tors ¥ which are, of course, different for
varidus kinds af load. The right hand
side of the squation stands for the re-
sisting chord forces, divided by the ap-
propriate partial safety facters.

The force Tyenre of the prosteessing
steel which is still available for the
chord after prestressing is equal to its

Mﬁ



permzssxble fotal forr:e Ty 000 Tinus the
prestressing force 3, P , v
Tocanre = Tpgpor — ’}‘a«P ’
As arxale, ynder ultimate ioad the pre-
strgssing st,ec% is strainod beyvond s
" yield point and, therefore, T,,,, = A 2 Joun
. Then, the following szmp!e equathz
spplies:

Ty osors = @*—ﬂ': -

£f this is not the €858, f,,, in the above
equation has to be replaced by the stress
oy, of the prestressing steel correspond-
ing to its total strain
C Epw = €;a,p + emrMm
where
.p = Strain from pmaimwmg {active
- strain}
Ew:?wrd' = strain of chard after
. bunding (passive stmm‘ ,

= Tmchm-ﬂ
A +AJE,

Séme codes restrict the steain of the
chord after decompression of the con-
crete to Q.005 (DIN 4227) o1 0.010 {CEB
* Model Code), Considering the arbitrari-
ness of these quantities, the small de-
compression strain ineloding the strains

. from creep and shrinkage can be ne-
- glected, which means e, is limited
froni 0.005 to 0,010, respectively.
© i ve bond is provided afer pre-
stressing, the prestressing steel cannot
be considered as reinforcement in this
way, Rather, it acls as 2 tie member, [is
stress lnerement can ounly be deter-
mised from an intemally statically in-

uh

determinate analysis. If the truss n .
containg a tensi‘oz_l chord, supplementy
bonded reinforcing steel must be

-vided,

H pretengioning is used and the t:eﬂm
don profile is strasght, the gmsﬁessmg
force actz as a0 external normal force off

. the reinforced concrete girder. The P

stressing stee! is then part of the i
forcement,

5.3.7 Result

Considering prestressing forces a&
extemal loads is not only an advantage
with regard to service load design, b

. also for checking ultimate load desigs
and all other checks, because the load:

bearing behavior of the entire pre-
stressed concrete girder can then be
simply explained in terms of a strul-
and-tie-model,

Prestressing steel is used for two dis-
tinet putposes. On the other hand, its
prestress applies favorable loads to the
reinforced conerete girder, while on the

‘other hand, it works as passive rein-

forcement’ when it is bonded with the
caoncrete, In this Jatter respect it is not
different from reinforcing steel. Other-

- wise, if it is not bonded it acts as a tie

member,

As a resnlt of this appmach, the task of
designing eny type of prestressed con-
crete girder becomes the task of de-
signing a reinforced conerete girder
with regard to bending, shear forces,
and pommal forces, which among others
include the a&dmomi loading ease of

prestress
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APPENDIX —NOTATION

= width of anchor plate
= width of compression Beld or
plate
length of D-region
diameter of largest aggregabe
eccentricity
depth of beam
span, length
thickness
vertical moverment
erack width .
depth of bending compression
zone
lever arm of internal forces
- sliding parallelto crack -
erack inclination (see Fig. 30)
diagonal compression stru t
angle

ool
it

i

] ll i i

W4

#E e e an,

i

TR
¥

It

A, = aresofconcrete tessile zone
“AA = areaofassomed failure zone
© Ager = effective conerete area for ten-
sion stiffening
A, = cross seammafremfnmmgsteet
¢, ~ = cross section of reinforcing steel
: per unit length
o = 2 fe, _ mechanical degree of
_ ¢ j;,; remforcement
' Fomes and Mnments
€ - = compression force, compression
- shrat -
¥ = load
M = bendingmoment
"M, = torgus
*.
150

<mNE T

M., = statical indeterminate portion of -

moment from support reactions
dne to prestressing

. prestressing forve

load per unit longth

pressure under an anchor piate
resultant force .

" tensile force, tensile tie

shear force

iy

oW 13

| ] Jl

Strength

i = speezﬁeé compress;w z&:rength
© ofconcrete .

foi = concrete compressive strength
for design of undisturbed wni-
axial stress fields

fom = average eoncrete cvhnder
strength

Je = specified tensile streng,th of

: ennerefe

foe = specified yield strength of rein-

C forcing steel

fou = specified yield strength of pre-
strossing steel

v = partial safety factor

Subscripts
L = concrete 01 compressive

d = design

» = prestressing, pre!stresemgstee}
5 = steel

¢ = tensile, tension

u = ultimate

“w = working, veb

*
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