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Abstract 

If reinforced concrete columns and walls in high-rise buildings are subjected to axial load for a sustained duration, 
long-term lateral deformation (or curvature) as well as axial shortening increase over time due to the creep and 
shrinkage of concrete. In the present study, sustained load tests were performed to evaluate the time-dependent 
axial shortening and lateral displacement occurring in eccentrically loaded columns. A test set-up using post-tension‑
ing steel rods was introduced for the sustained loading with or without eccentricity. The test results showed that the 
lateral displacement as well as the axial shortening increased over the sustained duration but the increasing rate of 
the long-term deformations rapidly decreased with increasing time. The time-dependent axial shortening and lateral 
displacement increasing with time were predicted by using the age-adjusted effective modulus method based on 
the creep and shrinkage models of ACI 209. The predictions agreed well with the test results.
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1  Introduction
When reinforced concrete (RC) compression members 
in high-rise buildings are subjected to sustained loads, 
the creep and shrinkage of concrete increasing with time 
affect the structural behavior of the members and struc-
tures by redistributing stresses between concrete and 
longitudinal reinforcement. Therefore, current design 
codes such as ACI 318-14 (ACI Committee 318 2014), 
KCI (2012), and Eurocode 2 (European Committee for 
Standardization 2004) recommend that such concrete 
creep and shrinkage deformations be addressed in the 
analysis and design of the members and structures par-
ticularly in concrete high-rise buildings. As shown in 
Fig. 1, the columns and walls in irregular high-rise build-
ings are frequently subjected to bending moment as 
well as axial load. In such eccentrically loaded columns 

and walls, lateral displacement (or curvature) as well 
as axial shortening increase with time due to the creep 
and shrinkage of concrete. Such long-term lateral dis-
placement can shortly influence differential shortening 
in buildings under construction and ultimately increase 
the second-order effects of columns and deflections in 
beams and slabs. For instance, the differential shorten-
ing occurring in compression members such as columns 
and walls may change initial positions of the beams, 
slabs, columns, walls, etc. under construction and conse-
quently partitions, architectural finishes, and load trans-
fer between adjacent structural elements are affected 
(Fintel et al. 1987; Kim and Abdelrazaq 2009; Maru et al. 
2003). The moment demand on the columns and walls 
may be amplified further due to the second-order effects 
increased by the long-term curvature.

For eccentrically loaded concrete columns, stress redis-
tribution between concrete and reinforcement occurring 
over time due to sustained loading is more complicated 
than that in pure compression members. Previous stud-
ies were carried out to investigate the time-dependent 
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behavior of such eccentrically loaded columns (Viest 
et  al. 1955; Green and Breen 1969; Balaguru and Nawy 
1982; Tatsa 1989; Mickleborough and Gilbert 1991; Brad-
ford 1997). Viest et  al. (1955) investigated the sustained 
load-carrying capacity of eccentrically loaded short col-
umns under very high axial compressive load. From 
the sustained load tests of pin-ended columns without 
restraints, Green and Breen (1969) reported that the 
bending moments and curvatures increased with time. 
Balaguru and Nawy (1982) proposed an analysis method 
for eccentrically loaded columns based on the creep 
model of plain concrete. Tatsa (1989) proposed a numeri-
cal method for time-dependent analysis, based on the 
sustained tests on eccentrically loaded panels. Mickle-
borough and Gilbert (1991) investigated the creep insta-
bility of eccentrically loaded slender columns. Bradford 
(1997) theoretically investigated the flexural rigidity of 
eccentrically loaded columns under sustained loading.

In the present study, sustained load tests of eccen-
trically loaded reinforced concrete columns were per-
formed to investigate deformations due to sustained 
eccentric moment. The test parameters were the magni-
tude of sustained loads and the presence of eccentricity. 
The lateral displacement (curvature) and axial shortening 
due to the sustained eccentric moment were measured 
through the tests, and the results were compared with 
the predictions. In addition, simplified methods for esti-
mating the time-dependent deformations of eccentrically 
loaded columns were proposed, based on the creep and 
shrinkage models of ACI 209R-92 and the age-adjusted 
effective modulus method.

2 � Test Program
Figure  2a, b show the configurations and reinforcement 
details of the column specimens. The column specimens 
were the cantilever with a height of 1460  mm includ-
ing the pedestal: the heights of the column and pedestal 
were 1010  mm and 450  mm, respectively. Dimensions 

of the column and pedestal were 200 mm × 300 mm and 
900 mm × 900 mm, respectively. As shown in Fig. 2b, six 
D16 bars were used as longitudinal reinforcement in the 
column. All longitudinal reinforcing bars were weld-con-
nected to a 60 mm-thick bearing end plate at the top and 
were anchored in the pedestal with 90 degree anchorage 
hook. Tie hoops of D10 bars were placed with a spacing 
of 100 mm. The first tie hoop was placed at a height of 
50 mm from the column base.

Table  1 shows the test parameters. The magnitude 
of sustained load (Psus) and the presence of eccentricity 
(e) were considered as the test parameters. Concentri-
cally and eccentrically loaded column specimens were 
named as C-xx and E-xx-y, respectively. xx (= 15 and 30) 
denotes the magnitude of sustained load, Psus, applied to 
each specimen and y (= 1, 2, and 3) denotes the sequen-
tial number used for the eccentrically loaded column 
specimens. C-15 and E-15 were subjected to Psus = 421 
kN (= 0.15 Ag f

′
c  ) and C-30, E-30-1, E-30-2, and E-30-3 

were subjected to Psus = 842 kN (= 0.30 Ag f
′
c  ). Ag= cross 

section area of column (= 60,000 mm2), and f ′c= concrete 
strength at 28  days (= 47.3  MPa). For the eccentrically 
loaded column specimens E-15, E-30-1, E-30-2, and E-30-
3, the sustained loads Psus were applied with an eccentric-
ity of e = 50 mm from the geometrical center of the cross 
section. Therefore, in addition to Psus, E-15, E-30-1, E-30-
2, and E-30-3 were subjected to the sustained bending 
moment Msus = Psus e. As shown in Fig. 2b, the sustained 
moment Msus was uniform along the column height. 
The magnitude of the eccentricity was carefully taken as 
e = 50 mm from a section analysis for short-term loading 
of Psus and Msus so that the neutral axis lies at the edge of 
the cross-section (i.e., no tensile stress and no cracking). 
Note that E-30-1, E-30-2, and E-30-3 were tested under 
the same sustained load condition in order to improve 
the reliability of long-term measurement.

Figure  2a shows the test set-up for sustained load-
ing. The compression load Psus was applied by using two 
external post-tensioning high-strength steel rods (diam-
eter = 38 mm) and a steel block placed on top of the col-
umn. At the bottom, the post-tensioning steel rods were 
pin-jointed to the steel blocks embedded in the concrete 
pedestal. Twelve shear studs (diameter = 19  mm and 
extension = 125 mm) were used in each embedded steel 
block to transfer the post-tensioning loads of the steel 
rods to the concrete of the pedestal (see Fig. 2a). In order 
to exclude the contribution of the steel rods to the lateral 
stiffness of the column, the steel rods were pin-jointed at 
a height of 90 mm from the column base.

To prevent concrete spalling due to high compres-
sive stress, a steel cap consisting of 60  mm-thick bear-
ing plate and 10  mm-thick side plates was used at the 
top of the column specimens. (see Fig.  2). In order to 
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Fig. 1  Columns subjected to bending moment as well as axial 
compression.
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let shrinkage deformation of the concrete occur without 
restraint during curing, the steel cap was not installed for 
2  days before the sustained loading. After the steel cap 
was placed, the gap between the steel cap and the con-
crete surface of the columns was filled with high-strength 
epoxy mortar (see Fig.  2). The epoxy mortar was hard-
ened for 2 days.

Figure  3 shows the strain gages used to measure the 
long-term strains of the concrete and reinforcing bars 
during the sustained load tests. The strain gages were 
placed at three heights, i.e. 100, 400, and 700  mm high 

from the column base. At each height, four steel and four 
concrete uniaxial strain gages were used (refer to the sec-
tion view of Fig. 3). The steel strain gages attached to the 
reinforcing bars inside concrete while the concrete strain 
gages were attached to the concrete surface. For eccen-
trically loaded column specimens, lateral displacement 
would occur at the top of the columns due to the eccen-
tric moment Msus and continuously increase with time 
due to the creep and shrinkage of concrete. Therefore, 
LVDTs were placed at the height of 900 mm from the col-
umn base to measure the long-term lateral displacement 
(see Fig. 3).

3 � Sustained Load Test
3.1 � Testing Method
The sustained load tests had been performed for 
64  days after the initial loading. During the tests, the 
time-dependent increase in the axial shortening and 
lateral displacement of the eccentrically loaded col-
umns due to the creep and shrinkage of concrete were 
measured. Figure 4 shows a photograph of the column 
specimens placed in the basement laboratory. The sus-
tained loads were applied at the age of 37  days after 
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Fig. 2  Configurations and reinforcement details of column specimens.

Table 1  Test parameters of column specimens.

Specimen Sustained axial load 
Psus (kN)

Eccentricity e 
(mm)

Duration 
(days)

C-15 421 0 64

C-30 842 0 64

E-15 421 50 64

E-30-1 842 50 64

E-30-2 842 50 64

E-30-3 842 50 64
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concrete placement (i.e. t0 = 37  days). The tests were 
carried out during winter season in Korea. As shown 
in Fig.  4, the column specimens were placed in the 
basement laboratory where the variation of tempera-
ture and relative humidity between day and night was 
relatively insignificant. The average temperature and 
relative humidity of the basement laboratory during the 
sustained load tests were approximately 8 degrees Cel-
sius and 40%, respectively.

As shown in Fig.  2a, the sustained axial loads were 
applied by using external post-tensioning high-strength 
steel rods. The post-tensioning steel rods were stressed 
by using the oil jacks at the top. Once the target post-
tensioning force (= 0.5Psus) was attained by the oil 
jacks, the steel nuts were tightened in order for the 

post-tensioning steel rods to be in place by without 
loss of the posttensioning force. For precise post-ten-
sioning, the post-tensioning force acting on the steel 
rods was measured with the load cells. The loss of the 
post-tensioning force of the steel rods during the sus-
tained load tests were monitored using the strain gages 
attached to the steel rods.

3.2 � Results of Sustained Load Tests
Figures 5 and 6 show the time-dependent deformations of 
the concentrically and eccentrically loaded column speci-
mens C-30 and E-30-1, respectively. The deformations 
were measured for the sustained duration of 64 days. In 
each figure, (a) is the strains of the post-tensioning steel 
rods, ɛPT; (b) is the lateral displacements measured at the 
top of the column specimens by LVDTs, δLVDT; (c) and (d) 
are the compressive strains of the right and left reinforc-
ing steel bars, ɛRS and ɛLS, respectively; and (e) and (f ) 
are the compressive strains at the right and left concrete 
faces, ɛRC and ɛLC, respectively. The measured strains of 
the post-tensioning steel rods, reinforcing steel bars, and 
concrete surface, ɛPT, ɛRS, ɛLS, ɛRC, and ɛLC, are the mean 
of two measured strains. In Figs. 5c–f and 6c–f, the blue, 
red, and green lines indicate the strains of the reinforcing 
bars and concrete at 100, 400, and 700 mm heights from 
the column base, respectively. As shown in Figs. 5a and 
6a, the strains of the posttensioning steel rods decreased 
over time due to loss of the post-tensioning force. There-
fore, when 6, 13, and 41  days passed after the initial 
posttensioning (i.e. t − t0 = 6, 13, and 41 days), the post-
tensioning force of the steel rods were restored to the 
target force by re-tightening the steel nut using a hand 
wrench. During the re-tightening process, the measure-
ments of the LVDTs at the top of the columns were dis-
turbed due to the impact of the wrench (see Figs. 5b and 
6b). The measurements of the strain gages attached to 
reinforcing bars and concrete surface were also disturbed 
during the re-tightening process of the post-tensioning 
loads (see Figs. 5c–f and 6c–f).

Figures 5 and 6 clearly show the difference in the time-
dependent deformations between the concentrically and 
eccentrically loaded column specimens. As shown in 
Figs.  5c–f, for concentrically loaded column specimen 
C-30, the compressive strains of the reinforcing bars and 
concrete measured at the left and right ends of the cross 
section were almost identical. Furthermore, the compres-
sive strains increased with time due to creep and shrink-
age of the concrete. However, as shown in Fig.  5b, the 
lateral displacement measured by the LVDT at the top 
did not increase during the sustained duration. Although 
sudden changes in the lateral displacement were 
detected by the LVDT during the re-tightening process, 
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Fig. 3  Measurement of long-term deformations during sustained 
load tests.

Fig. 4  Sustained load tests.
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substantial increase in the lateral displacement with time 
was not observed.

For eccentrically loaded column specimen E-30-1, 
however, the lateral displacement occurred on applying 
the axial load (see Fig.  6b). Furthermore, as shown in 
Fig.  6c–f, the strains of concrete and reinforcing bars 
were different at the right and left ends of the cross 
section. The compressive strains of concrete and rein-
forcing bars continuously increased with time, but the 
increasing rates differed. The compressive strains of 
concrete and reinforcing bars measured at three dif-
ferent heights were nearly identical, which indicates 
that E-30-1 with an aspect ratio 3.0 (i.e. the ratio of the 
shear span-to-overall section depth) was subjected to 

uniform bending moment Msus over the height (com-
pare blue, red, and green lines in Fig. 6c–f ).

3.3 � Creep and Shrinkage of Concrete Cylinders
Figure 7 shows the developments of creep and shrink-
age in the concrete ( f ′c  = 47.3 MPa) with time. For the 
creep and shrinkage tests, six concrete cylinders with 
a diameter 150  mm and a height 300  mm were cured 
inside a water tank for 28  days, and then mounted on 
the test devices for 90  days. Three concrete cylinders 
were subjected to compressive stress 14.2  MPa (= 0.3 
f ′c  ) for 90 days but the other three were free from com-
pressive stress. The former three concrete cylinders 
experienced both creep and shrinkage deformations 

Fig. 5  Long-term measurements of concentrically loaded column specimen C-30.
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over time while the latter three concrete cylinders were 
subjected only to shrinkage. By comparing the time-
dependent strains measured from the two groups of 
concrete cylinders, the creep and shrinkage character-
istics of the concrete were evaluated. The room tem-
perature and relative humidity were kept constant with 
22.5 °C and 45.3%, respectively.

Figure  7a, b show the creep and shrinkage strains 
measured for 90 days. The creep and shrinkage strains 
of one concrete cylinder were significantly devi-
ated from those of the other two concrete cylinders. 
Therefore, only the results measured from the latter 
two cylinders were used for the investigation. From a 
regression analysis, the ultimate creep coefficient and 

ultimate shrinkage strain of the plain concrete cor-
responding to the standard conditions of ACI 209R-
92 (ACI Committee 209 1992) were determined as 
φ′
u = 2.25 and ε′shu = 0.000672, respectively. Note that φ′

u 
and ε′shu are the modified values corresponding to the 
loading age of 7 days and the relative humidity of 40%, 
though the actual loading age and relative humidity 
during the tests were 28 days and 45.3%, respectively.

4 � Evaluation of Time‑Dependent Deformations
Long-term deformations occurring in eccentrically 
loaded reinforced concrete columns can be evaluated in 
terms of the axial shortening due to sustained axial com-
pression Psus and the lateral displacement (or curvature) 

Fig. 6  Long-term measurements of eccentrically loaded column specimen E-30-1.



Page 7 of 12Eom et al. Int J Concr Struct Mater           (2018) 12:76 

due to sustained eccentric moment Msus. The eccentri-
cally loaded column specimens of the present study were 
subjected to compressive stress and strain over the entire 
cross section without significantly tensile cracking (refer 
to Fig.  6c–f). Therefore, the long-term axial shortening 
and curvature were evaluated based on an un-cracked 
section analysis.

4.1 � Axial Shortening
Figure  8a shows the strain distribution at the column 
section caused by combined axial compression Psus and 
eccentric moment Msus. The strain distributions due to 
the immediate loading (i.e. t = t0) and long-term loading 
are presented as the dotted and thick solid lines, respec-
tively. If the immediate and long-term strain distribu-
tions are assumed as linear over the section, the axial 
shortening strain of eccentrically loaded column can be 
represented as the strain at the geometrical center of 
the section (i.e. ɛa and ɛa0 of Fig. 8a). Furthermore, since 
the compressive stress–strain relationship of concrete 
can be approximated as a linear elastic behavior if the 
compressive stress is not greater than 0.4 f ′c  (European 

Committee for Standardization 2004), the axial shorten-
ing of eccentrically loaded column is the same as that of 
concentrically loaded column (see Fig. 8b).

When reinforced concrete columns are subjected to an 
axial compression load for a period of time, additional 
compressive stress and strain develop in the longitudinal 
reinforcement due to creep while the stress of concrete 
decreases. According to McGregor (1997), such redistri-
bution of compressive loads between the concrete and 
reinforcement can be modeled using an age-adjusted 
effective modulus Ecaa (t, t0) and an age-adjusted trans-
formed area Atraa as follows.

where ɛcr (t,  t0) = creep shortening of reinforced con-
crete at time t; t0 = time at loading from concrete plac-
ing; Ect (28) = elastic modulus of the concrete at the age 
of 28 days; χ(t0) = aging coefficient addressing the reduc-
tion of compression load in the concrete due to creep; 
φ(t, t0) = creep coefficient at time t; Ac and As= areas of 
the concrete and longitudinal reinforcement, respec-
tively; naa= age-adjusted modular ratio between the rein-
forcement and concrete (= Es/Ecaa (t, t0)); and Es= elastic 
modulus of the reinforcement (= 200 GPa). The aging 
coefficient χ(t0) and creep coefficient φ(t, t0) of concrete 

(1)εcr(t, t0) =

(

Psus

Atraa

)

1

Ecaa(t, t0)

(2)Ecaa(t, t0) =
Ect(t0)

1+ χ(t0)[Ect(t0)/Ect(28)]φ(t, t0)

(3)Atraa = Ac + naaAs

Fig. 7  Creep and shrinkage tests of concrete.
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are defined as follows [McGregor (McGregor 1997) and 
ACI 209R-92 (ACI Committee 209 1992)].

The creep shortening of Eq.  (1) can be rewritten as the 
function of the elastic shortening ɛa0 at loading age t0 as 
follows.

where ɛa0 = elastic shortening of reinforced concrete 
at time t0; Atr = transformed area of the column sec-
tion at time t0 (= Ac + [Es/Ect (t0)]As); n = modular ratio 
between the reinforcement and concrete (= Es/Ect (t0)); 
and ρ̄ = reinforcement-to-concrete area ratio (= As/Ac). 
According to ACI 209R-92 (ACI Committee 209 1992) 
and Fintel et al. (1987), the elastic modulus Ect (t0) at time 
t0 of normal-weight concrete can be defined as follows.

where Ect(t0) and f ′ct(t0) = time-dependent elastic modu-
lus and compressive strength of concrete, respectively, 
and f ′ct(28) = compressive strength of concrete at the age 
of 28 days (=  f ′c ).

Since the age-adjusted effective modulus Ecaa (t, t0) of 
Eq.  (1) accounts only for the creep effects, the shrinkage 
shortening needs to be additionally addressed. As shown 
in Fig. 8b, the shrinkage shortening ɛsh (t, t0) of reinforced 
concrete column at time t is smaller than the shrinkage 
shortening ɛcs (t, t0) of plain concrete column, because the 
longitudinal reinforcement restrains shrinkage in concrete. 
From the force equilibrium, the increase in the compres-
sion force of the longitudinal reinforcement due to the 
shrinkage shortening, ɛsh (t, t0) EsAs, should be equal to the 
decrease in the compression force of the concrete, [ɛcs (t, 
t0) − ɛsh (t, t0)] Ecaa (t, t0) Ac (refer to Fig. 8b). Therefore, ɛsh 
(t, t0) can be calculated as follows.

(4)χ(t0) =
t0.50

1+ t0.50

(5)φ(t, t0) =
(t − t0)

0.6

10+ (t − t0)0.6

(6)
εcr(t, t0) =

(

Psus

Ect(t0)Atr

)(

Atr

Atraa

)[

1+ χ(t0)

[

Ect(t0)

Ect(28)

]

φ(t, t0)

]

= εa0

(

1+ nρ̄

1+ naaρ̄

)[

1+ χ(t0)

[

Ect(t0)

Ect(28)

]

φ(t, t0)

]

(7)Ect(t0) = 5000

√

f ′ct(t0)

(8)
f ′ct(t0) =

(

t0

4.0+ 0.85t0

)

f ′ct(28)

In Eq. (9), the shrinkage shortening ɛcs (t, t0) of the plain 
concrete at time t from loading age t0 can be determined 
as follows [ACI 209R-92 (ACI Committee 209 1992)].

where ts = age of the concrete in days when shrinkage 
begins. ts, which is earlier than t0, can be taken as the age 
of the end of moisture curing.

The total axial shortening ɛa (t,  t0) of concentrically 
and eccentrically loaded column is then calculated by 
adding the creep and shrinkage shortenings in Eqs. (6) 
and (9).

Figure 9 compares the axial shortenings of the column 
specimens predicted by Eq.  (11) with the test results. 
The predictions and test results are presented as the 
circles and solid lines, respectively. The solid lines are 
the mean of ɛRC and ɛLC measured at the three heights, 
100, 400, and 700 mm (see Figs. 5 and 6). For the pre-
dictions, Psus = 421 and 842  kN, Ac = 58,800  mm2, As 
= 1200 mm2, and ρ̄ = 0.0204 (see Fig. 2b) were applied. 
For the creep and shrinkage of the concrete increas-
ing with time, t0 = 37  days, ts= 7  days, χ(t0) = 0.859, 
f ′c  = 47.3  MPa, and n = 5.69 were used. The ultimate 
creep coefficient φu and shrinkage strain ɛshu of concrete 
in the column specimens were modified considering the 
actual loading age and member size as follows. Accord-
ing to ACI 209R-92 (ACI Committee 209 1992), the 
creep correlation factor for loading age tLA was taken as 
γLA = 1.25(tLA)−0.118 = 0.816 by using tLA= t0 = 37  days. 
The creep and shrinkage correlation factors for member 
size (i.e. the volume-to-surface ratio VS = 60 mm) were 
taken as γVS = 2/3[1+ 1.13 exp(−0.0213VS)] = 0.877 
and 1.2 exp  (− 0.00472VS)] = 0.904, respectively. 

(9)εsh(t, t0) = εcs(t, t0)

(

1

1+ naaρ̄

)

(10)

εcs(t, t0) = εshu

[

(t − ts)

35+ (t − ts)
−

(t0 − ts)

35+ (t0 − ts)

]

(11)

εa(t, t0) = εcr(t, t0)+ εsh(t, t0)

= εa0

(

1+ nρ̄

1+ naaρ̄

)[

1+ χ(t0)

[

Ect(t0)

Ect(28)

]

φ(t, t0)

]

+ εcs(t, t0)

(

1

1+ naaρ̄

)



Page 9 of 12Eom et al. Int J Concr Struct Mater           (2018) 12:76 

Therefore, the ultimate creep coefficient and shrink-
age strain for the column specimens were determined 
as φu = γLAγVSφ′

u = 0.816·0.877·2.25 = 1.61 and εshu = 
γVSε

′
shu = 0.904·0.000672 = 0.000607. Since the sus-

tained load tests of the column specimens were started 
at time t0 = 37 days, the effects of the creep and shrink-
age of concrete on the axial shortenings of the column 
specimens were predicted between t = 37  days and 
101  days (duration = 64  days). The time-dependent 
creep coefficient φ(t,  t0) and shrinkage strain ɛcs (t,  t0) 
increasing with time were calculated by Eqs.  (5) and 
(10), respectively. Note that the elastic shortening ɛa0 
of each column specimen was used as the values meas-
ured by the strain gages so that uncertainty in the pre-
diction of elastic shortening could not influence the 

prediction of long-term axial shortening. The elastic 
shortenings ɛa0 of the column specimens are presented 
in Fig. 9.

As shown in Fig.  9a, the predicted axial shortenings 
of concentrically loaded column specimens C-15 and 
C-30 were greater that the measured shortenings. The 
low temperature of laboratory might affect discrepan-
cies between the measured and predicted results. If the 
unexpected increase in the measured axial shortenings 
that occurred during the re-tightening process of post-
tensioning rods were taken into account (particularly 
at t − t0 = 43  days), the correlations between the predic-
tions and measurements were reasonable. Figure  9(b) 
compares the predicted and measured axial shortenings 
of eccentrically loaded column specimens E-15, E-30-1, 

Fig. 9  Comparisons of predicted and measured axial shortenings of concentrically and eccentrically loaded column specimens.
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E-30-2, and E-30-3. Despite non-uniform strain distribu-
tions, Eq. (11) based on the hypothesis of uniform strain 
distribution over the section predicted well the axial 
shortenings increasing with time.

4.2 � Curvature (or Lateral Displacement)
For eccentrically loaded columns, the time-dependent 
creep curvature κcr (t, t0) of the uncracked section can be 
defined based on the age-adjusted effective modulus Ecaa 
(t, t0) and an age-adjusted transformed moment of inertia 
Itraa as follows (see Fig. 10a).

where Msus = sustained bending moment and Ic and Is 
= moments of inertia of the concrete and reinforcement 
calculated about the geometrical center of the section. 
Figure  10 illustrates Ic and Is of a rectangular section 
with asymmetric reinforcement arrangement. The creep 
curvature κcr (t,  t0) in Eqs.  (12) and (13) are formulated 
similar to the creep shortening ɛcr (t, t0) in Eqs. (1) to (3), 
based on the linear elastic behavior and reduced elastic 
modulus Ecaa (t, t0) of the concrete. By replacing ɛcr (t, t0) 
and ɛc0 in Eq.  (6) with κcr (t,  t0) and κ0, respectively, the 
creep curvature κcr (t, t0) can be defined as the function 
of the elastic curvature κ0 at time t0.

where Itr = transformed moment of inertia (= Ic + [Es / 
Ect (t0)] Is) and η̄ = ratio between moments of inertia of 
reinforcing steel bars and concrete (= Is/Ic). Equation (14) 

(12)κcr(t, t0) =

(

Msus

Itraa

)

1

Ecaa(t, t0)
=

(

Msus

Ect(t0)Itraa

)[

1+ χ(t0)

[

Ect(t0)

Ect(28)

]

φ(t, t0)

]

(13)Itraa = Ic + naaIs

(14)

κcr(t, t0) =

(

Msus

Ect(t0)Itr

)(

Itr

Itraa

)[

1+ χ(t0)

[

Ect(t0)

Ect(28)

]

φ(t, t0)

]

= κ0

(

1+ nη̄

1+ naaη̄

)[

1+ χ(t0)

[

Ect(t0)

Ect(28)

]

φ(t, t0)

]

represents the curvature increasing with time by the 
creep of concrete.According to Park and Paulay (1975), 
shrinkage can also cause a long-term curvature increas-
ing over time particularly in unsymmetrically reinforced 
columns. Figure  10b illustrates the long-term curvature 
κsh (t, t0) caused by the shrinkage of concrete. For formu-
lation, it is assumed that the column has different rein-
forcement areas Ast and Asb at both ends and Ast is greater 
than Asb (see Fig. 10a). Due to the unequal restraints of 
Ast and Asb against the shrinkage of concrete, a shrinkage 
curvature κsh (t,  t0) as well as the shrinkage shortening 

ɛsh (t, t0) increasing with time occur (see Fig. 10b). Since 
there is no gain or loss of moment at the section after the 
concrete shrinkage, the moment created by the concrete 
should be cancelled out that by the unequal reinforce-
ments Ast and Asb. Thus,

where yb and yt = distances of the reinforcements Asb 
and Ast from the geometrical center of the section. In 
Eq. (15), the shrinkage shortening ɛsh (t, t0) is calculated 
from Eq. (9). By using Is ≈ Astyt

2 + Asbyb
2, naa = Es/Ecaa, and 

η̄ = Is/Ic , Eq. (15) can be rewritten as follows.

The total time-dependent curvature κ (t, t0) of eccen-
trically loaded column can be calculated by adding or 

(15)

EcaaIcκsh(t, t0) = Es[εsh(t, t0)− κsh(t, t0) · yt ]Astyt

− Es[εsh(t, t0)+ κsh(t, t0) · yb]Asbyb

(16)

κsh(t, t0) = εsh(t, t0)

(

Astyt − Asbyb

Ic

)(

naa

1+ naaη̄

)

stAsbA

N
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Fig. 10  Time-dependent curvature of eccentrically loaded column specimens.
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subtracting the shrinkage curvature ɛsh (t, t0) to the creep 
curvature ɛcr (t, t0).

In Eq. (17), the minus sign is used when the areas of the 
reinforcements are reversed (i.e. Asb > Ast). Note that the 
shrinkage curvature κsh (t,  t0) of Eq.  (17) is vanished in 
symmetrically reinforced sections because Asb= Ast and 
yb= yt.The long-term curvatures of eccentrically loaded 
column specimens E-15, E-30-1, E-30-2, and E-30-3 were 
evaluated using Eq.  (17). Since the column specimens 
were symmetrically reinforced, the effect of the shrinkage 
on the curvature was ignored: κsh (t, t0) = 0. Furthermore, 
since the column specimens were subjected to uniform 
moment Msus, the immediate curvature κ0 and long-term 
curvature κ(t, t0) of Eq. (17) can be replaced with the lat-
eral displacements δ0 and δ(t, t0) at the top, respectively.

where δ0 = elastic lateral displacement at time t0 and 
δ(t, t0) = long-term lateral displacement at time t.

(17)
κ(t, t0) = κcr(t, t0)± κsh(t, t0)

= κ0

(

1+ nη̄

1+ naaη̄

)[

1+ χ(t0)

[

Ect(t0)

Ect(28)

]

φ(t, t0)

]

± εsh(t, t0)

(

Astyt − Asbyb

Ic

)(

naa

1+ naaη̄

)

(18)

δ(t, t0) = δ0

(

1+ nη̄

1+ naaη̄

)[

1+ χ(t0)

[

Ect(t0)

Ect(28)

]

φ(t, t0)

]

Figure  11 compares the predicted and measured lat-
eral displacements δ (t,  t0) increasing with time. The 

predicted and measured are presented with the circles 
and solid lines, respectively. For the prediction of δ(t, t0), 
φu= 1.61, ɛshu = 0.000607, t0 = 37 days, t  = 37–101 days, 
χ(t0) = 0.859, n  = 5.69, Ic = 4.37·108 mm4, Is = 1.26·107 
mm4, and η̄ = 0.0287 were used. The creep coefficient 
φ(t,  t0) was calculated by Eq.  (5). The elastic lateral dis-
placement δ0 of each column specimen was used as the 
values measured by the LVDTs, shown in Fig.  11. The 
lateral displacements measured by the LVDTs were 
disturbed at (t − t0) = 42, 50, and 78  days during the 
re-tightening process of post-tensioning rods. If such 
measurement errors were taken into account, the agree-
ments between the predicted and measured lateral dis-
placements might be better.

The lateral displacement at the top of the eccentri-
cally loaded column specimens can also increase due to 
the second-order effect (i.e. P-Δ effect). However, the 
specimens were the short columns where the slenderness 
effect can be neglected [ACI 318 (ACI Committee 318 
2014)].

Fig. 11  Comparisons of predicted and measured lateral displacements of eccentrically loaded column specimens.
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5 � Summary and Conclusions
For eccentrically loaded columns subjected to combined 
moment and axial load, curvature (or lateral displace-
ment) and axial shortening increase with time due to the 
creep and shrinkage of concrete. In this study, the time-
dependent deformations in eccentrically loaded column 
were investigated. Six cantilever column specimens were 
concentrically or eccentrically loaded for 64 days and the 
long-term deformations depending on the magnitude of 
axial load and eccentricity were investigated. Such long-
term deformations were predicted based on the age-
adjusted effective modulus of concrete and transformed 
section properties. The results of the present study were 
summarized as follows.

1)	 For the eccentrically loaded column specimens, the 
lateral displacement due to eccentric moment and 
axial shortening due to axial compression increased 
with time. The increasing rates of such long-term 
deformations rapidly decreased with increasing time.

2)	 The axial shortenings of eccentrically loaded columns 
were the almost same as that of the concentrically 
loaded column. The axial shortenings of the eccentri-
cally and concentrically loaded columns agreed well 
with the predictions based on the existing creep and 
shrinkage models of concrete specified in ACI 209R-
92.

3)	 The curvature or lateral displacement of the eccentri-
cally loaded columns, increasing with time, were also 
predicted based on the age-adjusted effective modu-
lus of concrete and the concrete creep and shrinkage 
models in ACI 209R-92. The predicted long-term 
lateral displacements agreed reasonably with the test 
results.

As investigated in this study, the sustained moment 
and resulting long-term deformation increases differ-
ential shortening between compression members under 
construction and ultimately changes member forces by 
redistributing loads. Thus when designing compres-
sion members subjected to high axial load, the effects 
of the sustained moment and long-term deformation 
on the behavior of the compression members should be 
considered.
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